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Abstract- | present a new implementation of balanced
binary search trees, compatible with the MSets
interface of the Coq Standard Library. Like the
current Library implementation, mine is formally
verified (in Coq) to be correct with respect to the
MSets specification, and to be balanced (which
implies asymptotic efficiency guarantees).
Benchmarks show that my implementation runs
significantly faster than the library implementation,
because (1) Red-Black trees avoid the significant
overhead of arithmetic incurred by AVL trees for
balancing computations; (2) a specialized delete-min
operation makes priority-queue operations much
faster; and (3) dynamically choosing between three
algorithms for set union/intersection leads to better
asymptotic efficiency.

I INTRODUCTION

An important and growing body of formally
verified software (with machine-checked proofs) is
written in pure functional languages that are
embedded in logics and theorem provers; this is
because such languages have tractable proof
theories that greatly eases the verification task.
Examples of such languages are ML (embedded in
Isabelle/HOL) and Gallina (embedded in Coq).
These embedded pure functional languages extract
to ML that can be compiled with optimizing
compilers, so it’s not crazy to think of building real
software this way that’s efficient enough to solve
real problems. Balanced binary search trees are an
important data structure in computer science, and
particularly so in pure functional programming.
They are used to implement the abstract type of
sets over totally ordered keys, with O(logN)
insertion, lookup, and deletion. In a programming
language with a sufficiently powerful module
system (MacQueen, 1990) such as that of Standard
ML or OCaml, one can specify the interface of the
set abstract data type, parametrized over another
abstract data type of totally ordered keys. Filli“atre
and Letouzey (Filli"atre & Letouzey, 2004) show
that in the Coq proof assistant, one can go even
farther: in the keys module are not only the
comparison operations on keys, but the
specification expressed in logic (the Calculus of
Inductive Constructions) that the keycomparison
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really is totally ordered; and in the sets module are
the logical correctness specifications of all of the
operations, also expressed in logic.

1.  WHY ARE AVL TREES SLOW?

Integer arithmetic in the Coq standard library is
constructed from inductive structures as

follows. Inductive positive := xI : positive !
positive | xO : positive ! positive | XH : positive.
Inductive Z := Z0 : Z | Zpos : positive ! Z | Zneg :
positive ! Z. A positive number is either 1,
represented by xH, or 2n, represented by xO(n), or
1+2n, represented by xI(n). Whenever we reason
about integers (type Z) in Coq, we are in fact
reasoning about data structures such as
(Zneg(xI(xO(xH)))) and (Zpos(xO(xI(xI(xH))))).
Such reasoning takes time (typically) linear in the
size of the data structure, and logarithmic in the
size of the numbers represented. This explains why
the implementation of AVL trees in the Coq library
performs slowly for insert: balance numbers are
represented as Z, and thus there is a logN penalty;
effectively insert k t takes time log2 [t|. One might
think, “when extracting to ML programs, why can’t
we represent Z as a single-word native integer, and
do machine-native arithetic?” Indeed, Filli"atre and
Letouzey 2 One can do Red-Black trees with 0 bits
of balance information, at the cost of extra
comparisons Ex. 13.65, p. 560. But | want the data
structure to be efficient even in regimes where
comparisons are expensive, so this technique is not
attractive.However, |  believe  they are
underestimating a significant problem: machine
arithmetic arithmetic can overflow. If one
axiomatizes this overflow then one has many proof
obligations of the form x+y<231. In practice, these
proof obligations are overwhelmingly nasty.
Furthermore, the specifications themselves would
get much more complicated. One of themost
important methods by which people have made
progress in verified algorithms is by the clever trick
of using infinite-precision integers, not because
they will ever overflow, but so that the proofs are
simpler. Theorem: If we were to use machine
integers to store the balance information for AVL
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trees, those integers would never overflow. Proof.
The height stored in an AVL tree never exceeds the
log of the number of pointers in the tree, and thus
on any machine where integers are at least as large
as pointers, the height

of the tree is representable.

It is exceedingly difficult to convert this theorem to
a machine-checkable result, and

I will not even try. Thus, one can see why Filli"atre
and Letouzey did not attempt using

fixed-precision arithmetic for heights of AVL trees.
But there’s a simpler way. One should simply use a
representation of balanced search

trees that does not require integers: Red-Black
trees.

1. LEFT-LEANING RED-BLACK TREES.

Sedgewick (Sedgewick, 2008) proposed left-
leaning Red-

Black trees, a data structure identical to ordinary
Red-Black trees but with the extra constraint

that no node has a red left child. This reduces the
number of cases to be handled,

either in the (imperative, pointer-swizzling)
implementation of the algorithm or the proofs

of correctness and balance.

In addition, Sedgewick shows how to factor the
implementation of rebalancing Red-

Black trees into three operations, rotatelLeft,
rotateRight, and colorFlip; the proofs can be
refactored correspondingly.

My student Max Rosmarin (Rosmarin, 2011)
studied the question of whether using the
left-leaning invariant would mix well with the
Okasaki-style functional program, so as

to factor the implementations and proofs. Rosmarin
demonstrated that Okasaki’s balance

function can be factored into Sedgewick’s three
operations. Although it is not conceptually

more complex, the factored function has more lines
of code. Recall that Okasaki’s function,

as | presented it here, has only 10 lines, which is
hard to improve on.

