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ordinary differential equations
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Abstract. This paper present some common fixed point
results for a pair of fuzzy mappings satisfying an
almost generalized contractive condition in partially
ordered complete intuitionistic fuzzy metric spaces by
employing the idea of combining the ideas in the
contraction principle with those in the monotone
iterative technique. Motivated by this, the result
generalizes the recent result of Nashine et al. [9] results
and other existing results in intuitionistic fuzzy metric
space. Also some examples and an application are
given to illustrate the result.

1L.INTRODUCTION

In many branches of mathematical analysis the
Banach contraction principle [3] is a very popular
tool to solve existence problems. Zadeh [19]
investigation of the notion of fuzzy set has led to rich
growth of fuzzy Mathematics. Many authors as
Singh and chouhan [13], Jain et al. [4], Verma and
Chandel [18] have studied the concept of fuzzy
metric space. Heilpern [6] introduced the concept of
fuzzy mappings and proved a fixed point theorem
for fuzzy contraction mapping. George and
Veeramani [5] modified the concept of fuzzy metric
space. Atanassov [2] introduced and studies the
concept of intuitionistic fuzzy sets. Further, using
the idea of intuitionistic fuzzy metric set, Alaca et al.
[1] defined the notion of intuitionistic fuzzy metric
space. Park [10] introduced a notion of intuitionistic
fuzzy metric space with the help of continuous t-
norms and continuous t- conorms, as a
generalization of fuzzy metric space due to Kramosil
and Michalek [8]. In this paper a common fixed
point theorem proved for a pair of fuzzy mappings
without taking into account any commutativity
condition in complete ordered intuitionistic fuzzy
metric spaces. The main result is based on an almost

generalized contractive condition and generalizes
the result of Nashine et al. [9].

Definition 1.2 [7] ¢: [0, +o0) — [0, +0) is called an
altering distance function if the following properties
are satisfied:

1. ¢ iscontinuous and nondecreasing,

2. p)=0et=0.
Theorem 1.1 [3] Let (X, d) be a complete metric
space and T be a mapping of X into itself satisfying
d(Tx,Ty) <k(x,y)forall,y e X,
where Kk is a constant in (0, 1). Then T has a unique
fixed pointx € X. There is a great number of
generalizations of the Banach contraction principle.
Taskovic [16] presented a comprehensive survey of
such results in metric spaces. A new category of
contractive fixed point problems was addressed by
Khan et al. [7] that introduced the concept of altering
distance function which is a control function that
alters distance between two points in a metric space.

2. BASIC DEFINITIONS AND PRELIMINARIES

Definition 2.1[9] An intuitionistic fuzzy set A in a
universe X is an object A = {x, puu(x),y.(x):x €
X}, where for all x € X, us(x) (€ [0,1]) is called the
degree of membership of x in A, y,(x)(€ [0,1]) is
called the degree of non - membership of x in A, and
0 < py(x) + ya(x) < 1foreveryx € X.

Definition 2.2[9] A fuzzy set A in a metric linear
space is said to be an approximate quantity if and
only if A, is compact and convex in X for each o«
€ (0,1] and sup,.xAx = 1. Let 1=10, 1]
and W (X) c I* be the collection of all
approximate quantities in X. For «e€ [0, 1], the
family W, (X) is given by {4 € I*: A, is nonempty
and compact}.

Definition 2.3[9] Let 4, B € V(X) where VV(X) denotes metric space,x€ [0, 1], then
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Pa(A,B) = yepyerd(@,y), Dy(A,B) = H(Aq, By),
P'a(AB) = renyyernd(x,y), D'o(A,B) = H'(Aq, By),
where H and H' are the Hausdorff distance.

Definition 2.4[9] Let A, B € V(X). Then A is said to be more accurate than B denoted by =~ A c B, iff Ax < Bx
for each x € X. For a € (0, 1] the fuzzy point x,, of X is the fuzzy set of X given by x,(x) = aand x,(z) =0
if z+x.
Definition 2.5[14] Let x,, be a fuzzy point of X. Then x, is a fixed fuzzy point of the fuzzy mapping F over X if
Xq C FE.(i.e. the fixed degree of x for F, say (Fx)(x), is at least a.

