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1.INTRODUCTION 

 

The concept of complex valued metric space was 

introduced by Azam et al. [1], proving some fixed-

point results for mappings satisfying a rational 

inequality in complex valued metric spaces. 

Afterwards, several papers have dealt with fixed point 

theory in complex valued metric spaces (see [2], [3], 

[4] and references therein). In [5], Saluja proved some 

fixed-point theorems under rational contraction in the 

setting of complex valued metric spaces. Motivated by 

these results, in this paper, we establish the existence 

and uniqueness of common fixed points for a pair of 

self-mappings satisfying a generalized rational 

contractive condition in complex valued metric 

spaces. 

 

In what follows, we recall some notations and 

definitions that will be utilized in our subsequent 

discussion. Let C be the set of complex numbers and 

1 2,z z C
. Define a partial order   on C as follows: 

1 2z z
 if and only if 

1 2 1 2Re( ) Re( ), Im( ) Im( )z z z z 
  

Consequently, one can infer that 1 2z z
if one of the 

following conditions is satisfied: 

1 2 1 2 1 2 1 2

1 2 1 2 1 2 1 2

( ) Re( ) Re( ), Im( ) Im( )      ( ) Re( ) Re( ), Im( ) Im( )

( ) Re( ) Re( ), Im( ) Im( )    ( ) Re( ) Re( ), Im( ) Im( )

i z z z z ii z z z z

iii z z z z iv z z z z

=   =

  = =
 

In particular, we write 1 2z z
 if one of (i), (ii) and 

(iii) is satisfied and we write 1 2z z
if only (iii) is 

satisfied.    

 

Definition 1.1 Let X be a nonempty set whereas C be 

the set of complex numbers. Suppose that the mapping 

:d X X C → , satisfies the following conditions  

(i)

( , ) 0,  for all ,  and ( , ) 0 if and only if d x y x y X d x y x y  = =
  

(ii) 
( , ) ( , ) for all ,  d x y d y x x y X= 

 

(iii)
( , ) ( , ) ( , ), for all , ,  d x y d x z d z y x y z X + 

 

Then d is called a complex valued metric on X and (X, 

d) is called complex valued metric space. 

 

Definition 1.2 Let (X, d) be a complex valued metric 

space and B X . 

(i) b B is called an interior point of a set B 

whenever there is 0 r C  such that 
( , )N b r B

where      

 ( , ) : ( , )N b r y X d b y r=  
 

(ii) A point x X is called a limit point of B 

whenever for every 

0 , ( , ) ( \{ })r C N x r B X    
 

(iii) A subset A X is called open whenever each 

element of A is an interior point of A whereas a subset 

B X is called closed whenever each limit point of 

B belongs to B. The family
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 ( , ) : ,0F N x r x X r=  
is a sub-basis for a 

topology on X. We denote this complex topology by 

c . Indeed, the topology c is Hausdroff.  

 

Definition 1.3 Let (X, d) be a complex valued metric 

space and 
 

1n n
x

 be a sequence in X and  

x X .  We say that  

(i) the sequence 
 

1n n
x

 converges to x if for every 

c C with 0c  there is 0n N
such that for all 

0 , ( , )nn n d x x c 
. We denote this by 

lim n
n

x x
→

=
or 

,  as nx x n→ →
 

(ii) the sequence 
 

1n n
x

 is Cauchy’s sequence if for 

every c C with 0c  there is 0n N
such that for 

all 0 , ( , )n n mn n d x x c+ 
, 

(iii) the metric space (X, d) is a complete complex 

valued metric space if every Cauchy’s sequence is 

convergent. 

In [1], Azam et al. established the following two 

lemmas: 

 

Lemma 1.4. Let (X, d) be a complex valued metric 

space and let 
 nx

be a sequence in X. Then 
 nx

converges to x if and only if 
( , ) 0nd x x →

as 

n→ . 

