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Abstract: In this work, we analyse and suggest a
generalized mathematical model to comprehend the
effects of vaccination on COVID-19 transmission.
Susceptible  (S), vaccinated (V), exposed (E),
symptomatically infected (Is), asymptomatically infected
(1a), quarantined (Q), and recovered (R), are the seven
compartmental classifications introduced. Using the
next-generation matrix technique, the fundamental
reproduction number (abbreviated Ro) of the suggested
model was calculated. The findings indicate that the
disease-free equilibrium (DFE) is globally asymptotically
stable for Ro < 1. The model’s mathematical analysis is
bolsteredby computational modelling. Furthermore, the
numerical outcomes demonstrate that proper
implementation of vaccination would contribute
significantly to limiting the COVID-19 epidemic or any
pandemic situation.

Keywords: Covid-19 Pandemic, Mathematical
Modelling, SEIR Model, Vaccination.

INTRODUCTION

The new coronavirus SARS-CoV-2 is the cause of
the COVID-19 pandemic, which has become one of
the worst worldwide health emergencies of our time.
The virus first appeared in late 2019 and has since
spread to other continents, causing disease, fatalities,
and social unrest in its wake. In addition to
immediately endangering public health,the pandemic
has spurred an unprecedented amount of study to
better understand the virus, the dynamics of its trans-
mission, and the efficacy of several intervention
approaches. Mathematical models have proven to be
important tools in understanding the disease’s
transmission, assessing the effectiveness of public
health treatments, and projecting possible future
scenarios in the face of this unprecedented problem.
Compartmental modelling is one such modelling

IJIRT 165880

technique that has grown in popularity while
discussing the dynamics of infectious diseases.
These models employ a series of equations to
characterise the transitions between discrete
compartments, each of which represents a separate
state of health or stage of disease. These models offer
a formal framework for researching disease
dynamics, forecasting outcomes, and guiding policy
choices by including epidemiological parameters.
The novel coronavirus disease (COVID-19) is a
contagious disease that started spreading throughout
the world [1, 2] in December 2019, and still it is
showing its fatal effects globally. The world has
experienced severe coronavirus attacks many times,
caused by SARS-CoV [3], MERS-CoV [4, 5, 6, 7],
and SARS-CoV-2 [8]. All coronavirus patients
experience the same symptoms, including respiratory
issues, fever, dry cough, etc. However, COVID-19 is
more contagious than its predecessors [8]. Many
countries were affected by this disease. As a high
number of people moved from one countryto another,
the disease spread mostly through them via air travel
[9, 10, 11]. WHO issued warnings to all countries
about screening individuals at both ends of the
country (at the border) and upon entry (in order to
stop the spread of the disease).

After April 5, 2020 Covid 19 had spread in every
country and each country has experienced severe
suffering by this disease. A number of people got
infected by covid 19 and many of them were sent
quarantine stage to cease the spread of this virus.
Since exposed and asymptomatic persons were not
showing the symptoms of the disease therefore they
were more responsible for spreading the disease. Due
to the limited medical facilities in most countries and
a large number of infections the test of confirmation
of disease is low. This fact also increases the number
of infected populations [12]. The only approach to
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stop the transmission of sickness is to reduce social
contact and interaction among people because the
disease spreads through interaction and there is still
no effective treatment of the same. The Chinese
government implemented a lockdown program to
maintain social distancing and was able to stop the
disease’s spread. Every country, except for a few,
followed the policy until the invention of vaccines
and their availability on a large scale.
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Figure 1. Flowchart related to the Model

Scientists have been looking for ways to lower the
transmission and death rates since the outbreak. Herd
immunity and vaccination are just two of the many
solutions for the disease to disappear over time. It has
been claimed that vaccines for viruses significantly
improve global health [13]. The most successful
method of preventing influenza infection, which
shares many similarities with Covid-19, is
vaccination [14].

