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Abstract - In this paper, we study differential equation 

with fuzzy value. We propose a numerical method to 

approximate the fuzzy solution by using partition of 

fuzzy interval and generalization of Hukuhara difference 

and division.  We prove some theorems for differential 

equation by fuzzy value. 
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I.INTRODUCTION 

 

Fuzzy set theory is used to study a variety of problems 

fuzzy metric spaces [15], fuzzy linear systems [4, 5, 

19], fuzzy differential equations [6, 7, 10, 16, 17] and 

other topics. The concept of fuzzy numbers and 

arithmetic operations with this numbers were first 

introduce and investigated by Chang and Zadeh [9] 

and others. Chang and Zadeh [9] first introduced the 

concept of the fuzzy derivative and followed by 

Dubois and Prade [10]. The concept of differential 

equations in a fuzzy environment was first formulated 

by Kaleva [12]. Several authors have produced a wide 

range of results in both the theoretical and applied 

fields of fuzzy differential equations [1, 2, 8, 11, 14, 

17, 18].  Some of researchers worked for approximate 

solving the fuzzy initial value problem y’= f (x, y) 

where x0 is real number and y(x0) = y0 fuzzy number 

[1, 2, 8]. We consider the different fuzzy initial value 

problem y= f (x, y) where x0 and 

y (x0) = y0 are fuzzy numbers. We used of definition 

fuzzy directed line induced by L. Hongliang et al. [13] 

and extent to fuzzy interval. This paper used of 

partition of fuzzy interval [13] and generalization of 

Hukuhara difference and division [20]. we provide 

some background on fuzzy numbers and fuzzy 

differential equations.  we present numerical method 

of fuzzy differential equation with full fuzzy initial 

values and give a numerical example for illustrate this 

method. Finally, conclusion is present. 

II PRELIMINARIES 

 

First, we review fuzzy numbers and some results about 

it. There are various definitions for the concept of 

fuzzy number. Let E1 be the set of all functions.  

u: R → [0, 1] such that u is normal, fuzzy convex, 

upper semicontinuous and the closure of {x ∈ R: u(x) 

>0}, is compact. For any a ∈ E, u is called a fuzzy 

number in parametric form a pair (a(r), 𝑎(r)) of 

function a (r), 𝑎 (r), 0 ≤ r ≤ 1 which satisfies the 

following requirements: 

1. a(r) is a bounded monotonic increasing left 

continuous function. 

2. 𝑎(𝑟) is a bounded monotonic decreasing left 

continuous function. 

3. a(r) ≤ 𝑎(r) ,0≤ 𝑟 ≥ 1. 

In this paper, we used of parametric form of fuzzy 

numbers. For a, b ∈ E1, the metric distance is defined 

as 

D (u, v) = supr∈[0,1] max{ |a(r) − b(r)| , |a (r) − b (r)| 

(1.1) 

 

Theorem2.1.[2], 

1. (E, D) is a complete metric space; 

2. D (a + c, b +c) = D(a,b) here a,b,c ∈ E; 

3. D (a +b, c + e) ≤ D(a,c) + D(b, e), here a, b, c, e ∈ 

E. 

For ranking of a, b ∈ E,  𝑎 ≤ 𝑏 if and only if a(r)≤ b 

(r) and 𝑎 (𝑟) ≤ 𝑏(r) and a < b if and only if  𝑎 (𝑟) <

𝑏(𝑟)  for any r 𝜖 [0,1] 

Definition 2.1. [13], Let a0, b0 ∈ E, 𝑎0 (𝑟) < 𝑏0(𝑟) . 

The fuzzy number set  

{ct ∈ E| ct = (1-t) a0 + t b0, t∈ (−∞,+∞)} is called fuzzy 

directed line induced by a0, b0 and denoted by 𝑎0  𝑏0
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  . 

 

Theorem 2.2.[13], Let ws, wt ∈   a0  b0
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  . then  

(1) s ≤ t ⇐⇒ ws ≼ wt 

(2) s = t ⇐⇒ ws = wt,i.e. s ≠t ⇐⇒ ws ≠ wt . 
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Theorem 2.3. ([20]: Proposition 6), A⊖g B exists if 

and only if B ⊖g A and (−B) ⊖g (−A) exist and A 

⊖g B = (−B) ⊖g (−A) = −(B ⊖g A). 

 

Definition 2.3. [13], Let F: a0b0
⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  ⃗ → E be a fuzzy 

mapping and x ∈ R fixed.  

Suppose 

for |y| > |x|, xy > 0, F (wy) ⊖ F (wx) exists, and when 

x > 0 

F(wy) ⊝ F(wz)

wy ⊝ wx

 

Exists, when x<0 

F(wx) ⊝ F(wy)

wx ⊝ wy

 

Exists. 