 

Lemma 1.5. Let (X, d) be a complex valued metric 

space and let 
 nx

be a sequence in X. Then 
 nx

is 

a Cauchy’s sequence if and only if 

( , ) 0n n md x x + →
as n→ . 

2.  MAIN RESULTS 

 

Theorem 2.1. Let (X, d) be a complete complex valued metric space. Let the mappings 
, :  XS T X→

 satisfy.  

 
 

2

2

1 ( , ) ( , ) 1 ( , ) ( , )
( , ) + ( , )   .........(2.1)

[1 ( , )] 1 ( , ) ( , )

d x Sx d y Ty d x Ty d y Ty
d Sx Ty d x y

d x y d x Sx d y Ty

 + +   + 
+ + +

 

 for all x, y in X, where 
 + <1 ,  + <1, 1,  > 0, 0, 0 +          

. Then S and T have a unique common 

fixed point. 

Proof.    Let 0x
 be any arbitrary point in X. We define a sequence 

 nx
 in X such that 1n nx Sx+ =

 and 2 1n nx Tx+ +=
  

n = 0,1, 2, 3, … . Then by (2.1) 

 
 

1 2 1

2

1 1 1 1 1

12

1 1 1

( , ) ( , )

1 ( , ) ( , ) 1 ( , ) ( , )
                   + ( , )   

[1 ( , )] 1 ( , ) ( , )

n n n n

n n n n n n n n

n n

n n n n n n

d x x d Sx Tx

d x Sx d x Tx d x Tx d x Tx
d x x

d x x d x Sx d x Tx

+ + +

+ + + + +

+

+ + +

=

 + +   + 
+ + +

 

 
 

2

1 1 2 2 1 2

12

1 1 1 2

1 ( , ) ( , ) 1 ( , ) ( , )
                + ( , )   

[1 ( , )] 1 ( , ) ( , )

n n n n n n n n

n n

n n n n n n

d x x d x x d x x d x x
d x x

d x x d x x d x x

+ + + + + +

+

+ + + +

 + +   + 
+ + +

 

 
 

2 1 2

1 2 1

2

1 ( , ) ( , )
                ( , ) +  ( , )   

1 ( , )

n n n n

n n n n

n n

d x x d x x
d x x d x x

d x x

+ + +

+ + +

+

+
  + 

+
 

1 2 1 2 1                ( , ) ( , )+  ( , )   n n n n n nd x x d x x d x x+ + + + +  + 
 

1 2 1 2 1                ( , ) ( , )+ ( , )   n n n n n nd x x d x x d x x+ + + + +  + 
 

This implies that 
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1 2 1 2 1 2 1

1 2 1

  ( , ) ( , ) ( , )   ( , ) 

                                         or           ( , )(1 )   ( , )

                                                        

n n n n n n n n

n n n n

d x x d x x d x x d x x

d x x d x x

+ + + + + + +

+ + +

− −  

− −  

1 2 1

1 2 1

 
            or     ( , ) ( , )

(1 )

                                                                     or    ( , ) ( , )       

n n n n

n n n n

d x x d x x

d x x d x x

+ + +

+ + +




− −

 
 

for all 0n  , where 

 

(1 )


 =

− −
and 0 1    in view of the conditions     

                               
 + <1 ,  + <1,  > 0, 0, 0 +        

 

Consequently 

1

1 2 1 0 1( , ) ( , ) .......... ( , )n

n n n nd x x d x x d x x+

+ + +    
 

Hence for all m n  

                     

1 1 2 1

1 1

0 1

0 1

( , ) ( , ) ( , ) ................ ( , )

              ( ............... ) ( , )

              ( , )
1

n m n n n n m m

n n m

n

d x x d x x d x x d x x

d x x

d x x

+ + + −

+ −

 + + +

  + + +

 
  

−   

This implies that  

0 1( , ) ( , )
1

n

n md x x d x x
 

  
−   

As 

0 1, , ( , ) ( , ) 0
1

n

n mm n d x x d x x
 

→  → 
−  , which amounts to saying that 

 nx
is a Cauchy’s sequence 

in X which is Complete, so it converges to a point say u in X. 

