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Intuitionistic fuzzy gsr-closed sets and Intuitionistic
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1. INTRODUCTION

The fuzzy concept was introduced by Zadeh [14] in
1965 and the theory of fuzzy topology was
introduced and developed by C.L. Chang [2].
Atanassov [1] generalized this idea to intuitionistic
fuzzy sets using the notion of fuzzy sets.
S.S.Thakur and Rekka Chaturvedi [11] introduced
and investigated the notions of RG-Closed sets in
intuitionistic fuzzy topological spaces. Many fuzzy
topological concepts such as semi closed , « closed,
semi pre closed have been generalized for
intuitionistic fuzzy topological spaces.
In this paper, we introduce the concepts of
intuitionistic fuzzy gsr-closed sets, intuitionistic
fuzzy  gsr-open  sets.The relation  between
intuitionistic fuzzy gsr-closed sets and other
generalization of intuitionistic fuzzy closed sets are
discussed.

2. PRELIMINARIES

Definition 2.1. [1] Let X be a non empty fixed set.
An intuitionistic fuzzy set (IFS in short) A in X is an
object having the form A = {< X pa(X), va(X) >/ X €
X} where the functions pa(X) : X - [0,1] and va(X) :
X — [0,1] denote the degree of membership (namely
ua(¥) and the degree of non-membership (namely
va(¥) of each element x €X to the set A,
respectively, and 0 < pa(¥) + va(X) < 1 for each x €
X. Denote by IFS(X), the set of all intuitionistic
fuzzy setin X.
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Definition 2.2. [1] A = {< % pa(®), va(® >/ x € X}

and B = {< x ug(¥), ve(X) >/x € X}. Then

e A cBifand only if pa(¥ < ps(¥ and va(X) =
vg(X) forall x € X

e A=Bifandonlyif AcBandBCA

o A°={<xva® ,ua(® >/x€eX}

e ANB={<Ix pa® A pe(®), va®) vV ve(¥ >/ X
€ X}

e AUB={<x pa® V pe(®), vax) A vB(¥ >/ X
€ X}

For the sake of simplicity, Let us use the notation A

= <X, pa, va > instead of A = {< X pa(®), va(¥) >/ x

€ X}. Also for the sake of simplicity, we shall use the

notation A = < x, (ua, Hg) , (Va, vg)> instead of A =

<X, (Alpa, B/lug) , (A/(va, Blvg)>.

The intuitionistic fuzzy sets 0~ = {<x 0, 1>/ X €

X} and 1~ = { <x 1, 0 >/ x € X} are respectively

the empty set and the whole set of X.

Definition 2.3. [3] An intuitionistic fuzzy topology
(IFT in short) on X is a family t of IFSs in X
satisfying the following axioms.

e 0O~ 1~€r1

e G NGerforanyG G ET

e UG ertforanyfamily {G/ieJ}cr.

In this case the pair (X,7) is called an intuitionistic
fuzzy topological space(IFTS in short) and any IFS in
T is known as an intuitionistic fuzzy open set(IFOS in
short) in X.

The complement (A®) of an IFOS A in an IFTS(X,T)
is called an intuitionistic fuzzy closed set(IFCS in
short) in X.

Definition 2.4. [3] Let (X,7) be an IFTS and A = <x,
Ua, va > be an IFS in X. Then the intuitionistic fuzzy
interior and an intuitionistic fuzzy closure are defined

by
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e intA)=U{G/GisanlIFOS in Xand G € A},
e cl(A)=n{K/KisanIFCS in Xand A c K}.
Proposition 2.5. [3] For any IFSs A and B in (X,7),
we have

(1) int(A) € A,

(2) A ccl(A),

(3) Aisan IFCS in X & cl(A) = A,

(4) Alisan IFOS in X & int(A) = A,

(5) A cB=int(A) < int(B) and cl(A) < cl(B),

(6) int(int(A)) = int(A),

(7) cl(cl(A)) = cl(A),

(8) cl(A u B) =cl(A) U cl(B),

9) int(A n B) = int(A) N int(B).