And suppose for |y| < |x|, xy ≥ 0, F (wx) ⊖ F (wy) 

exists, and when x > 0, 

F(wx) ⊝ F(wy)

wx ⊝ wy

 

Exists, when x<0 

F(wy) ⊝ F(wz)

wy ⊝ wx

 

Exists. 

If there is a F(wx ) ∈ E  such that when x > 0  

lim
y→x+

D(
F(wy)⊝F(wz)

wy⊝wx
 , F́(wx))=0 

and 

lim
y→x−

D(
F(wx)⊝F(wy)

wx⊝w y
 , F́(wx))=0 

Hold When x<0   

lim
y→x+

D(
F(wx)⊝F(wy)

wx⊝w y
 , F́(wx))=0 

And 

lim
y→x−

D(
F(wy)⊝F(wz)

wy⊝wx
 , F́(wx))=0 

Hold. Then we say F is fuzzy differentiable at wx and 

its fuzzy derivative at wx is F́(wx). 

 

III. NUMERICAL METHOD OF FUZZY 

DIFFERENTIAL EQUATION WITH FUZZY 

INITIAL VALUES 

 

In this section, we are going to study the differential 

equation with fully fuzzy initial value as 

Y’= F (x, y) 

y(a0) = A0,    a0,b0  ∈ E 

where F: [a0, b0] × E −→ E is such that a0, b0 ∈ E, 

a0 (0) < b0(0) and 

D2((x, y), (x, y)) < δ 

(1) ∀ε > 0, ∃δ > 0 

⇒ D (F (x, y), F (x, y)) < ε 

(x, y), (x, y) ∈ [a0, b0] × E 

(2) ∃L > 0, D (F (x, y1), F (x, y2)) ≤ LD (y1, y2)    x, 

y1, y2 ∈ E 

For numerically solving equation (1.2), we 

approximate y(b0). 

We define the metric distance in E2 as follows: 

D2 ((a,b), (a′ , b′ )) = max{D(a,a′ ), D(b,b′ )}    

;     (a,b), (a′ , b′ ) ∈ E2             (1.3) 

 

Definition 3.1. Let u0, v0 ∈ E, 𝑎0̅̅ ̅(0)  < 𝑣0(0). The   

fuzzy number set 

{wt ∈ E|wt = (1 − t) a0 + tb0, t ∈ [0, 1]} 

Is called fuzzy internal [a0, b0]. 

 

Definition 3.2.   

Suppose [a0, b0] is the fuzzy interval.  If 

P [0,1] = {x0 = 0, x1, ..., xn = 1|x0 < x1 < ... < xn} 

denote the partition of [0, 1]. If 

wi = (1 − xi) a0 + xi b0; i = 0, 1, . . . , n 

then, by Theorem 2.2 

w0 = a0 ≺ w1 ≺ · · · ≺ wn−1 ≺ wn = b0. p˜[a0 ,b0 ] 

= {w0 = a0 , w1, . . . ,wn−1 , wn = b0 } 

is the partition of [a0, b0]. 

 

Theorem 3.1.  

Let u ∈ E, m, n ∈ R > 0 then mu ⊖g nu = (m − n) u. 

Proof: 

mu ⊖g nu = (m − n) u↔ {
(i)ma = na + (m − n)a

or
(ii)na = ma + (−1)(m − n)a

 

(1.4) 

(i)(ma,ma) = (na,na)+ (m-n) ((a,a)) if m≥n this case 

is correct. 

(ii) (na,na) = (ma,ma) + (n-m) (a,a) if m<n this case is 

correct. 

 

Example 3.1. Consider the following differential 

equation with fuzzy initial value. 

{
�́� = 𝑥𝑦

𝑦(𝑎0) =  𝑈0 = (𝑒0.005𝑟2+1, 𝑒0.005𝑟2−0.02𝑟+1.02)
(1.5) 
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Where a0 = (0.1r,0.2- 0.1r) and F(x,y) = xy. We want 

to approximate y(b0) by b0 = (0.3+0.1r, 0.5-0.1r). 

We show that F: [a0, b0] x E→E satisfies in conditions 

(1) and (2). 

Therefore (1) is satisfied if for fix ∈>0, 0< 𝛿< 
𝜖

|𝑣0|+𝑀
 

exists such that  

M≥ max
𝑥𝜖[𝑎0 (0),𝑏0(0)]

{|𝑦(𝑥)|} 

Assume 

D2((x, y), (x´, y´)) = max {D (x, x′), D(y, y′)} 

< 𝛿. 