Three goals are pursued by this study: first, to
improve our comprehension of the dynamics of
COVID-19; second, to assess the efficacy of various
control approaches; and third, to offer significant
insights to help policy and decision-makers. As part
of the continuing worldwide effort to contain the
epidemic, we aim to participate by building a strong
and flexible compartmental model. This study aims
to give a clear and complete explanation of the
disease’s  progression within  communities by
presenting a comprehensive compartmental model for
the COVID-19 pandemic. The model allows for the
examination of multiple scenarios and their
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consequences for public health by incorporating a
number of significant parameters, such as population
characteristics,  intervention = methods, illness
progression rates,and transmission rates. Section 2 of
this paper represents the formulation of the
mathematical model, section 3 elaborates the analysis
of the model, stability analysis is presented in section
4, section 5 focuses on the numerical simulation.
Finally, section 6 states the concluding remarks on
the present work.

MODEL FORMULATION

The investigations of [15, 16] served as inspiration
for the mathematical model of Covid-19 transmission
that was developed in this work with the goal of
generalisation. In the present study, the total
population is divided into seven compartments. The
total population is denoted by N(t) at any time,
whereas the seven epidemiological compartments
are susceptible (S(t)) (the individuals who are not
infected by the disease but can catch the disease),
exposed

population (E(t)) (individuals who are infected by the
disease but not yet infectious), vaccinated population
(V (1)) (class of individuals who are vaccinated),
infected and symptomatic (ls(t)) (individuals show
clinical symptoms of covid-19 infection), infected
asymptomatic (la(t)) (individuals infected but they
have no visible clinical symptoms), quarantined
(Q() (individuals who are quarantined), and
recovered compartment (R(t)) (individuals recovered
fromeither asymptomatic or symptomatic class). The
disease-induced death rate is neglected in this study
[17].

%:Q—ﬂs (1-n¢)Sl, - B, (1-n&)SI, — 4S - 59
Z—f:ﬁs (1-n¢)Sls - B, (1-ne) S, — uE — 0pE —(1- ) $E + BsoVIg + B,oVI,

%=(17“’)¢E’as s —Asls —uls
dl,
dt
aQ
dt
%—T:lsls+ﬂala+yQ—,uR
%—Y:()‘S—ﬁso’VIs - p.oVl, — v

= opE -l = A, - pl, ®

=aglg+a,l, -7Q-uQ

Now since the total population is

N(t)=S(t)+E(t)+1(t)+1,(t)+Q(t)+R(t)+V(t)

dN dS dE dig dl, dQ drR dV
= +—t—+ 24+ —+—

dt dt  dt  dt  dt  dt  dt dt

INTERNATIONAL JOURNAL OF INNOVATIVE RESEARCH IN TECHNOLOGY 2278



© June 2024| IJIRT | Volume 11 Issue 1 | ISSN: 2349-6002

(:L_I:I:Q_ﬂ(s+E+IS+Ia+Q+R+V)
dN
= -0-uN 2
” H (2)
0<N Sg
7

The depicted model represents the interactions
between the total population, and hence the
variables can be considered to be non-negative
for t=0 and that the solutions of the
demonstrated model will remain positive for
t=0. Because of this, our model is
mathematically well-posed and can be used
further to study its dynamics.

A:{S,E,ls,la,Q,R,veRZ:S+E+|S+|a+Q+R+v 39} (3)
u

TABLE 1. Notations are used to indicate
compartments and their meanings.

of a susceptible population

ps The effective contact rate of S with Is
Pa Effect of social distancing
n The proportion of the population who
use mask
€ Efficacy of masks

l1-w A fraction of the exposed population
shows clinical symptoms

0 Rate of progression from exposed to
infectious compartment

as Isolation rate for individuals in the
symptomatically infected compartment

oa The isolation rate of asymptomatically

infectious
0 Rate of vaccination
o Vaccine’s inefficacy
Y Average days until recovery
H Natural death rate
Aa Rate of recovery of asymptomatically

infectious population

s Rate of recovery of symptomatically
infectious

Variables in the Meaning
model

S Susceptible population

E Exposed population

Is Symptomatically infectious
population

la Asymptomatic but infectious
population
Quarantined population

R Recovered compartment

\Y Vaccinated Population

ANALYSIS OF MODEL

In this section, we presented the qualitative study of
the above-described model (1).

TABLE 2. Parameters used in the study and their

meanings.
Model . .
Meaning of the notations
Parameters
Q The inclusion rate into the compartment
1IJIRT 165880

Positivity and boundedness of solution:

Theorem 1. If S(0), E(0), 15(0), 1.(0), Q(0),R(0),
and V (0) > 0, then the solutions (S(t), E(t), Is(t),
(1), Q(t), R(t), and V (t)) of the model (1) are all
positive for t >0.

