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Abstract: This paper defines a definition of fuzzy soft
vector spaces (FSVS) and the concept of fuzzy soft vector
spaces is applied to the elementary definition of vector
spaces. With the new concept fundamental notions are
those of basis, dimension, span and linear dependence is
developed in this paper
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I. INTRODUCTION

The concept of vector spaces, introduced by I.N.
Herstein [13], has played a significant role in various
mathematical models, particularly in geometry and
physics. These spaces, which are based on the
structure of an abelian group, differ from other
algebraic structures by incorporating elements outside
their own set, giving rise to key notions such as linear
dependence, basis, and dimension.

Soft set theory, introduced by Molodtsov in 1999 [11],
provides a robust framework for addressing
uncertainty, surpassing traditional mathematical tools
like probability theory and fuzzy set theory. This
theory has found applications in decision-making,
smoothness of functions, and more. However, in real-
world problems, the fuzzy nature of parameters
complicates the use of standard soft set theory.

In response to this, Kharal and Ahmad [6] introduced
the concept of fuzzy soft sets, a significant step toward
addressing complex situations where uncertainty
prevails.

This paper builds on these ideas by focusing on fuzzy
soft vector spaces, a natural extension of both vector
spaces and fuzzy soft sets. The paper focuses on fuzzy
soft vector spaces and is divided into two main
sections. Section 3 introduces fundamental
definitions, starting with the concept of a fuzzy soft
vector space, which combines elements of fuzzy set
theory and soft set theory. It also defines fuzzy soft
basis, used to describe the structure of these spaces,
and fuzzy soft linear span, representing all possible
fuzzy soft linear combinations. The section discusses

fuzzy soft finite dimensional spaces and provides
examples to clarify these concepts. Section 4 explores
various properties, theorems, and lemmas related to
these concepts.

I1. PRELIMINARIES

Definition 2.1: (Fuzzy set) [15]

Let U be a universal set A fuzzy set (class) X over U
is a set characterized by a function  fy: U =[O0, 1].fx
is called the membership, characteristic or indicator
function of the fuzzyset X and the value fy () is called
the grade of membership of u € U in X.

Definition 2.2: (Soft set) [11]

Let U be a universal set (space of points or objects), E
be a set of parameters and A < E. The power set of U
is defined by P(U) = 2Y. A pair (F, A) is called a soft
set over U and is defined as a set of ordered pairs F, =
{(e,Fs(e)):e € A, Fy(e) € P(U)}, where F is a
mapping given by F : A -P(U).A is called the support
of F, and we have F,(e) # @for all e€ A and
F,(e) =@ foralle ¢ A.

Definition 2.3: (Fuzzy soft set) [13]

Let U be an initial universal set, E be a set of
parametersand A € E. A pair (F, A) is called a fuzzy
soft set over U, where F is a mapping given by F: A —
F*, whereF*“denotes the collection of all fuzzy subsets
of U (the power set of fuzzy sets on U) and the fuzzy
subset of U is defined as a map f from U to [0,1]. The
family of all fuzzy soft sets (F, A)over a universal set
U, in which all the parameter sets A are the same, is
denoted by

FSS(U), = FSS(D).

Definition 2.4: (Vector space) [7]

Let V be an non-empty set and F is field. Then V is
called vector space. If for every a,8 € F&v,w €V
and av eV then V is satisfying the following
conditions,

(1) Vs an abelian group under addition
2 aw+w)=av+aw
() (@+pBv=av+pv
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@) a(Bv) = (ap)v
5) 1Lv=vw

(i.e.,) 1 is identity under multiplication
1. FUZZY SOFT VECTOR SPACE

Definition 3.1: (Fuzzy Soft Vector Space)
Let V; be a fuzzy vector space over a field F and the
parameter set E be the set of all real numbers R and
ACE. The mapping is defined by F: A— P(D).
The fuzzy soft set (F, A)e FSV(U) is called a fuzzy
soft vector over U, denoted by (vsr(),A) [oriefly
denoted by Trr(.], if there is exactly one e€ A such
that, fr()(v) = a for some v € U and fF(e')(v) =0
foralle' € A — {e}.

[@ € (0,1] is the value of the membership degree].
The set of all fuzzy soft vectors over U is denoted by
FSV(U), =FSV(U). The set V = FSV(D) is said to
be a fuzzy soft vector space of U over F.