Proposition 2.6. [3] For any IFS A in (X,7), we have
(1) int(0~) = 0~ and cl(0~) = 0~,

(2 int(1~) =1~ and cl(1~) = 1~,

(3) (int(A))° =cl(A®),

@ (cI(A))° = int(A%

Proposition 2.7. [3] If A is an IFCS in (X,t) then
cl(A) = A and if A is an IFOS in (X,t) then int(A)
=A. The arbitrary union of IFCSs is an IFCS in (X,7).
Definition 2.8. [8] An IFS A = <X, pa, va > in an
IFTS(X,7) is said to be an

(i) intuitionistic fuzzy regular open set(IFROS in
short) if A = int(cl(A)),

(i) intuitionistic fuzzy regular closed set(IFRCS in
short) if A = cl(int(A)),

(i) intuitionistic fuzzy semi open set(IFSOS in
shont) if A < cl(int(A)),

(iv) intuitionistic fuzzy semi closed set(IFSCS in
short) if int(cl(A)) € A,

(v) intuitionistic fuzzy pre-open set(IFPOS in short)
if A < int(cl(A)),

(vi) intuitionistic fuzzy pre-closed set(IFPCS in
short) if cl(int(A)) € A,

(vii) intuitionistic fuzzy a- open set(IFaOS in short)
if A € int(cl(int(A)),

(viii) intuitionistic fuzzy a-closed set(IFaCS in short)
if cl(int(cl(A)) € A.

Definition 2.9. [8] Let an IFS A of an IFTS (X,7).
Then the semi closure of A (scl(A) in short) is
defined as scl(A) = n {K/ K'is an IFSCS in X and A
c K}

Then the semi interior of A (sint(A) in short) is
defined as sint(A) = U {G/ Gis an IFSOS in X and
Gc A}
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Result 2.10. [8] Let A be an IFS in (X,7), then

(i) scl(A) = A U int(cl(A))

(i) sint(A)=A ncl(int(A))

Definition 2.11. An IFS A in an IFTS (X,7) is said to
an

(i) intuitionistic fuzzy generalized closed (IFGCS)
[12] if cl(A) € U whenever A € U and U is an IFOS
in X,

(ii) intuitionistic fuzzy regular generalized closed
(IFRGCS) [11] if cl(A) < U whenever A € U and U
is an IFROS in X,

(i) intuitionistic fuzzy «a - generalized closed
(IFaGCS) [6] if acl(A) € U whenever A € Uand U
is an IFOS in X,

(iv) intuitionistic fuzzy generalized « - closed
(IFGaCS) [10] if acl(A) = U whenever A < U and
Uis an IFaOS in X,

(v) intuitionistic fuzzy generalized pre - closed
(IFGPCS) [7] if pcl(A) < U whenever A <€ U and U
is an IFOS in X,

3. INTUITIONISTIC FUZZY GSR-CLOSED SETS

Definition 3.1. An IFS A in an IFTS (X,7) is said to
be an Intuitionistic fuzzy gsr-closed sets (IFGSRCS
in short) if scl(A) < U and U is an IFROS in (X, 7).
Bxample 3.2. Let X={a,b} and = = {0~,G1~} be an
IFTS on (Xt), where G = < x (0304),
(0.7,05)>.Then the IFS A = <x (0.3,0.5),(0.6,0.4)>
is an IFGSRCS in (X,1).

Theorem 3.3. Every IFCS is an IFGSRCS but not
conversely.

Proof: Let A € Uand Uis an IFROS in (X,7). Let A
be an IFCS in X. Since scl(A) < cl(A) and A is a
IFCS in (X,7), scl(A) € cl(A) = A < U. Therefore A
is an IFGSRCS in X.

Bxample 3.4. Let X={a,b} and 7 = {0~,G1~} be an
IFTS on (X,t), where G = < x (0.1,0.3), (0.6,0.5)>.
Then the IFS A = <x (0.50.4),0.203)> is an
IFGSRCS but not IFCS in (X,1).

Theorem 3.5. Every IFGCS is an IFGSRCS but not
conversely.

Proof: Let A € Uand U is an IFROS in (X,7). Let A
be an IFGCS in (X,7). Since every IFROS is an IFOS
and scl(A) < cl(A), we have by hypothesis, scl(A) <
cl(A) <€ U and hence A is an IFGSRCS.
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Bxample 3.6. Let X={a,b} and t = {0~,G1~} be an
IFTS on (X,t), where G = < x (0.3,0.2), (0.7,0.8)>.
Then the IFS A = <x (0.3,0.2),(0.7,08)> is an
IFGSRCS but not IFGCS in (X,7).

Theorem 3.7. Every IFRGCS is an IFGSRCS but not
conversely.

Proof: Let A € U where U is an IFROS in (X,7). Let
A be an IFRGCS in (X,7). Since scl(A) < cl(A), we
have by hypothesis, scl(A) < cl(A) € U and hence A
is an IFGSRCS.