Proof. From the first equation of the group of
equations (1), we have

i_?:Q_'BS (1-n¢)Sls - B, (1-n¢e)SI, — uS - 5S
i—?zﬁs (1-n¢)Sly— B, (1-ne)Sl, —uS 35S (4)

Using the variable separable method we get,

[ (s (=15 ~a (1) ~1-5)ds

S(t)>Sge >0 (5)
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Since the initial value Sp and the exponential
functions in the above equation are always positive.
Hence S(t) is positive. Using the same idea to check
other equations of the model (1), we get

E(t) >0,14(t) >0,1,(t) >0,Q(t) > 0,R(t) >0,andV (t) >0

Theorem 2. All positive solutions described in
theorem 1 are also bounded.

Proof. By adding all the sub-equations of equation
(1) we get

Z—T:Q—ﬂ(S+E+|s+|a+Q+R+V)
dN

—=Q-uN(t 6

i AN (F) (6)

Which can be written as

N () :9—[—9_“'\'0}% @
" "

Q
from above equation N(t) — — ast —co. Hence,

solutions of model (1) are bounded.

Equilibrium points of the depicted Model:

By setting the right-hand side of all equations of the
model (1) to zero, the equilibrium points are obtained
as

Q- (1-n¢)Sls - B, (1-n¢)Sl, - uS -85S =0

Bs (1-1¢) Sl - B, (1-n¢) S, — uE — wpE — (1- ) $E + B0Vl + B,0VI, =0
(1-®)gE—aglg —Aglg—ulg =0

ogE—a,| 21 —ul =0 @®)

agls+a,l,—yQ-uQ=0

Al + 2,1, +7Q—-uR =0

8S - sVl — oVl — N =0

In the preceding sections, we consider the studies of
disease-free equilibrium (DFEP) points and endemic
equilibrium points (EEP).

Disease Free Equilibrium point (DFEP):

The disease-free state is introduced by the
nonexistence of disease nodes. We denote DFEP by
Xo :(So’ Eo Io Io QO, RO,VO)

yIgy g

Where
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Q
¥ = (wrd)
E°=0
1.°=0
1,°=0
Q°=0
R°=0

1.9

Endemic equilibrium point (EEP):
The endemic equilibrium point is considered based on
the existence of the disease and is denoted by

X" =(8"E"15,1;,Q R\V")
Where
. Q

ﬂs (1_778) IS _ﬁa (1_778) Ia _/1—5
- Bs (1—7]6‘)S|S A (1—7]8)S|a+ﬂSO'V|S + p.oVl,

- (¢+u)
o _(L-e)sE
(o +As + 1)
"= wPE
¢ (aa+/1a+,u)
«aglg+a,l,
~ (r+a)
R*:ﬁ’sls*'lala*‘]/Q
U
. O

(,qu,b’Sa\/lS +ﬂa0V|a)
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The Basic Reproduction number:

The fundamental reproduction number of the
described model is calculated using the next-
generation matrix method. In this work, we provide
the fundamental reproduction number of the model
(1), which is referred to as the quantity of COVID-
19 infections that result from a single COVID-19
disease infection. The vectors F (signifies a new
infection) and V (signifies the movement of
individuals between compartments) are provided as:

B (1-n¢)Sls - B, (1-n¢) SI, + BsoV1 + B.oVI,
F= 0
0

(¢+n)E
V= —(1—a))¢E +(as + A +,u) I
—0PE + (o, + A, + 1) |,
Jacobians F and V are computed below:
0 p(1-n&)S+poV  p,(1-ns)S+ .oV

F=|0 0 0
0 0 0
(p+ 1) 0 0
V=|-1-w)¢ (o +A+u) 0
—w¢ 0 (o, + A, + 1)

Now, for DFEP (disease-free equilibrium point)

Q X Q &2
0 ﬁs(l*”‘g)erﬂsgm ﬂa(lfﬁé‘)m+ﬂaam
F=l0 0 0
0 0 0
(¢+4) 0 0
V=|-(1-0)¢ (aj+A+u) 0
—op 0 (@t 2y + 1)

