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On SK Normal and Con SK Normal Bimatrices
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Abstract- We consider S-K normal bimatrix and
conjugate SK normal bimatrix. We discuss some of the
most important properties of Sk normal bimatrix and
conjugate S-K normal bimatrix. Also secondary K
normal bimatrices are obtained

Index Terms- Normal, SK — normal, Bimatrix, Sk-
normal Bimatrices moore-Penrorse inverse. Ams
classification 15A09, 15A57, 11B25, 11C20.

l. INTRODUCTION

Matrices provide a very powerful tool for dealing wit
h linear models. Bimatrices are still a powerful and a
n advanced tool which
can handle over one linear model at a time. Bimatric
es are useful when time bound comparisons are need
ed in the analysis of amodel A square complex

A, eC, . is
AA = A A, where

conjugate transpose of A[21
equailenet conditions in the literature for a square

called normal if

AB* = KBT denotes  the

matrix

There are many

matrix to be normal [3] For an mxn complex matrix

A, the Moore Penrose inverse Al of A[Z] is the

unique nxm matrix X satisfying the following four
Penrose equations:

() AsXgAg = Ay

(i) X Ag X =X,

(i) (AsXg) = A X,

(IV) (XBAB)*:XBAB'(Z)

Recently, Hill and Waters [3] have
developed a theory for k-real and k-hermitian

matrices. Ann Lee [1]has initiated the study of
Secondary symmetric matrices, that is matrices
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whose entries are symmetric about the (Skew)
Secondary diagonal. Ann Lee has shown that for

ABS are
ABS :VBABTVB where ‘V’ is the permutation
matrix with units in the secondary diagonal. The
concept of s-normal matrices is introduced by S.
KJrishnamoorthy & R. Vijayakumar [6] and the
concept of k-normal matrices introduced by S.
Krishnamoorthy and R. Subhash [7]. In this paper
characterization of s-k normal bimatrices are
discussed.

We introduced Mingle the Bimatrices and Sk-normal
matrices.

complex matrix, related as

1. PRELIMINARIES AND NOTATIONS

Let Cnxn be the space of nxn complex

matrices of order n. For let

Ag €C,,.

ABT,KBA;, ABS and ABgdenote the transpose,
Conjugate, Conjugate transpose secondary transpose
and conjugate secondary transpose of matrix Ay
respectively. Throughout, let ‘k’ be a fixed product
of disjoint transpositions in Sn the set of all

permutations  on {1,2,3,..., n} and K be the
associated permutation matrix with units in the
secondary diagonal. 'K'gand 'V'; clearly satisfies
the following properties.

Ky =KL =K =K, =K} =Kg;

Vo =Vi =g =g = Vg =V
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M. DEFINITION

1) A Bimatrix Ay is define as union of two rectangular array of numbers Ay & A,  arranged into rows and

columns.lt is written as Ag = A U A,

2)A matrix Ag € C,, is said to secondary k-normal (s-k normal) bimatrix if
A (KaVo A VoK )= (KaVs Ay VoK A,
= (K1 v Kz)(v1 Uvz)A: e A;(V1 Uvz)(K1 Y KZ)(A.L “ Az)
Where Ag, Vg, K; be the bimatrices.
V. EXAMPLE
IZB = KB’\TB =V
AB (KBVB AB*VB KB ) = (KBVB AB*VB KB )AB
A U A (K UK, XV, OV, A U AV, UV, K, UK, )=
[(K1 - Kz)(v1 UVZ)(AL* Y A;XV1 uVz)(K1 - Kz)] [A.L U Az]
=AU AZ)[KlVlAl\/lKl]U [szzAz\/z Kz] = [K1V1 Ai*VlKl]u [szz AV, Kz] (A UA]

110 01 1)(2 1 1 2 11 2 11 2 1 1y(1 1 0 01
10 1jujl 0 1|1 2 1|jujl 2 1||=1 2 1|jujl 2 11 0 1ju|l O
011 1 1 0)j{1 1 2 11 2 11 2 11 2)0 11 11
3 3 2 2 3 3 3 3 2 2 3 3
323u323:323u(323
2 3 3 3 3 2 2 3 3 3 3 2

A KV AVK, Jo A (K VLAV K, )= (K VAV KD A UKV, AV,K, A,
V. REMARK

The concept of S-K normal bimatrices is analogous to that of normal matrices.

