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1. INTRODUCTION

The graph energy is one of the most important graph
invariants in chemical graph theory. It was originally
inspired [1] by the Hickel molecular orbital
approximation, where it relates to the n- electron
energy. The energy E(G) of a graph G is defined to
be the sum of the absolute values of its eigenvalues.
Hence if A(G) is the adjacency review articles matrix
of G and if 74,4, . Ayre its eigenvalues, then.
E(G) = X,11;| Numerous review articles have been
written on the energy of graphs, see e.g. [1]-[11].

One of the ways of studying graphs is to make use of
matrices. Several graph matrices have been defined
and used in literature. Apart from the adjacency
matrix, the incidency and Laplacian matrices are the
most important ones. Another matrix, the maximum
degree matrix was defined by Adiga and Smitha in
[12]. Let G be a simple graph with n vertices
vy, V4, -, Uy, and let dj be the degree of vj fori =

1, 2, ---, n. Define

Ey(G) = %f%ln <x2"¢) (é)d)(_i

d.. = {max{di, dj} if v; and vjare adjacent
Y 0 othereise

Then the n x n matrix M (G) =(djj ) is called the
maximum degree matrix of G, [12]. Let 1, M2, -
-, Mn be the maximum degree eigenvalues of M
(G). Since M (G) is a real symmetric matrix with
zero trace, these maximum degree eigenvalues are
real with sum equal to zero. Thatiis, Y\j-ou; =0
The maximum degree energy of a graph G is defined
as Ey(G) = Xiolul
It is shown that if the maximum degree energy of a
graph is rational, then it must be an even integer,
[12].

2. MAXIMUM DEGREE ENERGY

In this section, maximum degree energy is
computed by means of a certain integral involving
the characteristic polynomial and obtain E,(S7) <
Ey(S3), vn=5

Lemma 2.1. For every real number a, we have
foooxizln(l +a?x?)dx, yn>=5

Theorem 2.1. Let &b(x) = det (xI — M(G)) be the
characteristic polynomial of the maximum degree
matrix of a graph G with n vertices. Then maximum
degree energy Em (G) of given by the following
integral:

)) dx = Efmnlnx +In|(¢(i/x)] dox
Vs

Proof. we can write the characteristic polynomial as ¢ (x) = [17-,(x — 1))

Where pg, p2, ---

, M are the maximum degree eigenvalues. Now note that

n n 1
#i/oi/0 = | |(ix-m) = e —w) =] [z +id
j=1 j=1

So x?" ¢p(i/x)p(—i/x) = [Tj=1 (1 + ujx?)
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and consequently

[ee]

f —In(x?"¢(i/x)p(—i/x)) dx = Zf —In (14 pix?)

0
By lemma 1.1 it follows that

[oe]

j=00

n

1
f S In(x?"$ (/D) (~i/x)) dx = Z ;| = 1By (6)

0

j=0

and the first identity follows. Since ¢ (x) is a polynomial with real coefficients, we have ¢ (i/x) = ¢(—i/x) for real

values of x. Thus

P/ 0)(=i/x) = | p(i/x)|?

and we obtain

[ee]

101 _
Eu(@) = [ G2 9i/01%) dx

0

Ey(G) = %j(nlnx +In|¢p(i/x)])dx

0
Theorem 2.2. [12] If G is bipartite and p is an
eigenvalue of G with respect to maximum degree
matrix with multiplicity m, then —p is also an
eigenvalue with multiplicity m
Lemma 2.2. Let G be a bipartite graph with n

vertices. If m # nmod 2, thethe coefficient of x™
in the characteristic polynomial of G with respect to
maximum degree matrix is 0

EM(G)——f—ln Z( 1)1a21x

jsn/2

In particular, if G is bipartite graph, then

Proof. If G is bipartite graph, then from Theorem
2.2 the spectrum of maximum degree matrix is
symmetric with respect to 0. Hence the required
result.

Theorem 2.3. Let the characteristic polynomial of
maximum degree matrix of a graph G

be ®(x) =det(x] — M(g)) = Xiooarx™

The maximum degree energy of G can be expressed as

2

+ 2 (-1 a1 x¥* | |dx

js(m=-1)/2

Ey(G) ——f—ln Z( 1) ay;x? |dx

Proof. We note that

n

2n¢(1/x)_z in—kyk —

and analogously

n

DY CEZEY

k=0 jsn/2

(—1) agjyx**
js(n-1)/2

(= 1/0) = ) a0k = ([ Y Dagpt ki Y (D eyt

k=0
It follows that

B OB 1/20) = | D (~D)ayx

jsn/2

js(m-1)/2

2 2

+ Z (_1)ja2j+1x2j+1
js(n-1)/2

Hence the required result is a direct consequence of Theorem 1.1

If G is a bipartite graph, then from Lemma 2.2, we have Q= 0, for all j. Hence

IJIRT 175616

INTERNATIONAL JOURNAL OF INNOVATIVE RESEARCH IN TECHNOLOGY 3795



© April 2025 | JIRT | Volume 11 Issue 11 | ISSN: 2349-6002

Definition.