The set FSV(D) is a fuzzy soft vector space according
to the following two operations:

i ol ~2 (1,1 & 1,2
L e Tren = ) e e
~1 ~2 V4
for all U7, pe,ys D pee,) €V
ii. .0pe) = (FV) pr(rey, for all Tpp) € V and
v# € R(A).

Example 3.2:
Consider the Euclidean n-dimensional space R™ over
R. Let A ={1,2,...,n} be the set of parameters. Let
V: A—> P(R") be defined as follows:

V(@) = (B} re, € R"(A)}

{i*" coordinate of T} (. is 6}

where, i =1,2,..,n. Then V is a fuzzy soft vector
space or a fuzzysoft linear space of R™ over R.
In addition, Let &¢ ) be a fuzzy soft element of 1%
as follows:

5 peny = (1Jo T, Ogeny T, . 7) € RP(A),
i=1.2,..,n.
Then &7 ., is a fuzzy soft vector of V. Where, fuzzy

soft zero vector 8 = (0, 0, 0, 0) and the fuzzy soft unit
vectorj = (1,1,1, 7).

Definition 3.3: (Fuzzy soft subspace)

If (Vrr(e), A) is afuzzy soft vector space over F and if
Wr(e)SPfr(e) then Wyr (e is a subspace of FSV(D).
If under the operation of Trp(.), Wep(eitself forms a
fuzzy soft vector space over F.
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Definition 3.4: (Fuzzy soft linear combination)
If (vep(e), A) is a fuzzy soft vector space over F. If

ﬁ}lF(el)’ ﬁfng(ez), ey ﬁ};F(en) E V and dl,dz,...,dn EF
then an element as of the forms,
&1(ﬁ}1F(91))+&2(ﬁéF(92)) +--t dn(ﬁ}:lp(en)) € Vis
called fuzzy soft linear combination.

Definition 3.5: (Fuzzy soft linear span)

Let (str(e), A) be a non-empty fuzzy soft subset of the
FSV(0). Then the set of all linear combination of
Str(eyis called linear span denoted by L(S¢p () Or <

Grree) >

Definition 3.6: (Fuzzy soft homomorphism)
If (uspeey, A) and (Vep(e), A) are two fuzzy soft vector
spaces over F, then the mapping T trrey = Trr(e)
is said to be a fuzzy soft homomorphism. If,
i T[@ren) + @ ree,))] = T(@hpeery) +
T(U},p(e,))
i, T[(aﬁlz),lqp(ael)] = d[T(ajlﬁF(el))]

V (@}, ey)) &0 pe,)) € FSV(U) and @ €F

If T is one-to-one and onto, we call itisa fuzzy soft
isomorphism.

Definition 3.7: (Fuzzy soft kernel)

The fuzzy soft kernel of fuzzy soft homomorphism
T: ﬁfp(e) 4 ﬁfp(e)is defined as

kerT = {tifp ey € FSV(0)/T (lisr(e)) = 0}.

Definition 3.8: (Fuzzy soft finite-dimensional)

A fuzzy soft vector space(vsr(.), A)is said to be fuzzy
soft finite-dimensional. If there is a fuzzy finite subset
$¢r(ey IN FSV () such that

(Urr(ey = LSrr(e))-

Definition 3.9: (Fuzzy soft basis of a vector space)
Let (Srr(e), A) be a fuzzy soft subset of a FSV(D),
then S¢p (. is called fuzzy soft basis of ¥p (). If
i. Sppeis fuzzy soft linearly independent.
I| ﬁfF(e) = L(§fF(e))
[(3¢r(e)) is a fuzzy soft spanning set of FSV(T)].

Definition 3.10: (Fuzzy soft linearly dependent)
If  (vyree)A) is a fuzzy soft vector space and if

~1 ~2 =n 7
Uf r(er)s Vfyries) -+ Dpprcen) € V
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are fuzzy soft linearly dependent over F, if there exist
elements all @; # 0 € F such that,

a1(ﬁ,}1p(e1)) + C72(1~7f221r(ez)) + 4 @ (Ff pee,y) = 0.

Definition 3.11: (Fuzzy soft linearly independent)

If (Ve A) is a fuzzy soft vector space and if,
Ut piey) DfF(eyy o Dforceyy € V. are  fuzzy  soft
linearly independent over F, if there exist elements
each @&; = 0 € F such that,

‘71(771}117(151))""72(171%217(:;2)) +t+ dn(ﬁ};F(en)) =0.