In particular and according to [6], if {x} c Fx, we can say that x is a fixed point of F.

Definition 2.6[12]. A binary operation *:[0,1]x[0,1]—[0,1] is called a t-norm * satisfies the following
conditions:
i * js commutative and associative,
ii. * js continuous,
iii. a*l=aforallae]|0,1],
iv. a*b<c*dwhenevera<candb<dforalla,b,c,d e [0,1].
Examples of t-norm: a* b =ab and a * b=min{a, b}.

Definition 2.7[1]. A binary operation ¢:[0,1]x[0,1]-[0,1] is said to be continuous t-co norm if it satisfied the
following conditions:
i ¢ is associative and commutative,
ii. ¢ is continuous,
iil. a0 0=aforall a€[0,1],
iv. a0b<c0dwhenevera<candb<dforeacha,b,c,de[0,1]
Examples of t-conorm : a0 b = min(atb, 1) and a ¢ b = max(a, b)
Remark 2.1.[12] The concept of triangular norms (t-norm) and triangular conorms (t-conorm) are knows as
axiomatic skeletons that we use for characterizing fuzzy intersections and union respectively.

Definition 2. 8[1]. A 5- tuple (X, M, N, *, 0) is called intuitionistic fuzzy metric space if X is an arbitrary non
empty set, * is a continuous t-norm, ¢ continuous t-conorm and M, N are fuzzy sets on X2 x [0,c0] satisfying
the following conditions:

Foreach x,y,z, € Xandt,s>0

(IFM-1) M(x,y,t) + N(x,y,)<1,

(IFM-2) M(x,y,0)=0,forall x,y € X

(IFM-3) M(x,y,t) =1 forall x,y € Xand t > 0 ifandonly if x =y

(IFM-4) M(x,y,t) = M(y,x,t), forall x,y € Xand t > 0

(IFM-5) M(x,y,t) * M(y,z,5) < M(x,z,t +5),

(IFM-6) M(x,y,.):[0,00] — [0,1] is left continuous,

(IFM-7) tli_)rgM(x,y, t)=1,

(IFM-8) N(x,y,0) = 1,forallx,yinX,

(IFM-9) N(x,y,t) = 0,forallx,yinX andt>0ifand only if x =y,
(IFM-10) N(x,y,t) = N(y,x,t),forall x,y in X and t>0,

(IFM-11)  N(x,y,t) 0 N(y,z,5) = N(x,z,t + s),

(IFM-12)  N(x,y,.):[0,0) — [0,1] is right continuous,

(IFM-13) ELI?O N(x,y,t) =0,forallx,yinX and t > 0.

Then (M, N) is called an intuitionistic fuzzy metric on X. The function M (x, y, t)and N(x, y, t) denote the degree
of nearness and degree of non- nearness between x and y with respect to t, respectively.

Remark 2.2.[17]. An Intuitionistic Fuzzy Metric space with continuous t-norm * and continuous t-conorm ¢
defined by a * a>a, and (1-a) ¢ (1-a) < (1-a)for all a € [0,1]. Then for all x,y € X, M(x,y,*)is non decreasing
and N (x,y,9) is non increasing.
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By using the concept of Nashine et al. [9] now define some definitions as follows:

Definition 2.9 Let (X, M, N) be a intuitionistic fuzzy metric space,x,y € X and A,BeW(X):
(M if po(x,A,t) =0,then x, C A,

(i) Pa(x,4,8) S M(x,y,t) * pa (¥, 4, )

(i)  pa(x,At) =Ny, t)0p'a(y.40)

(iv) if x, € A, thenp,(x,B,t) <D,(A,B,t)and p',(x,B,t) = D',(A B,t)

Definition 2.10. Let X be a nonempty set. Then (X, M, N, <) is called an ordered intuitionistic fuzzy metric
space if and only if ;

1. (X, M,N) isametric space.

2. (X,<)is partially ordered.