Then 

D(F(x,y),F(x’,y’)) = sup
𝑟𝜖[0,1]

max {|𝑥𝑦 (𝑟) − 𝑥�́́� (𝑟)| , |𝑥𝑦 (𝑟) −

�́��́�(𝑟)|} =  Λ 

i. If 

Λ  = |x(r∗)y(r∗) − x (r∗)y (r∗)| 

≤ |x(r∗)|D(y, y ) + |y(r∗)|D(x, x ) 

< |v0 (0)|δ + M δ 

= (|v0(0)| + M )δ 

< ε 

ii. If Λ = |x(r∗)y(r∗) − x′ (r∗)y′ (r∗)| 

≤ | (r∗)|D(y, y’ ) + |y(r∗)|D(x, x’ ) 

< |v0 (0)|δ + M δ 

= (|v0(0)| + M )δ 

< ε 

 

(2) is satisfied, since 

D(F (x, y), F (x, y′)) = D(xy, xy′) = supr∈[0,1] 

max{|xy(r) − xy (r)|, |xy(r) − xy (r)|} = Ψ 

I. If, 

Ψ = |𝑥(𝑟∗)𝑦 (𝑟∗) − 𝑥(𝑟∗)�́�(𝑟∗)| = |𝑥(𝑟∗)|𝑦 (𝑟∗) −

�́�(𝑟∗)| ≤ LD(y,y’) 

II. If, 

Ψ = |x(r∗) y(r∗) − x(r∗) y (r∗) | = |x(r∗) ||y(r∗) − y (r∗) 

| ≤ LD (y, y′) 

We used n=4 with P [0,1] = {0,
1

4
,
2

4
,
3

4
,
4

4
} hence  

w0 = a0 = (0.1r, 0.2 − 0.1r) 

w1 =
3

4
 a0 + 

1

4
 b0 = (0.1r + 0.075, 0.275 − 0.1r) 

w2 =  
1

2
 a0 + 

1

2
 b0 = (0.15 + 0.1r, 0.35 − 0.1r) 

w3 = 
1

4
a0 + 

3

4
 b0 = (0.225 + 0.1r, 0.425 − 0.1r) 

w4 = b0 = (0.3 + 0.1r, 0.5 − 0.1r) 

y(wi+1) ≃ y (wi) + (
1

4
 b0 + (−

1

4
 )a0) wi y (wi),    i = 0, 

1, 2, 3 

 

By  
1

4
 b0 + (−

1

4
 )a0 = (0.025 + 0.05r, 0.125 − 0.05r) 

Y (wi+1) ≃ y (wi) + (0.025 + 0.05r, 0.125 − 0.05r) wi y 

(wi), i = 0, 1, 2, 3 

y(w4) = y(b0) ≃ y(w3) + (0.025 + 0.05r, 0.125 − 0.05r) 

w3y(w3) 

 

If we used of n=8 with p [0,1] = {0, 
1

8
,
2

8
,
3

8
,
4

8
,
5

8
,
6

8
,
7

8
,
8

8
} 

then 

w0 = u0 = (0.1r, 0.2 − 0.1r), w1 = (0.0375 + 0.1r, 

0.2375 − 0.1r) 

w2 = (0.075 + 0.1r, 0.275 − 0.1r), w3 = (0.1125 + 0.1r, 

0.3125 − 0.1r)  

w4 = (0.15 + 0.1r, 0.35 − 0.1r), w5 = (0.1875 + 0.1r, 

0.3875 − 0.1r)  

w6 = (0.225 + 0.1r, 0.425 − 0.1r), w7 = (0.2625 + 0.1r, 

0.4625 − 0.1r)  

w8 = v0 = (0.3 + 0.1r, 0.5 − 0.1r) 

y(wi+1) ≃ y(wi) + (
1

8
 v0 + (−

1

8
)a0)wi y(wi), i = 0, 1, .. , 7 

 

By 
1

8
b0 + (−

1

8
)b0 = (0.0125 + 0.025r, 0.0625 − 0.025r) 

y(wi+1) ≃ y(wi) + (0.0125 + 0.025r, 0.0625 − 

0.025r)wi y(wi),    i = 0, 1, . . . , 7 

y(w8) = y(b0) ≃ y(w7) + (0.0125 + 0.025r, 0.0625 − 

0.025r) w7y(w7) 

The exact solution of (3.6) is  𝑦 = 𝑒
𝑥2

2
+1

 therefore. 

𝑦(𝑏0) =  𝑒
𝑥2

2
+1

= (𝑒0.005𝑟2+0.03𝑟+1.045, 𝑒0.005𝑟2−0.05𝑟+1.125) 

Figure 1 shows the comparison of the exact and 

approximated solutions for n = 4, 8. 
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Figure 1: Comparison of the exact and approximated 

solutions for n = 4, 8. 

 

IV CONCLUSION 

 

In this paper, we studied differential equation with 

fully fuzzy values. We reviewed the partition of fuzzy 

interval and generalization of Hukuhara difference and 

division. Then, we solved the mentioned equation 

using our proposed numerical method and provided an 

example to illustrate this method. 
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