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1.INTRODUCTION

The concept of Complex Valued Metric Spaces was
introduced by A. Fisher and M. Khan [4] in 2011. The
idea of b-Metric Spaces dated back to Bakhtin [5] in
1989. Rao et al. [9] later combined these ideas to
develop complex-valued b-metric spaces, which
generalize the standard complex-valued metric spaces.
Numerous fixed-point theorems have been established
in the context of complex-valued metric spaces [2],
[6]1, [7], [8], [10], [11], as well as in complex- valued
b-metric spaces [1], [9]. In this paper we provide a
common fixed-point theorem for two self-mappings
satisfying a contractive condition in complex-valued
b-metric spaces. This Result builds on and generalizes
the work of S. Ali [3].

2.PRELIMINARIES

Let C be the set of all complex numbers and z, ,z, €
C . Define a partial order relation < on C as follows:

72, S 7y if and only if
Re(z,) and Im(z,) < Im(z;)

Re(z;) <

Thus z; S 1z, if one of the followings holds:

(1) Re(z;) = Re(zy) andIm(z;) = Im(z;)

(2) Re(z,) < Re(z) and Im(z;) = Im(z,)
(3) Re(z;) = Re(z;) and Im(z;) < Im(z,)
(4) Re(z;) < Re(zy) and Im(z;) < Im(z,)

We write z;, S z,if zy < z,and z; # z,i.e., one
of (2), (3) and (4) is satisfied and we will write z; <
z, if only (4) is Satisfied.

Remark: We can easily check the followings:

0] a,b € R,a<b 2>az bz vz € C.
(i) 032, 22, = |zq| < |2yl
(iii) Zy S Zyandz, <z3 = z; < Z3.

Azam et al. [4] defined the complex valued metric
space in the following way:

Definition 2.1 ([4]):

Let X be a nonempty set. Suppose that the mapping
d: X X X — C satisfies the following conditions:

(Cy) 0 S d(x,y),forallx,y € Xand d(x,y) =
0 if and only ifx = y;

(C2) d(x,y) = d(y,x),forallx,y € X
(C3)d(x,y) = d(x,z) + d(z,y),forallx,y,z € X

Then d is called a complex valued metric on X and
(X, d) is called a complex valued metric space.

Example 2.1 [7]: Let X = C. Define the mapping
d:Xx X - Chy

d(z1,25) = ilzg — 25| Vzy,2, €C

One can easily verify that (R, d) is a complex valued
metric space.

Definition 2.2 ([9]):
Let X be a nonempty set and let w > 1 be given real
number. A function d: X X X — C is called
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a complex valued b-metric on X, if for all x,y,z € X
the following conditions are satisfied:

(1) 0 =2 d(x,y), forallx,y € Xand d(x,y) =
O ifand only ifx = y;
(2) dx,y) =d(y,x)forallx,y €X
(3) d(x,y) 2 w[d(x,z) + d(z,y)] forallx,y,z € X.

The pair (X,d) is called complex valued b-metric
space.

Example 2.2 [9]: Let X = [0,1]. Define the mapping
d:Xx X - Chy

dx,y) =[x —y|? +ilx —y|? forallx,y €X.

Then (X,d) is a complex valued b-metric space with
k=2

Definition 2.3 ([9]): Let (X, d) be a complex valued b-
metric space. Then

(i) A point x € X is called an interior point of a
set A € X if there exists 0 < r € C Such that
B(x,r)={y eX:d(x,y)<r}cA

(i) A point x € X is called a limit point of a set
A cXifforevery 0 <r € C Such that
B(x,r) N (A—{x}) # 0.
A subset A< X is called closed if each
element of X — A is not a limit point of A.

(iii) The family
F={B(xr):xeX0<r}
Is a sub-basis for a Hausdorff topology
TonX.

Definition 2.4 ([9]): Let (X, d) be a complex valued b-
metric space. Then

d(y, Ty)[1 + d(x, Sx)]

=A sequence {x,} in X is said to converge to x € X if
for every x <r € C there exists N € N such that
d(x,,x) <r, ¥n > N. We denote this by lim x, =

n—-oo

X0rx, 2 xas n — oo,

= If for every 0 < r € C there exists N € N such that
d(Xp, Xpem) < rforalln > N,m €N, then {x,} is
called a Cauchy sequence in (X, d).

= If every Cauchy sequence in X is convergent in X
then (X,d) is called a complete complex valued b-
metric space.

Lemma 2.1([9]): Let (X,d) be a complex valued b-
metric space and {x,} be a sequence in X. Then {x,}
converges to x €X if and only if |d(x,,x)| —
0Oasn — oo,

Lemma 2.2([9]): Let (X,d) be a complex valued b-
metric space and {x,} be a sequence in X. Then {x,}
is a Cauchy sequence if and only if |d(Xy, Xpsm)| —
0asn — oo where m € N.

Definition 2.5 ([11]): The ‘max’ function for the
partial order < is defined as follows:

(i max{z,,2,} =2, © 7; I Z,.
(i) 7, S max{z,,z;} =z, Sz, 0r z; I z3.
(iii) max{z,,2,} =2, © 7; I 7z, or|z;| < |z,

3.MAIN RESULT
In this section we present the main result of the paper.

Theorem 3.1 Let (X,d) be a complete complex
valued b- metric space with coefficient

w=1 and S, T:X - X be self-maps satisfying the
following condition:

<
d(Sx, Ty) < amax {d(x, y), T+ dxy)

VX y € X, Where aand 8 are real with 0 < a,0 <
B,a+B <1 then Sand T have a unique common
fixed-point.