Definition 2.11. Let (X, <) is partially ordered set. Then x,y € X are called comparable if x < y or y < x holds.
3.MAIN RESULT

Denote with ¢, are non decreasing and non increasing functions ¢,y : [0,+o0) — [0,+o) such that
mpt<oo and Yi_ Y™ >0 forallx,y € X and t > 0. The next lemma is obvious.
Lemma 3.1[15] If ¢,y are non decreasing and non increasing functions ¢,y : [0, +) — [0, +0), then ¢(0) =
Oand Y(0) =1 @(t) <t,P(t) >t forall x,y € X and for each ¢t > 0.
Theorem 3.1. Let (X, M, N, <) be a complete ordered intuitionistic fuzzy metric space and T;,T,: X — W, (X) be
two fuzzy mappings satisfying
Do (Tyx, Ty, £) = P(m(x, y, t))+
min {ap, (x, Ty x, ), bpe (v, T2y, 1), cpa (x, Toy, 1), dpo (v, Ty x, 1)}
and
D' o(Tyx, Toy, t) < p(n(x, y,t)) +
max {ap’y (x, T1X, £), bp'o (v, oY, ), cp'o (x, T2y, ©), A’ (v, Thx, O} ... 0))
for all comparable elements x,y € X, where a, b,c,d > 0 and
m(x,y,t) = max {M(x,y, ), 0 (6, Ts%, £), P (v, T2, )5 [P (5, T2, £) *
Py, Tyx, )]}

and n(x,y,t) = min {N(x,y,0),p' ,(x,T1ix,0),p' , (v, T2Y, t)é [p',Cx, T2y, t) ©

P« Tox, )]}

Also suppose that
(i) ify € (Tyx0)q then y, x, € X are comparable,
(i) if x,y € X are comparable then every if u € (T;x), and every if v € (T,y), are comparable,
(iii) if a sequence if {x,,} in X converge to x € X and its consecutive terms are comparable then x,, and

x are comparable for all n.
Then there exists a point x € X such that x, c T;x and x, c T,x.
Proof. Let x, € X. Since (T;xy)q # @, then there exists x; € X such that x;, € (T;x,),. By assumption (i) x,
and x, are comparable. Since (T,x;), is a nonempty compact subset of X, there exists x, € (T,x;), such that
M(x1, %2, t) = pa(1, Ty, t) = Do (Tyxo, Tox1, )
and  N(xq,x5,t) =p'n (%1, Toxq, t) < D' o (Ty %0, Toxq, t).
Moreover x; and x, are comparable. Continuing this process, one obtains a sequence {x,} in X such that
Xone1 € (TyXon) g aNd Xpp 40 € (TyXon41)q foralln > 0, x,, and x,,,, are comparable and
M (Xzn41, X2n+2:t) = Do (T1Xon, T1Xon41, 1)
and  N(Xzn41, Xon+2,t) < D'q(TiXon, T1Xon41,t)
Since x,, and x,,,, are comparable, by taking x,,, for x and x,,,,, for y in the inequality (1), it follows that
M (X2n41, X2n42,t) 2 Do(T1Xon, T1Xon 41, t)
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2 ¢(m(x2n' Xon+1 t)) + min {ap, (X200, T1 X2, ), bDa (X2n+1, ToXon 41, £),

cPa(X2ns T2Xan 41, ), ADa (Xan 41, T1 Xom, £)}
and

N(Xzn41, Xan42:t) < D' (TiXom, TiXons1, t)

< <P(Tl(x2n. Xon+1» t)) + max {ap’y (xX2n, T1Xon, £), bD' o (X2n41, TaXon4+1, t),
P oo ToXons1, ), dD o 2ns1, TiXon, )y L 2
where

M(Xzn, X2n41, t) = Max{M (X2p, X2041, ), Pa (X200 T1 X2, £), Pa (X2n 41, TaXon41, 1),

5 [Pa (X2, ToXon 41, t) * Pa(X2ns1, TrXon, )1}
= max{M (X2p, X2n+1, ), Pa (X2n, T1 X2n, ), Do (X241, T2 X241, 1),