VI. SOME OF THE THEOREMS
Theorem :6.1
The transpose of an S-K normal bimatrix is S-K normal bimatrix.
Proof:
Set A, €C,,

Ag is SK normal bimatrix
AB(KBVBA;VB KB): (KBVBAI;VB Ks )AB
(AB (K Vs A;VB Ks ))T = ((K Vs A;VB Ks )AB )T
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(KoVa AV Ky | AL = AL (KoVe AVo Ky
KoVe (AsJ VoKg AL = AT KV, ALV,K,
(K, UK, )V, OV, (AL ) (AL ) (v, LV, XK UK, (AT U AT)
= AT U AL (K, UK, XV, UV, AT T (AT ) (v, oV, XK, UK,)
[ T oA kv (Y, Jo (kv (T szz)J
- (Klvl(A; )Tlel)u (sz2 (A )TVZKZXAI Ju(Al)

Therefore AT is SK — normal bimatrix.

Theorem :6.2
The secondary transpose of an SK normal Bimatrix is SK normal bimatix
Proof:

As(KeVs AV Ky )= (KoVa AV, Ky )A,
(A, (K v ABV Ko ) = ((KaVa VoK A,
o 8 ot & = Ao 4 P
(K, wK )(V VAT (AT (v UV, AT L AS
= A UAS (K, UK, Y, UV, (AT ) U(AS ] (v, LV, (K, UK,)
(AS uAZXKV VK) (szz(Af)*Vsz)
= (Klvl(A& )lel)u (szz (AS )*VZKZ)Af UAS

Thus Aé is SK normal Bimatrix.

Theorem: 6.3
The conjugate of an SK normal Bimatrix is SK normal Bimatrix.
Proof:

AB(KBVBA;VBKB): (KBVBA;VBKB)AB
AB(KBVBA;VBKB): (KBVBA;VBKB)AB

- N /. —_— N
As (K Vg ALV, KB)z \KeVe AVe KB)AB

_ — [ — _
A \K Vg ARV K ): \KeVe AVe Ky ) A,

(A OA K, UKV, UV, A AV, OV, XK, UK, )= (K, UK, XV, UV, A U AV, UV, (K, UK,)
(A OB K, UK OV, A O, oV, YK, UK,)

= (K, UKV, OV, AT U (R () oV, K, UK, A U A)
= (A UA K, UK, WV, LV, A U A (v, LV, XK, UK,)

= (K, UK, )V, UV, A U AL (V, LV, (K, UK,)
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A UA(KVA OVK, )U(KNV,A UVK, ) =(KVA UVK, JO(K VA OV,K, )

Hence A_B is SK normal Bimatrix

Theorem : 6.4
Real secondary K — symmetric bimatrix are SK normal bimatrix.

Proof:

Let Ay € C .,

Let Ag be areal S-K symmetric bimatrix

A, = KV AV K, = KV AV K,

AUA =(K UKV, UV, (A UA )V, UV, K, UK,)

= (K, UK, )V, UV, A U AV, UV, XK, UK,)

A (ABVB A;VB Ke ): (ABVB AI;VB Keg )AB

= Ai o Az = (KlleiTlel)u (K2V2A2TV2 Kz):
(KV,AV,K, JU(K,V,AV,K, )

A U A (KMAVK, U (KV,AV,K, )
=(KVAVK, JU(KV,AVK, (A UA)

Thus

which implies that

Hence AgiS S-K normal bimatrix.

Theorem:6.5
Real secondary K-skew symmetric bimatrices are SK normal bimatrix.