Definition 3.12: (Fuzzy soft quotient space)
Let (vyr(e) A) be afuzzy soft vector space over a field
Fand (wyg(e), A) be a fuzzy soft subspace of FSV/(D).
Then rp(e)/Wrr(eyis a fuzzy soft vector space over F,
then Trp () /Wer(e) IS defined by
WfF(e) ED/W.

i [Bhren + Wrre)|HPhre,) + Wrrce)

f1F(e1) fF(e) f2F(e2) fF(e)

13,2 ~
(17 v )le(el)+f2F(e2)+WfF(e)

Upp(e) +

i [T ey + Wrre)] = (@D pr@e) + Frrce
where (vlle(e1) + WfF(e))' (vzf1F(€2) + WfF(e)) € 17/
w,a€EF.

ANd Trp(e)/Wrr(e is called the fuzzy soft quotient
space of V by W.

Definition 3.13: (Fuzzy soft internal direct sum)

Let (vfr(e), A) be a fuzzy soft vector space over F and
let (@i, p(e))s (BF,rey))s 0 (BF pee,)) DB fuzzy soft
subspaces of Vrp(e).

Then if ¥z has one and only one expression of the
form,  Drreey = Ufire + Tprcen ¥+ frcen
for @ o) € Vyrce)-

Then T¢p(eis called fuzzy soft internal direct sum of
fuzzy soft subspaces iif p(e,), Uf,r(e,)r s Ty F(en)-

Definition 3.14: (Fuzzy soft external direct sum)

Let Df. ze,) UF, p(ey)r -+ Dfore,y D€ fuzzy soft vector

space over a field F and (vsr(), 4) be a fuzzy soft

space having fuzzy soft n- ordered tuples
~1 ~2 ~n 7

(Tfypery PhyFieay =+ Phuren)) € V-

Then T¢pis called fuzzy soft external direct sum if,

i. Two fuzzy soft n-tuples (ﬁ}lF(el), e Uft p(e,y) @ND

(P peyyr -+ D.F(eyy) are equal, if and only if

~1 _ ~i
Vrir(en = VriF(ep:

HE B2t ~n ~17 ~n’ —
i[5 p (o) 0 D ceny] + [FFircer)s 0 Phareny] =

(vt + oY) LT F YY)

fiF(er)” ™ fnF(en)’

. e ~1 ~ p—
HL.E[TF, oy o D R (en)] =

(avl)le(ael)' ey (avn)an(aen)-
Fuzzy soft external direct sum is denoted by = ¥p(e) =

~1 ~2 ~Nn
Ufr(en)® Vfyr(en)® - @ Uprcen)-

IV. FUNDAMENTAL RESULTS BASED ON
FUZZY SOFT VECTOR SPACES

Properties 4.1:
If (Ve ey, A) is a fuzzy soft vector space over F, then
1) ao0o=0foraerF
2)  0(Tppeey) = 0 for Drpey €V
3) (—@Vrree) = —(@V)fraey fOr @EF,
Vre) €V
4) I Bppeey # 0, then (av) rr(eey = 0 implies
that & =0
5) If @0, then (av)sre = 0 implies that
Urpe) =0
6)  @[Trrce) — Wrree)] = (@) prae) —

(W)fF(ae)

Proof:
1) @0=a0+0
@0+0)=a0+0
a0+a0=a0+0

@0 = 0 (By left cancellation law)

2) 0 (W) = 0(Trrey) +0

(0+0) (Trreey) =0(Trp(e)) + 0
O0(Frr(e)) + 0(Frr(e)) = 0(Fpr(ey) + 0
0(Prrey) = 0 (By left cancellation law)

3) We know that, 0(¥r()) = 0

(@+(—@)Vfp(ey = 0
(ﬁ])fF(ae) + (_aﬁ])fF((xe) =0
(_ﬁ])fF(ae) = _[ (ﬁ])fF(ae)]

4) M ey # 0, then (a) rae) = 0

Toprove:@ =0
Since ey # 0 andvp() € 14
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then 7% ¢p( existin
Now (av)fF(ae) =0
(aV) trcae) - (T re) = 0. (T 1p(e))

@[(Frre): (0 sr@)] =0
nd=0

5) If @+ 0,then (av)p(gey =0

To prove: Vipey =0

Since @& # 0 and @ € F then @~ ! exist in F
Now (av) sr(ae) = 0

@) (aV) frgey =@ 1.0

@1 @) rp(e) = 0

~ Uppe) = 0

6) a[Trre) = Wrr(e)] = @[ Frree) + (—Wrrie))]

= (a?;)fF(ae) + (_(m)fF(ae))
= (av)fF(ae) - (d\w)fF(ae)

Lemma 4.2:

Let (vsr(e), A) be a fuzzy soft vector space and W ()
a subspace of Tp(ey, then Tep(e)/Wep(e) along with
the operation

1) [Fhiren + Freee)] + [Frcen + Frree] =
(v +v?)