BExample 3.8. Let X={a,b} and t = {0~,G1~} be an
IFTS on (X,7), where G = < x (0.3,0.2), (0.7,0.8)>.
Then the IFS A = <x (0.3,0.2),(0.7,0.8)> is an
IFGSRCS, but not an IFRGCS (X,1).

Theorem 3.9. Every IFaCS is an IFGSRCS but not
conversely.

Proof: Let A € U where U is an IFROS in (X,7) and
Let A be an IFaCS in (X,7). Since every a-closed set
is semi-closed and scl(A) € a cl(A) € U. Thus A is
an IFGSRCS.

Example 3.10. Let X={a,b} and 7 = {0~,G1~} be an
IFTS on (X,7), where G = < x (0.1,0.3), (0.6,0.5)>
Then the IFS A = <x (05,04),(0.20.3)> is an
IFGSRCS but not IFaCS in (X,7).

Theorem 3.11. Every IFGaCS is an IFGSRCS but
not conversely.

Proof: Let A be an IFGaCS in (X,t) and let A € U
and U be an IFROs in (X,7). Since every IFROS is an
IFaOS and by hypothesis, we have scl(A) € a cl(A)
C U. Therefore A is an IFGSRCS.

Bxample 3.12. Let X={a,b} and 7 = {0~,G1~} be an
IFTS on (X;t), where G = < x (0.3,04), (0.7,0.5)>.
Then the IFS A = <x (0.3,0.5),(0.6,0.4)> is an
IFGSRCS but not IFGaCS in (X,7).

Theorem 3.13. Every IFaGCS is an IFGSRCS but
not conversely.

Proof: Let A < U and U be an IFROS in (X,7). Since
every IFROS is an IFOS and A is IFaGCS, we have
scl(A) € a cl(A) < U. Hence A is an IFGSRCS.
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Bxample 3.14. Let X={a,b} and 7 = {0~,G1~} be
an IFTS on (X,t), where G = < x (0.304),
(0.7,05)>. Then the IFS A = <x (0.3,0.5),(0.6,0.4)>
is an IFGSRCS but not IFaGCS in (X,7).

Remark 3.15. The following examples show that
IFGSRCS is independent of IFPCS, IFGPCS.

Bxample 3.16. Let X={a,b} and 7 = {0~,G1~} be
an IFTS on (X,t), where G = < x, (0.2,0.3), (0.7,0.6)>
Then IFS A = <x (0.6,05), (0.3,04)> is an
IFGSRCS but not IFPCS and IFGPCS.

Bxample 3.17. Let X={a,b} and 7 = {0~,G1~} be
an IFTS on (X,t), where G = < x, (0.5,0.4), (0.5,0.6)>
Then the IFS A = <x (0.4,0.2),(0.60.7)> is an
IFPCS and IFGPCS but not an IFGSRCS in (X,T).
The following implications are true, none of them is
reversible.

IFCS IFGCS IFRGCS

N/

FPCS <——> IFGSRCS %‘% IFGPCS

P N

IFaCs IFGaCSs IFaGCS

In this diagram by “ A—= B” means A implies B
but not conversely and “ Aﬁ% B” means A and
B are independent of each other.

Theorem 3.18. Let (X,7) be an IFTS. Then for every
A € IFGSRCS and for every B € IFS in an IFTS
(X,1), A cBgcscl(A) = B e IFGSRCS in (X,1).
Proof: Let B € U and U be an IFROS. Since A € B,
A c Uand A is an IFGSRCS, scl(A) < U, whenerver
Ac U, By hypothesis, B < scl(A), scl(B) <
scl(scl(A)) = scl(A) < U. Therefore B is an IFGSRCS
in (X,7).

Theorem 3.19. If an IFS A is an IFRGCS such that A
C B < cl(A), where B is an IFS in an IFTS (X,7),
then B is an IFGSRCS in (X,7).

Proof: Let B € U and U be an IFROS. Then A < U.
Since A is an IFRGCS and scl(A) < cl(A), we have
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scl(A) € cl(A) < U. Now, scl(B) < cl(B) < cl(A) <
U. Thus B is an IFGSRCS in (X,t).

4INTUITIONISTIC FUZZY GSR-OPEN SETS

Definition 4.1. An IFS A is said to be an intuitionistic
fuzzy gsr-open set (IFGSROS in short) in (X,7) if the
complement Ais an IFGSRCS in (X,7)

Bxample 4.2. Let X={a,b} and t = {0~,G1~} be an
IFTS on (Xt), where G = < x (0304),
(0.7,05)>.Then the IFS A = <x (0.6,0.4), (0.3,0.5)>
is an IFGSROS in (X,7).

