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Abstract- In this paper we introduced the concept Cech
D-closed and Cech D-open sets in Cech closure spaces
and investigate their characterizations.

Index Terms- Cech D-closed sets, Cech D-open sets.
. INTRODUCTION

Cech spaces were introduced by Eduard Cech[1] in
1996. Generalized closed sets in Cech closed spaces
were introduced by Chawalit Boonpok[2], and
studied by many authors[4][6].In this paper we
introduce the concept of Cech D-closed sets and
Cech D-open sets and discuss their properties.

1. PRELIMINARIES

A map kP(X)—P(X) defined on the power set P(X)
of a set X is called a closure operator on X and the
pair (X, k) is called a closure space if the following
axioms are satisfied.

1 k@)= ¢.

2. ACk(A) for every AcX

3. k (AuB)=k(A)uk(B) for all A,BSX.

A closure operator k on X is called idempotent if
k(A)=k[k(A)] forall A c X.

Definition 2.1:[1] A subset of a Cech-closure space
(X,k) will be called Cech closed if k(A)=A and Cech
open if its complement is closed. i.e., k(X-A)=X-A.

Definition 2.2:[9] A subset A of a Cech closure space
(X,K) is said to be

1. Cech regular open if A= int (k(A)) and Cech
Regular closed if A=k(int(A))

2. Cech pre-open if A € int (k(A)) and Cech pre-
Closed if k(int(A))<A

3. Cech semi open if A € k(int(A))

4. Cech a-open if A C int(k(int(A))) and Cech
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a- closed if k (int(k(A))SA
5. Cech p-open if A € k (int (k (A))) and Cech
B- Closed if int (k (int (A)) €A

Definition 2.3:[10] Let (X, k) be a Cech closure
space. A subset A € X is called a Cech w-closed set
if k(A)SG whenever A € G and G is semi-open
Subset of (X,k).A subset A of Xis called a w-open
set if its complement is w-closed subset of (X, k).

Definition 2.4: Let (Xk) be a Cech closure space.
A subset A < X is called g-closed set if k(A) € G
whenever A € G and G is Cech- open subset of (X,
k).A subset A < X is called a generalized open set,
briefly a g-open set, if its complement is

g-closed.

Definition 2.5:[5] Let (X,k) be a Cech closure space .
A subset A © X is called a Cech ay-closed if
k(A)SG whenever A G and G is a-open subset of
X, K).

Definition 2.6:[1] Let (X,k) be a Cech closure space.
A subset A © X is called a J -Cech closed set if
ko (A)SG, whenever ACG and G is semi-open subset
of (X,k),where k,(A) is the smallest a-closed set
containing A.

Definition 2.7:[6] Let (X,k) be a Cech closure space.
A subset A € X is called a Cech mgB-closed set if
k(A) € G whenever AS Gand Gis m-open subset of
X, K).

M.CECH D-CLOSED SETS

Definition 3.1: Let (X, K) be a closure space. A subset
A € X is called a Cech D-closed set ky(A) € G
whenever A € G and G is pre-open subset of (X,k),

where kg(A) is the smallest B-closed set containing A.
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A subset A of X is called a Cech D-open if its
complement is a Cech D-closed subset of (X, k).

Theorem 3.2: Every Cech closed set is Cech
D-closed set.

Proof: Let G be a pre-open subset of (X, k) such that
A € G Since A is Cech closed k(A)=A. Therefore
ks(A) € k(A) =A < G. (ie.,)k(A)SG, where G is
pre-open. Therefore A is Cech D-closed set. Hence
Every Cech closed set is D-closed set.

Remark 3.3: Converse of the above theorem need not
be true which can be seen from the following
example.

Bxample 3.4: Let X={a,b,c,d}

And define a closure k on X by
k{p}=¢.k{a}={a} k{b}=k{a,b}={a,b} kib,c}=
k{a,b,c}={a,b,c} k{c}=k{a,c}={a,c} k{d}=k{a,d}=
k{a,b,d}={a,b,d} k{b,d}=k{c,d}=k{a,c,d}=
k{b,c,d}=kX=X.