&[0}, rey + Wrr(e)) = @) fre) + Wpreey  is @
fuzzy soft vector space.

f1F(e1)+f2F(e2) T Wrrce)

Property 4.3: Every ker T(fuzzy soft kernel of
homomorphism) is a fuzzy soft subspace of Tsp().

Property 4.4: The intersection of two fuzzy soft
subspace of ¥¢r() is a fuzzy soft subspace of Tgp(,.

Property 4.5: Let (vyp(), A) be a fuzzy soft vector
space and W}iF(ei) a family of fuzzy soft subspace of
Trpe). Then N W}iF(ei) is also a fuzzy soft subspace

of ﬁfF(e)'

Property 4.6: The union of two fuzzy soft subspace of
a fuzzy soft vector space need not be a fuzzy soft
subspace.

Theorem 4.7:

If (Vr(e), A) is the fuzzy soft internal direct sum of
(@, r(e)) @ e 0 @fpien))  then Trecey s
fuzzy soft isomorphic to the fuzzy soft external direct
sum of (&, p(e))r (@fyrce))s 0 (Afyren))-

Proof:
Let ﬁfF(e) =%
Given Tsp(e is the fuzzy soft internal direct sum of
(@, pen)) (@fyre))s o0 Whrien):
(ie.) Urr(e) = (ﬁllch(fh)) + (ﬁI%zF(Ez)) oot
(a}lnF(en))
Define a mapping
T, o~ ~1 ~2 ~
T:0pce) = Upr(en® Up(e)y® @ Uppee,y DY
s — Al ~2 ~
T(Wpre)) = Tllf peey) + Wrrep) + 7+ Upyrcen)]
= @ r(e) @hrien)s = Wfrien)

) T is well defined as ¥y () € V:

Orre) = (Wpen) + (@frie) + o+ (@ peen) haS
one and only representation.

2) T is onto:
T(Trree)) = W peey)r (0F,re))s oo (B pen))
= (U}, r(ep)) @, r(ey))s - (BF ey 1S @N iMage
of Trp(ey-
= (@f, p(ey))r @y pee))r 0 (W p(en)) €
Ui}, (o) ® U, (o)) ® oo ® UF e,y IS @N image of
Ut riey) + Wyrien) T+ Uren €V

3) T is one to one:
Let T(Frr(e)) = T(Wrr(e))
= Tlilfpey + Ufyrey) + -+ Ufyr(en)] =
TWrer) + Whrcen + -+ Whrey]
where ﬁ}i‘iF(ei)' W}iF(ei) €v
= U, p(eyy Wiy ey 0 WiyF(en)
= W, r(ery Whyr(ery = Whnr(en)
= Uy r(ey) = Wirreer): Uy ey =
Wrery o Upren) = Whnr(en):
= Wy piey) + Wriey) T+ Wprien
= Wiir(ey) ¥ Whreey
+WE p(en)
= Vrr(e) = Wrr(e)

4) T is homomorphism:
) TFrece) + Wrece)] = TlHf peeyy + o+ Upiey) +
Wripeer) + o+ Whpey)]
= T[(@, pep + Fren) +
+ (@, en) + Faren)]
= @y r(e) T Whiren) = @rien) + Whircen)
= (Wrery  Whr(en) + Wirier) T Whhrien)
T[P¢re) + Wrre)] = T(Urre)) + T (Wrrce))
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i) T(@) raer] = TIE(0f pey) + Bpien + o +
Uf pen))]
= dT[ﬁ}1F(€1) + ﬁfzzF(f-’z) ot ﬁ;;F(en)]
= @LAf pieyy Worery -+ Byrien]
T(@0) fr(ae)] = ET(Fpree) )]
= T is fuzzy soft homomorphism
= T is fuzzy soft isomorphism
= Frrce) = Tfy (e DL ey ® - OLF ke
Urp(ey Is fuzzy soft isomorphic to the fuzzy soft
external direct sum of @i, ¢ (o), U, £ (o) -+ s Tif p(ey)-

Lemma 4.8:
L(S¢r(e)) is a fuzzy soft subspace of Ti¢p ().