1
2 Pa(X2n, ToXon 41, 1)}

1
= max{M (xX2p, Xan+1, t), M (Xgn41, X2n12, 1), EM(xZn: Xon+2,£)}
= max{M (X2p, Xan+1, t), M Xz 41, X2n42, )}

and

N(X2n Xan+1,t) = MIN{N (X0 X041, ), P o ams TiXom, £, 0"« (K2ns1, ToXons1, 1),

1 1 !
5 [P« (X2n ToXon41, ) 0 D' o (c2na1s TrXom, )1}

= min{N (Xzn, X2n+1, ), P’ (X2, T1 Xom, £), 0"« (Xan 1, ToXon1, ),
1
5 D'« (o, ToXoni1, £)}

. 1
< min{N (x5, Xan+1, t), N(Xan+1, Xan 42, ), EN(Xan Xon+2,t)}
= min{N(XZn: Xon+1» t)l N(x2n+1' Xon+2, t)}
Therefore from (2),M (X2, X2n41, £) = Y(min {M (xzn, X2n41, t), M (X211, X2n42,8)})
and N (X2, X2n 41, t) < @(Max {N(Xzn, X2n41, £), N(X2n41, X2n42, £)})-
If M (X200, Xom41,t) = 1and N (xpp, X204, 1) = 0,
it follows that M (x5141, X2n42,t) = 1 and N(x3p41, X2ne2, t) = 0.
NOW X2r, = Xpn41 = Xop4z IMPlies Xpn4q € (T1X2n)o = (T1X2n41)q aNd
Xons1 = Xonsz € (TaXons1)a then the proof is finished. Therefore, we assume M (x5, Xzn41,t) <1 and
N (X239, X341, t) > 0 By lemma, we get (t) > t and ¢(t) < t foreach t>0.
consequently,
if M(X2n41, Xons2:t) < M(Xap, Xon41,t) @A N(Xap41, Xons2,t) > N(Xap, Xon41, 1),
for some n, then we have
M (Xz2n41, Xan42,t) = 1/)(M(x2n+1: Xon+2 t)) > M (X241, X2n42,t)
and
Nni1s X2n42:8) < O(Nanir, Xons2: 1)) < N(Xgni1, Xonsa t)
which is a contradiction. Therefore

M (Xan41, Xone2: £) = P(M (X, X2n41,0)) > M (X2, Xap41, )

and
N(Xzn41, X2n42,t) < (P(N (X2ns X2n 41, t)) < N(x2p, X2n41,t)
that is
M (Xzn41, Xan+2,t) > M(Xan, Xon41,t)
and

N(X2n41) Xan42,t) < N(Xzn, X2n41,t)
Similarly it can be shown that

M (X2n43, Xan42,t) = 1/’(M(x2n+2: Xon+1s t)) > M(X2n42) X2n41,t)
and

N(Xzn43, Xan4+2,t) < <P(N(x2n+2: Xon+1s t)) < N(X2n+2) X2n41,t)
that is
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M(X2n43, Xan4+2:t) > M(Xapn42) X2n41, t)
and

N(xX2p43, X2n42,t) < N(Xzn42, X2n41, t)
Therefore, for all n, we get

M (xp, Xp41,t) = w(M(xn_l, Xn, t))
> 1/)"(M(x0,x1, t)).
and N(xn: Xn+1s t) < (p(N(xn—l' Xns t))
< @™(N(xo, x4, t)).
Hence
M () Xpams t) 2 MO X1, £) % M (o, X2, 8) * M (X, X3, ) *
e * M (X em—1) Xnam £)
> P (M (%, X1, 0)) * wov vve eee e * P (M (3, X4, 1))
= LR (M (xo, 21, 1))
and
N (X, X £) < N(Xpy Xpg1, t) O N(xp, Xy, t) O N (X, X3, t) O
v v 0 NOppm—1s Xnam £)
< @"(N(xg, %1,£)) 0 wovvee v 0 @™ L (N (g, %4, 1))
= YR o (N (xo, %1, 1)

Since %oy Y™ (M (x, x1,)) > 0 and %oy @™ (N (xo, X1, t)) < o0, then {x,,} is a Cauchy sequence in X.