If Ais areal S-K Skew symmetric bimatrix then
Ay =—(KeVa AlVaKg )= (K Ve AV Ko )
AU A =|(K, UK, )V, LV, XA UA T (v, UV, XK, UK, )|
= (K, UK, )V, UV, AT U AV, LV, XK, UK,)]

AVA = _[(KlleiTlel)U (szzAvaz K, )]
= _[(K1V1A1* KM )U (szz Az* K.V, )]

which is implies that
A U AKVAVK, Jo (K VAV K, )
= [(K1V1'A‘1*K1V1)u (szzA;szz )IAJ. o Az)

Hence AgiS S-K normal.

Theorem :6.6
The real secondary K-orthogonal Bimatrices and S-K normal Bimatrix.

Proof:
Let Ag be areal S-K orthogonal Bimatrix

AB(KBVBA;VBKB):(KBVBA;VBKB)AB =1y
Agl = KBVBA:;VBKB
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Since Ay is real

As = (KVe AV, Ky )= A At = 1 and
(KBVBA;VBKB)AB = AglAB =1y

AN =(AUANAUA) =1,UI,
=AATUAA =1, U,

Thus Ay is S-K normal bimatrix.
Theorem:6.7

Secondary K — Hermition bimatrices are S-K normal Bimatrix.
(KBVBAEVBKB): Ag
= AB(KBVBA;VBKB ): A
Also,  (KoVa A VK A = A2
AB(KBVBA;VB Kg ): (KBVB AgVe K )AB
(A U A KV, AVK, JU(K,V,AV,K, )
(KNV,AVIK, ) (KV,AVK, A U A,)

Thus Ag is S-K normal bimatrix.
Theorem: 6.8

Secondary K — Skew Hermition bimatrices and SK normal bimatrix.
By Definition,  KgVg A, VeKg = —A
= AB(KBVBA;VBKB): _Aé
Also (KoVaAVaKg JA, = —A2
= (A U A NKVAVK, JU(KV,AVK,)
= <K1V1'A‘1’\/1K1)u (szzAz\/z K, XAi i Az)

Thus Ag is S-K normal bimatrix.
Lemma:6.9

Let AgNg € C, . if Ny is S-K normal bimatrix such that
AgNg =NgAy & KgVgNgVpKg =Ng
then Ay (KVN 3V, K, )= KoV Ny Vi Ky JA,

Theorem:6.10
If A and C are two S-K normal Bimatrix such that AC =CA.

AB (KBVBCB*VB KB ): (KBVBCB*VB KB )AB &

(KBVB AV K, ﬁ = C(KBVB AV, KB) then A + C and AC are also S-K normal matrices.
Proof:

Let A;,C; ec,,

Let Ag & Cp be S-K normal bimatrices such that A;Cy =CgAg
By Lemma: 10
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(A +Co Vo (A +Co ) VoK )= (A, +Co JKVo (A5 +C5 oK,

= (KVo (A +Co ) VKa )= (A, +C KV (A5 +C3 oKy
(evs (A +C5) VK) +(KgVs (A +Ci MoKy ICo
(KoVs (A +Co MoKy )A, +Cq

(K, UK, XV, UV, A UA +C UC, A UA,)+(C,UC,)

(KlVlAi)\/l Kl)u (KZVZ AZ\/Z KZ XAi i A2) + (KlVlC;\/l Kl)u (KZVZC;\/Z KZ Xcl Y CZ)
A +C; IS S-K normal Bimatrix
Also

(ABCB )(KBVB (ABCB )*VB KB ): (KBVBCB ABVB KB )ABCB
(A1 i AZ)[(Cl Ucz)(Kl UK, )(Vl vV, )(A: Y A;XCI UC:)](Vl UVZ)(Kl Y Kz)

= [(Kl i KZ)(Vl UVZ )[(CI UC;XA: o A;X\/l UVZ)(Kl Y KZ)(Cl o C2 )(A'l Y AZ)]]
(Al o AZ)(KIVlAfC:VlKl) o (KZVZA;CZ*VZKZ) = (Klvlcl* Al*VlKl) o (KZVZC;A;VZKZ)(AI “ AZ)

Hence
ACy =CgAy
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