Hence computing the Jacobian matrices F and V, the
basic reproduction number of the model is given by

ey 8 [AO-ne)(1-0)  A(-ne)w
Ro=p(F )_(¢+,u) (ot A+p) (ot +p)
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N a¢\/°{ fl-0) o }
(p+u)| (a,+A+u) (o, +2,+u)
_ ﬂs¢(1_w) —1£)S° + oV
_(as+is+,u)(¢+,u)((l 7 )S oV )

o Bos
(aa+la+,u)(¢+,u)

=((1—778)S°+0V0){

((1-7£)S°+oV°)

pp(l-0)  pog }(9)
(@ + A +p)(pru) (o +A+u)(d+ )

STABILITY ANALYSIS
Local Stability
(Disease Free Equilibrium Point DFEP)
Theorem 3. If Ry <1, the disease-free equilibrium

[50— Q o000V ]ofthesystemlls
(5+u) 1(5+u)

locally asymptotically stable in the region F.
Proof. At the

disease-free  equilibrium  point

Q x h ian
S0 10.0,0,0.0,V° , the Jacobial
(6+n) (S +u)
matrix is
N . Q _ 7,;“L
—u-5 0 7/15(17;;&)(#%) A1 ]>(;1+§) 0 0o 0
Q X Q X

0 —p—u ﬁs(ifns)WJrﬁsam ﬁd(l—qs)m+ﬁdam 0 0
0 (l-og) (e, + A, + 1) 0 0 0 0
0 ¢ 0 —(ay+ A, + 1) 0 0 0
0 0 ag a, ~y-u 0 0
0 0 s Ay 4 -u 0
N X X
a0 e aes) ) o 0

where the eigenvalues are given by

A =—p=0,

A =—¢—u,
A=—as—As —H,
Ay =0y = Ay = 1,
ds ==y — 1
/16:_,“’

A =—H,

Thus, all Eigenvalues have negative real parts.
Therefore, by Routh-Hurwitz's criterion of stability,
system 1 is locally asymptotically stable at disease-
free equilibrium points.

Global Stability Analysis of DFEP
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To prove the global stability of the disease-free
equilibrium, the Lyapunov function below is
constructed:

L=BE+B,I +B,l,
where
B, =(a,+ 4, + 1) (a,+ A+ p)

S

B, =(a,+ 4, + 1) fs (1-1¢)S
B, =(a,+4+u)B.(1-n¢)S
L dE o d o dl,

S

—=B—+B,—+
dt  *dt  Cdt °odt

—(¢+n)E+ByoVig+ B0Vl |

C:T:: B.[ A (1-n¢)Sls - B, (1-7¢) 81,
+B,[(1- @) gE —(ar, + A + ) I | a
+B,[wgE —(a, + 2, + p0)1, ]

dL
dt
[ Bs (1-n¢)Sls — B, (1-1¢) S, (¢ + ) E + ByoVIg + B0V, |
+( ey + 4, + 1) Bs (1-18) S [ (1- @) §E — (e, + A, + p1) I |

+(a, + A, + 1) B, (1-1) S| wgE

=(aa+ A, + 1) (o, + A+ 1)

—(aa+ 4, + 1)1, ]

I (@ 4+ 1) (@, + A+ 1) B (L6 S,
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+( o, + A+ 1) B, (1-ne) SwpE
—(ay + A, +p) (g + A+ ) (p+ 1) E

(1—a))¢E

A, A
(aa+ a+1u)(as+ s+;u)(as +/13+ﬂ)

BsoV

w@E

+(aa +2’a +/1)(OCS +2’s +ﬂ)m

p.oV

a

%S(aa+/1a+u)(as+ﬂs+ﬂ)(¢+ﬂ)[Ro—1]E (10)

where Ry is given by (9). Hence, oL LcpifRo<l
dt

and, %L _ if E = 0. With the help of LaSalle’s
dt

Principal, we can conclude the global asymptotic

stability of the DFEP of model 1 provided Ro < 1.

RESULTS AND DISCUSSIONS

Numerical calculations are carried out to establish
the analysis of model 1. The simulation is divided
into threeparts. The purpose of the first and second
parts is to provide an example of the numerical
interpretation of the endemic equilibrium and
disease-free equilibrium points respectively. In the
third part, we will examine how well model 1 fits
actual data.