Proof: Let x, € X be arbitrary. We define a sequence
{x,}in Xas

} + Bmax{ d(Sx, Ty),

d(x,Sx)[1 + d(y, Sx)]
1+ d(y, Ty).d(y, Sx)}

Xok+1 = SXpk

X2k+2 = TX2k+1 B k = 0,1,2, .

Then d(Xzx41, X2k42) = d(SX21, TX2k41)
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d(X2k+1 ,TX2k+1)[1 + d(xzx, Ssz)]}

< amaX{d(XZk,szH), T+ dooe D)
2k X2k+1

d (X1 SX21)[1 + d(Xzp41, SX
+ Bmax{d(szk,szkJrl)” (Xa1 Sx21) [ (X241, SX210)] }

1+ d(Xzk+1, TXok41)- d(Xok41, SXox)

IA

d(X2k+1 ,X2k+z)[1 + d(xzk, X2k+1)]}

o max {d(xzk, Xoka1)r T+ Ao Xprs)
2k X2k+1

d Xok X 1 + d X , X
+ Bmax{d(x2k+1,x2k+2)” (210 Xok+1) [ (X241, Xok+1)] }

1+ d(Xak+1, X2k+2)- A(Xak4 1) Xak41)
< amax{d(Xz Xaxs1), d(Xars1 Xakrz)} + B max{d(Xaxs1, Xaks2), d(Xato Xa1c41) }

d(Xok+1, X2k42) < (a0 + B) max{d(xzk,x2k+1), d(X2k+1,X2k+2)}

d(Xzk+1, Xakt2) < (@ + ) My

Where M, = maX{d(sz’szH)r d(X2k+1,X2k+2)}

Case-l: If M; = d(Xyx, Xok41)

d(Xok4+1, Xoke2) < (@ + B) d(Xax, Xoks1) (1)

Case-ll: If MI = d(X2k+1'X2k+2)

d(Xok+1, Xok42) < (a0 + B) d(X2k+1,X2k+2)
d(Xzk+1, Xok+2) (1 —a—B) <0
“(A-a-B)#0

So  d(Xzk+1,Xzk42) =0

Xok+1 = Xok+2

We will continue with case-I

d(Xzrs2 X2k+3) < (a0 + B) d(Xape1) Xokr2) (2)

Therefore from eqg. (1) and (2) for n € N we have

d(Xn+1,Xns2) < (@ + B) d(xn,Xni1) < (@ + B) 2d(Xp-1,%n) < -+ < (a0 + B) " (%o, X1).
So, form,n €N,

d(Xn, Xm+n) < ©0[d&p, Xn41) + dXns1, Xman)]

< w[d(Xp, Xp41) + w? [d(Xn+1,Xn+2) + d(Xns2 Xman)]
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< 0d(Xp, Xp41) + 02 d(Xns1, Xne2) + 0+ O dKmin-2) Xmn-1) + ©"dXmen-1, Xm4n)
d(Xp, Xman) < o(a+ B) "d(xq, x1) + w?(a + B)*1d(xg, X1) + -+ + @™ (a + B)™+1d(x0, X;)
d(xn, Xm4n) < w(a+ ) "[1 + w(a+ B) + {w(a+ P} + -+ {w(a + P} d(x0, %)

-0 asn—-o Wherem € N.

Therefore, from Lemma 2, we see that {x,} is a Cauchy sequence in X.

Since X iscomplete3 u € X Suchthatx, »u asn— o

Thus r11_)1210 SXyn = r11_)1{.10 TXype1 = U

Now from the given condition we have

d(Su,u) < ®[d(Su, TXyp41) +d (TXzn41, W]

d(Xan+1, TXon4q)[1 + d(u, Su)]}

< w[amax {d(U,inH)v 1+d(u,x )
»A2n+1

d(u, Su)[1 + d(xzn41, Su)]
1+ d(Xzn+1, TXzn41)- d(Xzn41, SU)

+ B max {d(Su, TXzn41))) }] + @ d(TXzn41, W)

-0 as n-o o = d(Tu,u) = 0

Thus d(Su,u) <0 Hence Tu =u

= d(Su,u) = 0 Therefore, u is a common fixed-point of S and T.
Hence Su =u Now for the uniqueness

Similarly Let us suppose that Su* = Tu* = u* for some u* € X.

Then d(u, u*) = d(Su, Tu*)

d(u*, Tu*)[1 + d(u, Su)]
1+ d(u,u*)

< d ) * )
- amax{ () 1+ d(u*, Tu*).d(u*, Su)

}+ B max {d(Su, Tu"), d(u, Su)[1 + d(u*, Su)] }

d(u*,u)[1+ d(u,u)]
1+ d(u,u*)

d(u,u*) < amax {d(u, u®),

}+ B max {d(u, u*) dlw Wi + ', ) }

"1+ d(u*, u*).d(u*,u)

d(u,u*) < (a+ B)d(u,u”) w=1 and F,S:X - X be self-maps satisfying the
following condition:

dwu) (1 —-a-B) <0
d(Fx, Sy)

v (A-a—B)+#0

{d(Fx, Sy)}* }

= amax {d(x’ ) 4y, F). d(Fx x) + d(Fx, Sy)

d(u,u*) =0 Hence u=u*

Vxy €X, Where a are real with 0 < a <1 then

This completes the proof. i : )
S and F have a unique common fixed-point.

Corollary: - Let (X,d) be a complete complex valued
b- metric space with coefficient
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