It remains to show that Su u= . Suppose this is not true and
( , ) 0d u Su z= 

. Then from (2.1) we have    

 
 

2 2

2 1

2

1 1 1 1 1

2 12

1 1 1

2

2

     ( , ) ( , )

       ( , ) ( , )

1 ( , ) ( , ) 1 ( , ) ( , )
       ( , ) ( , )

[1 ( , )] 1 ( , ) ( , )

1 (
      ( , )

n n

n n

n n n n n

n n

n n n

n

z d u x d x Su

d u x d Su Tx

d u Su d x Tx d u Tx d x Tx
d u x d u x

d u x d u Su d x Tx

d
d u x

+ +

+ +

+ + + + +

+ +

+ + +

+

 +

 +

 + +  + + + 
+ + +

+
 +

 
 

1 2 2 1 2

12

1 1 2

, ) ( , ) 1 ( , ) ( , )
+ ( , )

[1 ( , )] 1 ( , ) ( , )

n n n n n

n

n n n

u Su d x x d u x d x x
d u x

d u x d u Su d x x

+ + + + +

+

+ + +

  +  + 
+ + +

 
which implies that  

 

 

 

2

1 2 2 1 2

2 12

1 21

2

1 2 2 1 2

2 2

1

1 ( , ) ( , ) 1 ( , ) ( , )
   ( , ) + ( , )

1 ( , ) ( , )[1 ( , )]

1 ( , ) 1 ( , ) ( , )
     ( , )

1 ([1 ( , )]

n n n n n

n n

n nn

n n n n n

n

nn

d u Su d x x d u x d x x
z d u x d u x

d u Su d x xd u x

z d x x d u x d x x
d u x

z d xd u x

+ + + + +

+ +

+ ++

+ + + + +

+

++

 + + 
 + + 

+ ++

 + + 
 + +

+ ++  
1

1 2

 + ( , )
, )

n

n

d u x
x

+

+
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On taking limit n→ , we obtain that 
0z 

which is a contradiction. Hence Su u= . Similarly we can show 

Tu u= . Next we show that S and T have unique common fixed point. For this assume that 
*u is another fixed point 

of S and T.  

* *

2 * * * * *

*

2 * * *

2 * *

*

2 *

            ( , ) ( , )

1 ( , ) ( , ) 1 ( , ) ( , )
                       ( , ) 

[1 ( , )] 1 ( , ) ( , )

1 ( , ) ( , ) 1 (
    ( , )

[1 ( , )]

d u u d Su Tu

d u Su d u Tu d u Tu d u Tu
d u u

d u u d u Su d u Tu

d u u d u u d
d u u

d u u

=

   + +     + + 
+  + + 

 + + 
   +

+

* * *

*

* *

*

, ) ( , )
+ ( , )  

1 ( , ) ( , )

                         ( , )

u u d u u
d u u

d u u d u u

d u u

  


 + + 

 

 

This implies that  
( )*( , ) 1 0d u u −  

  

*or ( , ) 0 as  1- 0 d u u   
.  Hence 

*u u= . This proves the 

uniqueness of common fixed point.             

Corollary 2.2. Let 
 kT

 be a sequence of self-mappings defined on a complete complex valued metric space (X, d) 

satisfying    

2

2

1 ( , ) ( , ) 1 ( , ) ( , )
( , ) + ( , )   .........(2.2)

[1 ( , )] 1 ( , ) ( , )

i j j j

i j

i j

d x T x d y T y d x T y d y T y
d T x T y d x y

d x y d x T x d y T y

   + +     + 
+  + +   

 for all x, y in X, where 
 + <1 ,  + <1, 1,  > 0, 0, 0 +          

. Then 
 kT

 have a unique common 

fixed point. 
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