Therorem 4.3. Every IFOS, IFGOS, IFRGOS,
IFaOS, IFGaOS, IFaGOS is an IFGSROS in (X,7).
But the converse are not true in general.

Proof: Straight forward.

Bxample 4.4. Let X={a,b} and 7 = {0~,G1~} be an
IFTS on X, where G = < x (0.1,0.3), (0.6,0.5)> Then
the IFS A = <x (0.2,0.3), (0.5,0.4)>is an IFGSROS
but not IFOS, IFaOS in (X,7).

BExample 4.5. Let X={a,b} and t = {0~,G1~} be an
IFTS on X, where G = < x (0.3,0.2), (0.7,0.8)>. Then
the IFS A = <x (0.7,0.8), (0.3,0.2)> is an IFGSROS
but notan IFGOS, IFRGOS in (X,7).

BExample 4.6. Let X={a,b} and t = {0~,G1~} be an
IFTS on (X,7), where G = < x, (0.3,0.4), (0.7,0.5)>.
Then the IFS A = A = <x (0.6,0.4), (0.3,0.5)> is an
IFGSROS but not IFGaOS, IFaGOS in (X,7).

Theorem 4.7. Let (X,r) be an IFTS. If A €
IFGSRO(X) then V c cl(int(A)) whenever VS A and
V is IFRCS in (X,7).

Proof: Let us assume that A € IFGSRO(X). Then A®
is an IFGSRCS in (X,7). Therefore scl(A%) € U
whenever A® €U and U is an IFROS in X. That is
int(cl(A®) <U. This implies U® < cl(int(A))
whenever U° € A and U® is IFRCS in X. Replacing
U by V, we get V < cl(int(A)) whenever V € A and
V is IFRCS.

Theorem 4.8. Let (X,7) be an IFTS. Then for every A

€ IFGSRO(X) and for every B € IFS(X), sint(A) € B
€ A which implies B € IFGSRO(X).
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Proof: By hypothesis, A® € B® < (sint(A))". Let B° <
U and U be an IFROS. Since A® € B°, A® c U. But
ACis an IFGSRCS scl(A%) c U. Also B® € (sint(A))°
= scl(A%). Therefore scl(B%) < scl(scl(A%)) = scl(A®)
S U. Hence B® is an IFGSRCS which implies B is an
IFGSRO in (X,7)

Theorem 4.9. An IFS A of an IFTS (X,7) is a
IFGSROS if and only if U < sint(A) whenever U C
Aand U is an IFRCS.

Proof:  Necessity: Suppose A is an IFGSROS in
(X,7). Let U be an IFRCS and U € A. Then U%is an
IFROS in (X,r) such that A° < U° Since A®is an
IFGSRCS, we have scl(A®) € U°. Hence (sint(A))° €
U°. Therefore U < sint(A)

Sufficiency: Let A be an IFS of (X,z) and let U <
sint(A) whenever U is an IFRCS. Then A® € U° and
U° is an IFROS. By hypothesis, (sint(A))® € U°
which implies scl(A®) < U°. Therefore A® is an
IFGSRCS in (X,7). Hence A is an IFGSROS of (X,7)

Corollary 4.10. An IFS A of an IFTS (X,7) is an
IFGSROS if and only if U < cl(int(A)) whenever U
is an IFRCS and U € A.

Proof: Necessity: Suppose A is an IFGSROS in
(X,7). Let U be an IFRCS and U € A. Then U°is an
IFROS in (X,7). Such that A® € U Since A®is an
IFGSRCS, we have scl(A®) < U° Therefore
int(cl(A%) € U% Hence (cl(int(A))° € U°® which
implies U < cl(int(A)).

Sufficiency: Let A be an IFS of X and let U <
cl(int(A)), whenever U is an IFRCS and U< A. Then
A° c U°® and UCis an IFROS in (X,7). By hypothesis,
(cl(int(A))* € U°. Hence (cl(int(A%) € U®, which
implies A°< U Hence A is an IFGSROS of X.
Theorem 4.11. If an IFS A is an IFRGOS in (X,7)
such that int(A) € B < A, where B is an IFS in
(X,7), then Bis an IFGSROS in (X,7)

Proof: Let A be an IFRGOS and int(A) € B € A.
Then A is an IFRGCS and A® € B® < cI(A°). Then
B° is an IFGSRCS in (X,7), by Theorem 3.19. Hence
B is an IFGSRCS in (X,7)
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