Now from the completeness of X, there exists x € X such that x,, = x as n — oo and since consecutive terms of
{x,} are comparable, by hypothesis also x,, and x are comparable for all n. Now we claim that p, (x, T,x,t) = 1
and p',(x,T,x,t) =0 for each a € [0,1]. If not, then for some a € [0, 1], we have p,(x,T,x,t) <1 and
p'o(x, T,x,t) > 0 Consider

Pa (X, Tox, t) = M(X, X241, t) + Po(X2n41, T2, £)
= M(x: Xon+1 t) + Da (Tlenr sz, t)
M(xan X, t), +pa (xZn» Tlen' t)' Pa (x' sz' t)'}

> M(x,x3n41,t) + Y| min 1
{ > [PaCtzn, To2,8) + Pa(, Ty, 1]

+ max {apa (x2n: Ty %5n, t), bp, (x, T,x, t),
P (Xon, ToX, t), APy (x, Ty X2, £)}
M(XZn, X, t), +M(x2nl X2n+1) t)! Pa (x! T2x! t)!}

> M(x,x3n41,t) + | min 1
{ > [PaCtzn, To2,8) + Pa(, Ty, 1]

+ max {aM(xZn, Xon+1» t), bpa (X, szr t);

Pa(Xan, Tox, t), dpy (X, Ty X3y, )}
and

p’a(x' sz' t) < N(x, X2n+1 t) + p'a(x2n+1, T2x! t)
< N(x, Xon41, ) + Do (Ti X0, Tox, t)

N(xZn; X, t)l +p’a (xZn; T1x2ni t), p,(x (X, sz: t);
1
E [p,a (x2n' sz, t) + p’a (x! T1X2n, t)]
+ min {apla(xZn' T1x2n: t): bp’a (x: sz: t),
cp' o (Xan, Tox, t), dp’ o (x, Ty Xon, t) }
N(xZn' X, t)' +N(x2n' Xon+1 t)' p,rx (x' sz' t)'
1
E [p,a (x2n' sz, t) + p’a (x! T1X2n, t)]

+ max {aN (Xzn, X2n4+1, 1), bp'o (x, T2 X, 1),
cp'q(Xon, Tox, t),dp o (x, Ty Xop, )} .

< N(x,Xpn41,t) + @ | max

< N(x, X341, t) + @ | max
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We note that M (x,,,, x,t) = 1, M (X3, Xon41, t) = 1

and N (x5, x,t) = 0, N(X30, Xon41,t) = 0,

Pa (X2, Tox, £) = Po(x, Tox, ) and p’q (xan, ToX, t) = p'a(x, Tox, ) asn — oo.
This implies that there exists n, € N such that

. 1
min {M(xzru X, t)' M(x2nv Xon+1» t)v E [pa(xZn' sz: t) + M(X, Xon+1s t)]} = Pa (X, sz: t)

max {N Gz %, £, N (o, Xonass 0,5 [0 Ozns T, £) + N Xanan, O]} < 9o, Tox, 1)
for all n = n,. Consequently, we have
Pa (%, T2, £) 2 P(pa (x, Tox, 1))+
min {aM (Xzn, Xan41, £), bPo (X, T2, £), €Po (Xon, T2 X, £),dpg (x, Ty Xop, £)
and p',(x, Tox,t) < <p(pa(x, T,x, t)) +
max {aN (Xn, X2n41, 1), bD'q (X, ToX, 1), €' q (X2, T2, 1),dp" o (X, Ty Xpm, t)
for all n = n,, which on taking the limit as n — 4o gives
Pa (X, T%,8) 2 (e (x, To%, 8)) > po(x, Tox, t)
and P'e(x,Tx,t) < @(pa(x, Tox, 1)) < p'o(x, Tox, 1),
which is a contradiction. Hence p,(x, T,x,t) = 1 and p', (x, T,x,t) = 0 and so x, c T,x. Similarly we deduce
that x, c T, x.
From Theorem 3.1, assuming ¥ (t) = ¢(t) = gt withO<g<1landa, b, ¢, d =0, then following result deduced
Corollary 3.1Let (X, M, N, <) be a complete ordered intuitionistic fuzzy metric space and T, T,: X = W, (X) be
two fuzzy mappings satisfying
Dy (Tyx, Toy, t) = max {M(x,y, ), pa (x, T1x, 1), pa (¥, T2, £),
~[Pa (6, oy, 1) * Pe(y, Tux, )]}
and
D'o(Tyx, Ty, t) < min {N(x,y,t),p’ ,(x, Tyx,t),p" (v, T2y, t),