Lemma 4.9:

If Strey, Trreey are fuzzy soft subspaces of Vppe,
then

DSree) < Trreey = L(Srr) < L(Trreo)):

2) L[Stre) U Trre] = L(Spre) + LTfre)

3) LIL(Srr())] = L(Strey)

Lemma 4.10:

If (T}, riery Thr(ep) o Phar(e) €V are fuzzy soft
linearly independent, then every element in their fuzzy
soft linear span has a unique representation in the form
(Alvl)flp(,lel) + -+ (Anv")fnp(,len) with the j’i EF.

Theorem 4.11:

If T} pieyy Dorcen) 0 Phorce,) @€ in V then either
they are fuzzy soft linearly independent or some
ﬁ}‘kF(ek) is a fuzzy soft linear combination of the

; ~1 ~2 ~k—1
proceeding ONes U, r(e, ) U, r(ep)r -+ » Uf psFep—s)-

Proof:
If Df reyy UF r(ep)r -+ Dfar(e, @r€ fuzzy soft linearly
independent then there is nothing to prove.

Assume that they are fuzzy soft linearly independent.
Hence we can find scalars &,,&,...,&,_, notall zero.
Such that,

(alvl)le(alel) + -+ (anv")fnp(anen) =0..... (1)
Let k be the largest integer, such that&, + 0.
Since @; = 0 fori>k,i=k+1,...,n

Ay =0y ==&, =0

(1) = (alvl)le(alel) + -t (akvk)ko(akek) =0

_(W)fkl:(akek)
= (@) fr(age) T
+ (@1 D f P aprenas)
(=& (V) ager) =
(@O @V) e + -+

(ak—lvk_l)fk-1F(ak—1€k-1)]

~k _ ~—1~ \
i) = (20 @DV pieyy + -
+ (@ AT pegn)
Thus ﬁ}‘kp(ek) is a fuzzy soft linear combination of the
proceeding vectors

~1 =2 Sk-1
(Ut reery Uy Fen)r 0 Uf oy Fleg—r)-

Theorem 4.12:
Any fuzzy soft finite dimensional vector space
contains a fuzzy soft basis

Proof:
~1 ~2 ~
Let g pee,y U riey) = Upnree,,y D€ @ fuzzy soft
spanning set of Up ().
If T piery UF, ey o Tf Feny 19 TUzZy soft linearly
independent then form a fuzzy soft basis and there is
nothing to prove.
ASSUME T}, 1o, TUF e,y oo e,y 1S TUZZY SO
linearly dependent then one of the fuzzy soft vectors
say ﬁ}‘kF(ek) is a fuzzy soft linear combination of the
remaining if, r e,y Uh r(ey) - U oy F(er_,) TEMOVING
these vectors and obtaining a set of (k-1) fuzzy soft
i ~1 ~2 ~k—1 ;
vectors. If this set Uz pee, ) Uf, riey)s 0 Uy Fleg_p)1S
fuzzy soft linearly independent, then form a fuzzy soft
i if ~1 ~2 ~k—1 ;
basis but if g ze,), Uf,r(e,)r o Uy Fiepy) 1S TUZZY
soft linearly dependent.
Then the above process is continued in this way, we
can get a fuzzy soft linear independent spanning set
and hence a fuzzy soft basis.

Thus the fuzzy soft subset of
Uf e,y Ufyp(ey) o B F(eny TOrMS a fuzzy soft basis
of Trp(e)-

Lemma 4.13:

~1 ~2 ~n ; :

If Ut £ e,y Uhyr(en)r 0 VhyF(ey) 1S @ fUzzy soft basis of
~ e o~1 ~2 ~m :
Drpey OVer Fand if We pie,), WE ree,) 0 Wer prep)in
Urp(ey are fuzzy soft linearly independent over F, then
m<n.

Lemma 4.14:
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If Trr (e is fuzzy soft finite finite-dimensional over F,
then any two fuzzy soft basis of ¥, have the same
number of elements.

Lemma 4.15:
Any two fuzzy soft finite-dimensional vector space
over F of the same dimension are fuzzy soft
isomorphic.