Cech closed sets of X:
i¢.X{a}{ab}{ac}{abc}{abd}}

Cech D-closed of X:

{¢.X {a}.{b}{c}{ab}{ac}{ad}.{b.c}.{bd},
{a,b,c}{a,b,d}}

Then A={a,d} is Cech D-closed set but not Cech
closed set.

Theorem 3.5:

(a)Every Cech w-closed set is Cech D-closed set.
(b)Every Cech g-closed set is Cech D-closed set.
(c)Every Cech ay-closed set is Cech D-closed set.
(d)Every J-Cech closed set is Cech D-closed set.
(e)Every Cech ngp-closed set is Cech D-closed set.

Proof: (a) Let A be a Cech w-closed set. Then

ks(A) € G whenever A < G, Gis pre-open in X. But
k(A) S ks(A) whenever A € G,G is pre-open in G.
Now we have ks (A)SG,G is pre-open. Therefore

A is Cech D-closed set.

Note: Proof is obvious for others.
Remark 3.6: Converse of the above theorem need not

be true which can be seen from the following
example.
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BExample 3.7: Let X={ab,c,d}

And define a closure k on X by

k{p}=¢,k{a}={a} k{b}=k{a,b}={a,b} kib.c}=
k{a,b,c}={a,b,c} k{c}=k{a,c}={a,c} k{d}=k{a,d}=
k{a,b,d}={a,b,d} k{b,d}=k{c,d}=k{a,c,d}=

k{b,c,d}=kX=X.

Cech w-closed set of X:
{¢.X{a}{b}.{ab}{ac}{b,c}{ab,c}{ab,d}}

Cech D-closed of X:

{0, X{a}{b}.{c}.{ab}{ac}{ad}{b,c}{b,d},
{a,b,c}{ab,d}}

Then A={a,d} is Cech D-closed set but not in Cech
w-closed set.

Example 3.8:Let X={a,b,c,d}

And define a closure k on X by
k{¢}=¢.k{a}={a} k{b}=k{ab}={a,b} k{b,c}=
k{a,b,c}={a,b,c} k{c}=k{a,c}={a,c} k{d}=k{a,d}=
k{a,b,d}={a,b,d} k{b,d}=k{c,d}=k{a,c,d}=
k{b,c,d}=kX=X.

Cech g-closed set of X:
{¢.X{a}{b}{ab}{ac}{ad}{bc}{ab.c},
{a,b,d}}

Cech D-closed of X:
{¢.X{a}{b}{c}{ab}{ac}{ad}{bc}{b.d},
{a,b,c}{a,b,d}}

Then A={c} is Cech D-closed set but not in Cech
g-closed set.

BExample 3.9: Let X={a,b,c,d}

And define a closure k on X by
k{d}=d.k{a}={a}.k{b}=k{ab}={a.b}.k{b.c}=
k{a,b,c}={a,b,c} k{c}=k{a,c}={a,c} k{d}=k{a,d}=
k{a,b,d}={a,b,d},k{b,d}=k{c,d}=k{a,c,d}=
k{b,c,d}=kX=X.

Cech ay-closed set of X:
{¢.X.{a}.{b}{ab}.{ac}{ad}{b.c}{ab.c}
{ab.d}}

Cech D-closed of X:

{¢.X {a}.{b}{c}{ab}{ac}{ad}.{b,c}.{bd},
{a,b,c},{ab,d}}

Then A={b.d} is Cech D-closed set but not in Cech
ay-closed set.

BExample 3.10: Let X={a,b,c}
And define the closure operator on X by

k{pj=o.k{aj={a},kibj={bc}.k{cj={c},
k{a,c}={a,c}=kX=X.
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J- Cech closed set of X :

10, X fa}.{c} ach

Cech D-closed set of X:

{d)’X’{a}’{b}’{C}?{a?b} ’{a5c }’ {b’c}}

Then A={a,b} is Cech D-closed set but not in J-Cech
closed set.

Example 3.11: Let X={ab,c,d}

And define a closure operator on X by
k{p}=¢,k{a}={a}.k{b}=k{a,b}={a,b}.k{b.c}=
k{a,b,c}={a,b,c} k{c}=k{a,c}={a,c}.k{d}=k{a,d}=
k{a,b,d}={a,b,d},k{b,d}=k{c,d}=k{a,c,d}=
k{b,c,d}=kX=X.