The proofs can be factored as well. Recall that my
proofs about Okasaki’s balance

function took 1125 steps. Undoubtedly, proofs
factored in left-leaning style would take

fewer steps. But my 1125 steps were computed
automatically from the 8 one-line proof

tactics outlined in Ltac do balance. In that sense,
my proof is “routine.” Rosmarin found
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that left-leaning factored proofs were not as
“routine,” and therefore required more human
effort to build.

IV. DYNAMICALLY CHOOSING BETWEEN
THE IMPLEMENTATIONS.

To measure whether [s| _ [t| or

[t|_|s| or neither, one does not want to compute |s],
which takes linear time. But we can

cheaply compute the approximate log of ||, that is,
the black-node height of the tree (since

the black-node depth of every leaf is the same).
Even more cheaply, we can test whether

the black-height of s is at least twice the black-
height of t, or vice-versa.

Figure 1. Induction scheme for treeify

Lemma treeify f length:

8n I, length | > nat of P n ! length(snd(treeify f n
1))+nat of P n = length I.

Lemma treeify g length:

8n |, length | _ nat of P n ! length(snd(treeify g n
[))+nat of P n =S (length I).

Lemma treeify g induc:

8fP gP : positive ! list key ! tree _ list key ! Prop,
(1) @B1Intl x121213,

length 1 >=nat of P n’ ! length 12 >=nat of Pn’ ! fP
n’ 1 (tl, x::12) !

treeify fn’ 1= (tl, x::12) ! fP n’ 12 (12, 13) ! treeify f
n’ 12 =(t2,13) !

fP (xIn’) 1 (T Black tl x t2, 13)) !

(2)@1n’ tl x 121213,

length 1 >= nat of P n’ ! S(length 12) >=nat of P n’
'fP o’ 1(tl, x 2 12) !

treeify fn’ 1= (t1, x :: 12) I gP n’ 12 (2, 13) ! treeify
gn’ 12=(12,13)!

fP (xOn”) 1 (T Black t1 x t2,13)) !
(3)@xIL,fPxH (x::11) (TRedEXE,I1))!
(4)@B1Intl x121213,

length 1 >=nat of P n’ ! S(length 12) >=nat of P n’
LEP 0 1(tl, x 2 12) !

treeify fn” 1= (tl, x :: 12) ! gP n’ 12 (12, 13) ! treeify
gn’ 12=(12,13)!

gP (xIn’) 1 (T Black tl x t2,13)) !

(5)@1n tl x121213,

S(length 1) >= nat of P n’ ! S(length 12) >= nat of P
n’!gPn’l(tl,x::12)!

treeify gn’ 1= (tl, x :: 12) | gP n’ 12 (12, 13) ! treeify
gn’ 12=(t2,13)!

gP (xO n”) I (T Black tl x t2, 13)) !
(6)@BILgPxHIEDN)!

(_conclusion ) 8nl, length I >=natofPn!gPnl

(treeify gnl).
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Definition skip red t := match t with T Red t” ) t’ |
) tend.

Definition skip black t := match skip red t with T
Blackt’ )t |t” ) t” end.

Fixpoint compare height (sx s t tx: tree) :
comparison ;=

match skip red sx, skip red s, skip red t, skip red tx
with

| Tsx’, Ts, Tt , Ttx) compare height (skip
black tx”) s’ t” (skip black tx”)

|[,E, ,T)Lt

|T,,E )Gt

| Tsx’, Ts”, Tt , E)compare height (skip black
sx’)s’t’E

|E, Ts’, Tt , Ttx’) compare height E s’ t’ (skip
black tx”)

l...)Eq

end.

The calculation compare height s s t t starts the
pointers sx,tx racing down the two trees at
double-speed, and the pointers s,t walking down at
normal speed. Depending on which of

these four pointers bottoms out first, we can say
informally that

cllogls| <

1

2

log [t], c2 log |s| < log |t}*log |s| > ¢2 log |t|, or

1

2

log |s| > ¢3 log [t|

for various constants ci close to 1.

We do not have to prove this formally! The
compare height function will be used only

to select between three different proved-correct
implementations of set-union. If we get it

wrong, the algorithm will still be formally verified
as functionally correct, but it may be

inefficient. For efficiency we are relying on a
combination of formal proofs about balance
properties, plus informal proofs about efficiency.
The informal proof is simple.

Theorem: compare height is correct.

Proof: Obviously it’s correct.

Then we combine the three versions of set-union,
as follows:

Definition union (s t: tree) : tree :=

match compare height s s t t with

| Lt) fold insert s t

| Gt) fold insert t s

| Eq) linear union s t

end.
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where fold is a function such that (for example),
fold insert s t = insert s1 (insert s2 (insert s3 . . .
(insertsnt)...)

where si are all the keys in tree s.

V. CONCLUSION

Balanced binary search trees are an important data
structure, especially for pure functional
programming and therefore for verified software.
However, several design decisions influence

the efficiency of search-tree algorithms. In
particular, because in Coq the use of

arithmetic usually imposes a logN penalty, it is
advantageous to use search-tree algorithms

that avoid arithmetic as they rebalance trees. In
addition, for use as priority queues a

specialize delete-min operation is much more
efficient than separate min-elt and delete;

and one can speed up set union or intersection by
dynamic choice of algorithm depending

on the relative depths of the trees.
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