Below mentioned initial conditions are used in the

simulation for endemic equilibrium points. Here we
collected the data from March 2021 to July 2021

Covid19 cases in Madhya Pradesh, India from
(http://www.covid19india. org)
S(0) = 72626809,
15(0) = 200,
E(0) = 0,
12(0) = 100,
Q(0) = 50,
R(0) = 0,
V() = 0
(11)
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Values of each parameter used for the numerical
calculations are provided in Table 3. Derived results
are presented in Figures 2 - 4.

For a disease-free equilibrium situation, the infected
population is missing in the whole population to
outspread the infection to other classes of population (1,
= 0 and Is = 0). So, no changes were observed in the
exposed, quarantined and recovered population. As a
result, 2 gives only significant results for the
susceptible population.

Sub-figures of Figure 4 show the number of
individuals in each compartment. We can observe an
initial increase and then a gradual decrease in the
number of the infected class when vaccination
affects significantly reduces the spread of the
pandemic and to reduce the number of infected
populations drastically.

s %107

7

6 = = Exposed
2 Susceptible
25
=
O
D 4
®
= 3
w

2

1

0

0 50 100 150

Time
FIGURE 2. Results related to DFEP

In addition, the number of COVID-19 pandemic
patients who have recovered and are in quarantine has
increased. The image also shows that the pandemic’s
progress can be slowed down if the interventions are
adhered to closely.

Three sub-figures of Figure 4 show how the change in
vaccination rate will affect the susceptible and
infected population. We have taken four different
values of the vaccination rate (6 = 0, 0.005, 0.01, 0.05
and 0.1) into consideration and depicted the graphs for
depicting the effect of the same of symptomatic, total
infected and susceptible populations, respectively.
We can observe that the number of susceptible and
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infected individuals decreases gradually with the
increase in vaccination rate.

Parameters Parametric values | Parametric values Source
for EEP for DFEP

Q 4796.36 4796.36 [18]
Bs 858 x 1010 150 x 10~ 13 jassumed
Pa 343x10710 120x10713  [assumed

n 0.1 0.1 [19]

e 05 05 [19]
® 0.5 0.5 [20]

® 1/6 1/6 [21]

H 178x1077 178x1077 | [22]
as 0.2 0.2 [23]
aa 0.2 0.2 [23]

y 1/5.5 1/5.5 [24]
Ja 110 110 [20]
Js 1/10 1/10 [20]

P 0.00035 0.00035 [25]

TABLE 3. Parametric values used for numerical
simulation of the DFEP and EEP

CONCLUSION

In order to comprehend the dynamics of the COVID-
19 pandemic (or any pandemic caused by infectious
diseases),a generalised nonlinear mathematical model
was put out and examined in this work. It was
calculated what the equilibrium points for the
developed model are. The fundamental reproduction
number indicated as pertaining to themodel was also
estimated using the next generation matrix technique.
Additionally, this investigation demonstrated that the
pandemic will end if the BRN is designated as Ry < 1.
On the other hand, the pandemic will persist in the
population if Ry > 1. Furthermore, it has been
demonstrated that the equilibrium point for the disease-
free states are globally asymptotically stable, the
global asymptotic stability of EEP can also be proved
using Lyapunov asymptotic stability theorem.
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FIGURE 3(a). Numerical results related to the EEP
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FIGURE 3(b). Numerical results related to the EEP
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FIGURE 4 (a). Numerical results of the predicted
cases of Symptomatic individuals,
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FIGURE 4 (b). Numerical results of the predicted
cases of total Infected population
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FIGURE 4 (c). Numerical results of the predicted
cases of Susceptiblepopulation.

The model study was supported by numerical
simulations. The model was also fitted to actual data
in order to forecast real-world cases of infection in the
community. This study also examined the various
consequences of vaccination, and it concluded that
sufficient rate of vaccination consistently and
appropriately can stop the COVID- 19 pandemic or
any such pandemic situation due to infectious disease
from spreading. Research into a vaccine to stop the
COVID-19 pandemic is producing very positive
results. However, in any pandemic scenario, it takes a
longtime for vaccines to be widely available in every
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country on the earth. Therefore, using additional
precautions (such wearing a mask) should be
beneficial until immunisations are made available to
everyone.
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