Cech ngp-closed set of X:
i(l),x,{a},{b},{a,b},{a,d},{b,C},{a,b,C},{a,b,d}}

Cech D-closed set of X:
{o.X{a}.{b}{c}{ab}{ac}{ad}{b.c}{bd},

{ab.c}{ab,d}}
Then A={c} is Cech D-closed set but not in Cech

ngB-closed set.

Remark 3.12: From the above results we have the
following implications.

Cech Cech w- Cech g-
closed closed closed

J-Cech

Cech ad
closed

closed

closed

Theorem 3.13: Let (X, k) be a closure space. If A and
B are Cech D-closed subsets of (X, k) then AUB is
Cech D-closed set.

Proof: Let G be a pre-open subset of (X, k) such that
AUBCG, then ACG, BEG. Since A and B are Cech
D-closed sets, ksg(A) € G and kg(B) < G that implies
ky(A)Uky(B)SG. Therefore (AUB) is Cech D-closed
set.

Remark 3.14: The intersection of two Cech D-closed
sets need not be Cech D-closed as can be seen by the
following example.
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BExample 3.15: Let X={ab,c,d} And define the
closure operator k on X by

k{d }=d ,k{a}=k{d}=k{a,b}=k{a,d},=k{a,b,d}={a,b,
d}.k{b}={b} k{c}=k{b,d}=k{c,d}=k{b,c,d}={b,c,d},
k{a,c}= k{a,c,d}={a,c,d}=kX=X.
Cech D-closed set of X:
{$.X,{b},{d}.{a,b},{a,c},{ad}, {b,c},{b.d},{ab.c},
{a,b,d}{ac,d}{b,c,d}}

If A={ab} and B={a,c} ,then
ANB={a,b}N{a,c}={a} which is not Cech D-closed
set.

Theorem 3.16: Let (X, k) be a Cech closure space
and Let AcX. If A is a Cech D-closed set, then
ks(A)-A contains no non empty Cech pre-closed.

Proof : Let A be Cech D-closed set. Let F be a
nonempty Cech pre-closed setSks(A)-A. That implies
Fcks(A)NA- (i.e.,)FSks(A) and FCA-
FSA=ACF:Since F is Cech pre-closed, Fe is Cech
pre-open. Thus we have ks(A)SFc. Consequently
F c [ks(A)l.Hence we get FS ks(A)N[Ks(A)]=0b.
Hence Ks(A)-A contains no non empty Cech pre-
closed set.

Theorem 3.17; Let A be a Cech D-closed set. Then A
is Cech B-closed if and only if ky(A)-A is Cech pre-
closed set.

Proof: Suppose that A is Cech D-closed set and Cech
B-closed set. Since A=kg(A) we have ks(A)-A=d,
which is Cech pre-closed. Conversely, Suppose that
A is Cech D-closed set and ks(A)-A contains no non
empty Cech pre-closed set. Then ky(A)-A is itself
Cech pre-closed = ky(A)-A=d. Hence A is Cech pre-
closed.

Proposition 3.18: Let (X,k) be a Cech closure space.
If A is Cech D-closed and F is Cech pre-closed in
(X, k) then ANF is Cech D-closed.

Proof: Let G be a Cech pre-open subset of (X, k)
such that ANF < G, Then AS GU(X-F). And so,
since A is Cech D-closed ,ks(A) S GU(X-F),Then
k(AY'F € G, since F is Cech pre-closed,
ks(A)NF € G. Therefore ANF is Cech D-closed.
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Proposition 3.19: Let (Y, 1) be a closed subspace of
(X, K).If F is a Cech D-closed subset of (Y, 1), then F
is a Cech D-closed subset of (X, k).

Proof: Let G be a Cech pre-open set of (X, k) such
that FEG. Since F is Cech D-closed and GNY is
Cech pre-open ky(F)NY € G, But Y is closed subset
of (X, k) and ky(F)SG, where G is a Cech pre-open
set. Therefore F is a Cech D-closed of (X, K).

Proposition 3.20: Let (X, k) be a Cech closure spaces
and let k be idempotent. If A is Cech D-closed subset
of (X, k) such that ACBCS kyg(A)then B is a Cech
D-closed subset of (X, k).