1
E [p’a (x: szx t) 0 p’a(y! Tlx: t)]}

for all comparable elements x,y € X
Also suppose that
(i) ify € (Tyx0)q then y, x, € X are comparable,
(i) if x,y € X are comparable then every if u € (T;x), and every if v € (T,y), are comparable,
(iii) if a sequence if {x,} in X converge to x € X and its consecutive terms are comparable then x,, and
x are comparable for all n.
Then there exists a point x € X such that x, c T;x and x, € T,x.
Example 3.1 Let X = [0,1] endowed with the usual order of real numbers and the Euclidean metric

d(x,y) = |x —y| forall x,y € X. Clearly (X, d) is a complete (ordered) metric space. Let a € (0, 1/2) and M,

N are two fuzzy sets defined as let M and N be fuzzy sets on X2 x (0, o) defined as follows:
t dx.y)

M(x,y,6) = ;o—and N(x,y,t) = == forallt>0
now define
$©) = o) =1 = fxefol]
> if x € (1,+x)
1 ifx=0
(T0)(x) = (T,DH(Kx) =4 @ if x € (0,1/,]
a/y if x € (1/,,1],
1 ifx=0
(D) = (T,0)(x) = 4 2@ if x € (0,1/,]
/s if x € (1/5.1],
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1 ifx=0
(M2 () = (T2)(x) ={@ if x€ (0,151 wherez e (0,1).
0 if x € (1/5.1],
Now discuss the existence of fixed fuzzy points of mappings T; and T,. To this aim, it is note that (T;0), =

(Ti2)e = (TiDq = [0,1/,], (T;0), = (T;1)ey, = [0,1], and (Tiz)e,, = [0,1/,], where i = 1, 2. Consequently,
it is easy to show that all the hypotheses of theorem 3.1 are satisfied. In particular, condition (1) holds trivially
since D, (Tyx, Tyy,t) = 1 and D', (Tyx, Ty, t) = 0 for all x,y € X. It can be conclude that each x € [0, 1/2] is
such that x, < T;x and x, < T,x.

On the other hand, in view of Definition 2.4, we can apply our theorem 3.1 establish the existence of a common
fixed point of T, and T,. In this case, we note that (T;0), = (T;z); = (T;1); = {0}, hence x = 0 is common fixed
point of T; and T>.

4.APPLICATION TO ORDINARY FUZZY DIFFERENTIAL EQUATIONI[9]

In this section, we present a solution where our obtained results can be applied. Precisely, we study the existence
of solution for the second order nonlinear boundary value problem.
x™(t) = k(t,x(t),x'(t), te[0,A,A>0
x(t) = x4,
x(tz) = x3, t1,t; € [0,1]
where k:[0,1] x W (X) x W(X) - W(X) is a continuous function. This problem is equivalent to the
integral equation

x(t) = 2G(t, s)k(s,x(s),x’(s))ds + B(¢), t € [0,A],

i1
where the Green's function G is given by

((t2 = (s —t)

lftlﬁsﬁtﬁtz

=t
G(t,s) =
&s) 4(152_5)(1“_151) ,
l— ift,<t<s<t,
tZ_tl

and B(t) satisfies 8"(t) = 0, B(t;) = x4, B(t,) = x,. Let us recall some properties of G(t, s), precisely then

t, £ —t)2
f |G(t,s)|dssu
t1 8
and

t2 t,—t
f 1G(t,s)|ds < (a—t)
¢ 2

1
Now prove the result, by establishing the existence of a common fixed point for a pair of integral operators defined

as
T;(x)(t) = JtZG(t, s)ki(s,x(s),x'(s))ds + B(1), t €[0,A]i €[1,2],
ty
where kq, k, € C([0,A] x W(X) X W(X), W(X),x € C*([0,A], W(X)), and
B € ¢([0,A], W(X)).
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