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Abstract—This paper comprehensively studies 

Hausdorff's measurable multifunctions, a concept at the 

intersection of measure theory, topology, and set-valued 

analysis. The Hausdorff measure extends classical 

notions of dimension and size to sets with complex or 

fractal structures. Multifunctions, or set-valued 

functions, map each input to a set rather than a single 

value and arise naturally in areas like optimization, 

control theory, and economics. 

The paper defines Hausdorff measurability in terms of 

the Hausdorff metric, focusing on the measurability of 

excess functions that quantify the "distance" between 

sets. It explores relationships between Hausdorff, weak, 

strong, and Effros measurability, highlighting their 

equivalence under certain conditions, especially in 

separable metric spaces. 

Key properties such as continuity-like behaviors, closure 

under operations, and convergence of sequences are 

analyzed. The existence of measurable selections—

single-valued functions chosen from multifunctions—is 

emphasized due to its importance in applications. 

Practical applications span optimization problems with 

uncertainty, differential inclusions in control systems, 

game theory, fractals, and stochastic processes. The 

paper also references foundational theorems and 

literature that provide tools for studying and applying 

Hausdorff measurable multifunctions. 

 

Index Terms—Hausdorff measurability, Hausdorff 

metric, stochastic processes, Hausdorff's measurable 

multifunction,  

 

1. INTRODUCTION 

 

Measure theory and topology stand as two 

foundational pillars upon which much of modern 

mathematics is constructed. Measure theory provides 

the tools to quantify the size or extent of sets, 

generalizing notions like length, area, and volume. 

Topology, on the other hand, deals with the properties 

of spaces that are preserved under continuous 

deformations, focusing on concepts like continuity, 

connectedness, and compactness. Bridging these areas 

is the concept of the Hausdorff measure, a powerful 

tool in geometric measure theory that extends the idea 

of dimension beyond integers. Named after Felix 

Hausdorff, this measure assigns a value in [0, ∞] to 

subsets of a metric space, allowing for the precise 

measurement of sets with potentially fractal or highly 

irregular structures [1]. The development of Hausdorff 

measure addressed limitations in traditional measures, 

such as Lebesgue measure, which often fail to capture 

the intricate nature of lower-dimensional subsets 

within a higher-dimensional space [3]. For instance, 

while the Lebesgue measure of a curve in the plane is 

zero, its one-dimensional Hausdorff measure 

corresponds to its length [2]. This generalization has 

proven invaluable in analyzing complex geometric 

objects encountered in various mathematical 

disciplines [4]. 

Alongside the evolution of measuring sets, the concept 

of a function has also been generalized. 

Multifunctions, also known as set-valued functions, 

are mappings that associate each element of their 

domain with a subset of their codomain.7 These 

mappings naturally arise in diverse areas of 

mathematics and its applications, including 

optimization theory, control theory, and game theory, 

where multiple outcomes or choices may correspond 

to a single input [9]. The study of multifunctions has 

led to the development of set-valued analysis, a field 

that extends concepts from standard analysis to these 

set-valued mappings [9]. Within this framework, the 

notion of measurability, crucial for integration and 

other analytical techniques, has been extended to 

multifunctions[10]. 

This paper focuses on a specific type of measurable 

multifunction: the Hausdorff measurable 

multifunction. This concept intertwines the ideas of 

Hausdorff measure and the measurability of set-valued 
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mappings. A multifunction is deemed Hausdorff 

measurable if its measurability is defined about the 

Hausdorff metric, which itself is derived from the 

underlying metric space where the Hausdorff measure 

is defined [10]. The study of such multifunctions is 

essential for a deeper understanding of set-valued 

analysis and its applications in areas where the 

geometric complexity captured by the Hausdorff 

measure is relevant. The interdisciplinary nature of 

multifunctions, evident in their appearance across 

various applied fields, underscores the importance of 

rigorously investigating their properties within a 

sophisticated measure-theoretic framework. 

The objective of this paper is to provide a 

comprehensive exposition of the theory, properties, 

and applications of Hausdorff measurable 

multifunctions. We will begin by laying the necessary 

groundwork in measure theory, topology, and the 

theory of Hausdorff measure. Subsequently, we will 

delve into the formal definition and theoretical 

framework underpinning Hausdorff measurable 

multifunctions, exploring their key properties, 

behavior under mathematical operations, and various 

notions of convergence. Finally, we will investigate 

the diverse applications of these multifunctions across 

different areas of mathematics, supported by examples 

and results from existing research literature. 