Lemma 4.16:

If Tree) is fuzzy soft finite dimensional and if Wyp (e
is a fuzzy soft subspace of Tr(), then Wy is fuzzy
soft finite dimensional, dim W) < dim Vs and
dim(Tpr(e)/ Wep(ey) = dim Trp(ey — dim Wepe).

Theorem 4.17:

If Tree) is fuzzy soft finite dimensional and if Wep (e
is a fuzzy soft subspace of Tr(), then Wy is fuzzy
soft finite dimensional, dim W) < dim Vs and
dim(Tpr(e)/ Wep(ey) = dim Trp(ey — dim Wepe).

Proof:

By lemma 4.5,

If n = dim ¥z

Then any n + 1 elements in ¥y are fuzzy soft

linearly dependent.
In particular, any n + 1 elements in Wy, are fuzzy

soft linearly dependent.

Thus we can find a largest set of fuzzy soft linearly
elements in Wer(e), W7 e,y s Wi p(e,y @Nd M < 1.
If Wereey € W, then Wi pio s s Wit g,y IS a fuzzy
soft linearly dependent sets, when (aw) r(qe) +
(alwl)f1F(a1e1) +oet (amwm)fmF(“mem) = Onot
all of the @; = 0.

If « = 0 by the fuzzy soft linear independence of the
Wf e, We would get that each @& =0, a
contradiction. Thus & # 0

SO, WfF(e) = _&_1[(0!1W1)flp(alel) + -+

(amwm)fmF(amem)]
Consequently, (@WY)f pagep + -+
(@mW™) ., F(amen,) TUZZY SOft Span Wyp().

By this, Wyp ey Is fuzzy soft finite dimensional over F.

It has a fuzzy soft basis of m elements, where m <n
from the definition of fuzzy soft dimension if then
follows that dim Wyr() < dim Tpp(,).

To prove:
dim(ﬁfp(e)/ﬁ'lfp(e)) = dim ﬁfF(e) — dim WfF(e)

Let fr(e) is fuzzy soft finite dimensional
Let n = dim Dp(e)
By the theorem, “Wgre) is fuzzy soft finite
dimensional and dim Wyr(e) < dim Fp(e)”.
Let W pieyys s Wik pee,ybe @ fuzzy soft basis of
Wrr(ey. This is a fuzzy soft linearly independent set in
rre)-
Hence it can be extended to form a fuzzy soft basis of
Urr(e)-
= (W} rey) s Wi F(er) DRF(er) 0 Vhr(e}DE @
fuzzy soft basis of Uz ().
dim Uppy = m +r and dim Wyp) = m
=S n=dimpe =m+r
=n=m-+r
=Snh-m)=r
Denote any element in Trpe)/Wrpe)aS Vppee) =
Vrrce) + Wrre)s Drrce) € V, Drr(eyis image of Trp o).
Since, asyz(,) € V is of form
Trre) = (@W)frare) + 7+ (@nW™ f Famen)

+ (B D) fr(grey) o

+ BV v (e
where @;&p; € F
and Ty = (B0 fyrcpren 0+ (Br?") forpren
UL Fiey) VoyF(en) 0 U £y are fuzzy soft basis of
V.
Thus, %, rier) U2 fyF(ep)s -0 U £k (ey) TUZZY SOFt span

Urr(e)/Wrr(e)-

We claim that they are fuzzy soft linearly independent:

For if (710") fyre) + -+ eV ) frrcrpe,) = 0

= 71(Tfp(ey) T Wrre) + o+ Te(Thrcen) + Wrrce))
=0+ Wrp(e)

= [(W)le(ylel) + Wepey] + -+ [(W)frb‘(yrer)
+ Wrre)] = Wrre)

= [V s rgrep + 7 + BV forirren] + Wrre
= Wrr(e)

= (W)fﬁ(hel) +oeet (W)frF(yrer) 74

So that,

1D prgreny T+ V) fraren)
= (Alwl)ﬁp(ll%) +

+ (Amwm)fmF(Amem)

WL peyyr 0 WEE p(efUZZY soft linearly
independent}
S ==F=A.=1,

Hence we have show that ¥¢p(e)/Wsr(e) has a fuzzy
soft basis of r elements namely
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U pir(ery Vot (eny 0 U fF(ep)-
= dim(ﬁfp(e)/chp(e)) =r=n—m
= dim(ﬁfp(e)/chp(e)) = dim ﬁfF(e) —dim WfF(e)
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