Proof: Let G be a Cech pre-open subset of (X, k)
such that BEG. Then AS G, since A is Cech D-
closed, ks(A)cG. As k is idempotent,
ks(B)Sks(ks(A))=  ks(A)SG. Hence B is Cech D-
closed.

IV.CECH D-OPEN SETS

Definition 4.1: A Subset A in Cech closure space
(X,k) is called Cech D-open if its complement is
Cech D-closed set.

Theorem 4.2: A subset A in Cech closure space (X,k)
is called Cech D-open set if and only if FEX-ky(X-A)
whenever F is pre-closed and FEA.

Proof : Suppose that A is Cech D-open and F be a
pre-closed subset of (X, k) such that AcF then
X-ACX-F. But X-A is Cech D-closed set and X-F is
pre-open. That implies kg(X-A)S X-F.
(ie.) F © X-kg(X-A) .Conversely, Let F be a pre-
closed set, F€ A and FSX-ky(X-A) that implies
ks (X-A) € X-F, X-F is pre-open that implies X-A is
Cech D-closed set and so A is Cech D-open.

Theorem 4.3: If A and B are Cech D-open subsets of
(X, k) then ANB is Cech D-open set.

Proof: Let F be a pre-closed subset of (X, k) such that
FS ANB. Then X-(ANB) S X-F. This implies that
(X-A)U(X-B)SX-F. (X-A)U(X-B) is Cech D-closed
set. Thus ks[(X-A)U(X-B)]= X-F. Hence
k[X-(ANB)]EX-F. That implies FSX-ks[X-(ANB)]
that implies ANB is Cech D-open.
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Theorem 4.4: Let (X, g) be a closure space and let
(Y, h) be a closed subspace of (X, g)If Gis Cech
D-open subset of (X, g) then GNY is Cech D-open
subset of (Y, h).

Proof: Let G be a Cech D-open subset of (X, g).Then
X-G is a Cech D-closed subset of (X, g).Since Y'is a
closed subset of (X, g), (X-GNY is a Cech D-closed
set of (X, g). But (X-G N Y=Y-(GNY). Therefore
Y-(GNY) is a Cech D-closed subset of (X, g).Hence
GNY is a Cech D-open subset of (X, g).

Proposition 4.5: Let (X,k) be Cech closure space. If
A is D-open and B is pre-open in (X,k) then AUB is
D-open.

Proof: Let F be a pre-closed subset of (X, k) such that
FCAuB. Then X-(AuB) < X-F. Hence
(X-A) N (X-B) € X-F. We have (X-A) N (X-B) is
D-closed. Therefore k [(X-A) N (X-B)] € X-F.
Consequently, FEX-k [(X-A) N (X-B)] = X-k [X
(ANB)]. Since FEX-k [(X-A)], then A is D-open.
Therefore AUB is D-open.

Remark 4.6: The union of two D-open sets need not
be D-open.

BExample 4.7: Let X={a,b,c,d}

And define a closure k on X by

k{¢}=¢.k{a}={a} k{b}=k{ab}={a,b},k{b,c}=
k{a,b,c}={a,b,c} k{c}=k{a,c}={a,c} k{d}=k{a,d}=
k{a,b,d}={a,b,d} k{b,d}=k{c,d}=k{a,c,d}=
k{b,c,d}=kX=X.

Cech D-open of X:
{0.X{c}{d}{ac}{a.d}{bc}{b.d}{c.d}{ab,d}
{a,c,d}{b,c,d}}

Then A={ac} and B={b,c} then AuB={ab.c,}
which is not Cech D-open set.

Proposition 4.8: Let (X,k) be a Cech closure space. If
A is D-open subset of (X,k) then X=G whenever Gis
pre-open and (X-k(X-A))U(X-A)cG.

Proof: Suppose that A is D-open. Let G be an pre-
open subset of (X,k) such that (X-k(X-A)U(X-
A)SG. Then X-GSX-[(X-k(X-A))U(X-A)].Therefore
X-G € Kk(X-A)NA implies that X-G < k(X-A)-(X-
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A).But X-G is pre closed and X-A is D-closed. Then
by proposition 3.17 X- G=¢, consequently X=G.
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