Z (—1) ay;x¥ | dx

0 jsn/2

The graph S3 obtained by attaching n — 3 pendent vertices to one of the vertices of the cycle C;.

Vo

V3

Figure 1. S3 graph
Lemma 2.3. Letn > 4 then the characteristic polynomial of S3 is
Wt 2) (P = 20 = (n—- 13+ 2(n - 3)(n - 1)°

Proof. The maximum degree matrix of Sf according to the vertex labeling shown in Fig.1 is of order n x n and

is given by
A
M(s) = (BT e
(n-3)x3
0 n—-1 n-1 n—-1 n-1
WhereA=<n—1 0 2 ),B=< 0 0
n—1 2 0 0 0
3) x (n—3).

If R; is the it" row of the determinant |ul — M(S3)],
then R, =n-1,-42,0,...,0) andR;=n-—
1,2,—u,0, ...,0). Replacing R, by R, — R3, we get
the second row as (u+2)(0,-1,1, 0,..,0).
Hence (u + 2) is one of the factors of |ul — M(S3)|
Replacing R; by R; —R; for j = 4, 5, ..., n-1, we
conclude that u is the common factor at each row
between 4" and (n-1)-th. Hence u™* is one of the
factors of |ul — M(S3)]. Using elementary
mathematical simplifications, we get the rest of the
result.

B3y (n-3) )
On—3)x(n-3)
n—1
0 ] and O is the null matrix of size (n —
0

Definition.
The graph S, obtained by attaching n — 4 pendent
vertices to one of the vertices of the cycle C,.

Figure 2. S; graph

Lemma2.4. Letn > 5 then the characteristic polynomial of S;} is
Wt —n((n—2)(n—4) + Hu? + 8(n— ) (n — 2)%)
Proof. The maximum degree matrix of S: according to the vertex labeling shown in fig.1 is of size N XN and

given by
Agxa

M) = (

B{n—4)><4
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0 n-2 0 n-2 n-2 n-2 .. n-2
n-2 0 2 0 0
Where A= , B= and O is the null matrix of size
2 0 2 0
n-2 0 2 0 o .. O

nm—4)x(n—-4)

Let R; is the i" row of the determinant |ul — M(S})|
. Replacing R; by R; — R, for i= 56, .. n-
1, we conclude that u is the common factor at each
row between 5" and (n-1)-th.. Also replacing C,, —
Cn—1. we get u is the common factor. Hence p™™* is
one of the factors of |ul — M(S;)|. Using elementary

Proof. We have from Lemma 2.3.

mathematical simplifications, we get the rest of the
result.
Theorem 2.4. Let G be a unicyclic graph withn > 5
vertices. Then

En(Sy) < En(S3)

lul = M(SH| = p**[u* — ((n = 1) + 4))u® — 4(n — D+ 4(n — 3)(n — 1)?]

Also from Lemma 2.4, we have

Il = M(SD| = ™4[ = n((n = 2)(n — 4) + 4)u? + 8(n — H)(n — 2)?]

By theorem 2.3, we have

EM(S:D - EM(Sr?Z) = E

dx

x?
0
Let

101 (1 +n((n—2)(n—4) +4)x? + 8(n — 4)(n — 2)%x*)?
f [(1 +(n—13+4)x?+4(n—-3)(n —1)2xH)? + (4(n — 1)x3)?

FGO) = [1+n((n—2)(n—4) +4)x? + 8(n — 4)(n — 2)2x*]”
—[1+((n=-12+4)x?+4(n—3)(n — 1)%x*]?> — 16(n — 1)?x°®

Then

fO) =2 -2)(n—4) - (n— D+ D(n - 3))x*

+[nt(m—2)(n—4)((n—2)(n—4) + 8) + 16(n? — 1) + 16(n — 2)*(n — 4)
-8(n—-12?Mn-3)-8(n—-1%-(n—-1)°x*
+[16n(n —2)2(n— 4 ((n —2)(n —4)? +4) —8(n — 1)?((n — 3)((n — 1)> + 4) — 16(n — 1)?]x®

+[64(n — 2)*(n — 4)? — 16(n — 1)*(n — 3)?]x®
Itisclearthat f(x) <0, Yyn =5
Hence Ey (S} < Ey(SY)
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