 

2. PRELIMINARIES 

 

2.1 Basic Concepts in Measure Theory 

A measure space is a fundamental concept in measure 

theory, consisting of a set T, a σ-algebra A of subsets 

of T, and a measure m defined on A[10]. The σ-algebra 

A is a collection of subsets of T that is closed under 

complementation and countable unions, including the 

empty set. A measure m is a function that assigns a 

non-negative real number (or infinity) to each set in A, 

satisfying the property of countable additivity: for any 

countable collection of pairwise disjoint sets  

{Ai}∞
i=1in A, m(⋃∞

i=1Ai)=∑∞
i=1m(Ai) [12]. 

An outer measure μ∗ on a set X is a function from the 

power set of X to [0,∞] that satisfies three conditions:  

μ∗(∅)=0, μ∗(A)≤μ∗(B) if A⊆B (monotonicity),  

and μ∗(⋃∞
i=1Ai) ≤ ∑∞

i=1μ∗(Ai)  

for any countable collection of subsets {Ai}∞
i=1 of X 

(countable subadditivity) [2].  

Hausdorff measure is a specific type of outer measure 

[1]. Given an outer measure, the Carathéodory's 

extension theorem provides a way to construct a 

measure on a σ-algebra of measurable sets.  

A subset E⊆X is said to be μ∗-measurable if for every 

subset  

A⊆X, μ∗(A)=μ∗(A∩E)+μ∗(A∖E).  

The collection of all μ∗-μ-measurable sets forms a σ-

algebra, and the restriction of μ∗ to this σ-algebra is a 

measure [2]. 

In a metric space, the Borel σ-algebra is the σ-algebra 

generated by the open sets of the space [2]. The sets in 

this σ-algebra are called Borel sets. When restricted to 

the Borel sets of a metric space, Hausdorff measure 

becomes a measure [2]. Furthermore, continuous 

functions between topological spaces equipped with 

their Borel σ-algebras are measurable.[13] 

Lebesgue measure, a standard way of measuring the 

size of Euclidean space Rn subsets, is closely related 

to Hausdorff measure. The n-dimensional Hausdorff 

measure on Rn is proportional to the Lebesgue 

measure; they differ only by a constant factor.2 This 

connection highlights that the Hausdorff measure 

generalizes the familiar concept of volume in 

Euclidean spaces to arbitrary metric spaces and 

fractional dimensions. 

 

2.2 Hausdorff Measure and Hausdorff Dimension 

The s-dimensional Hausdorff measure Hs(E) of a 

subset E of a metric space X is formally defined as 

follows 2: 

First, for any δ>0, define 

Hδs(E)=inf{i=1∑∞(diam(Ui))s:{Ui} is a countable 

cover of E with diam(Ui)<δ}, 

where diam(Ui) denotes the diameter of the set Ui. 

Then, the s-dimensional Hausdorff measure of E is 

given by 

𝐻𝑠(𝐸) = 𝐿𝑖𝑚δ→0(H)
s δ  (E) =δ>0 sup (H)s δ  (E)  

 

The parameter s≥0 represents the dimension of the 

measure. 

 

Hausdorff measure possesses several important 

properties. It is non-negative, monotone (if A⊆B, then 

Hs(A)≤Hs(B)), and countably subadditive.4 When 

restricted to the Borel sets of the metric space, it is 

countably additive, making it a measure in the 

standard sense.2 Hausdorff measure is also Borel 

regular, meaning that for any set A,  

There exists a Borel set B⊇A  
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such that Hs(B)=Hs(A)[5].  

Furthermore, it is translation invariant and scales 

according to the dimension  

s: for any λ>0, Hs(λE)=λsHs(E)[4]. 

The Hausdorff dimension of a set E is defined as the 

critical value of s at which the Hausdorff measure 

transitions from infinity to zero.2 Formally,  

The Hausdorff dimension, dimH(E), is given by 

dimH(E)=inf{s≥0:Hs(E)=0}=sup{s≥0:Hs(E)=∞}. 

For familiar geometric objects, the Hausdorff 

dimension coincides with the topological dimension: a 

point has dimension 0, a line has dimension 1, and a 

plane has dimension 2. 

 However, for fractals, the Hausdorff dimension can 

be non-integer, reflecting their intricate and self-

similar structures.2 Examples include the Cantor set, 

which has a Hausdorff dimension of  

log(2)/log(3)≈0.63, and the Sierpinski triangle, with a 

dimension of  

log(3)/log(2)≈1.58.3 

 

2.3 Metric Spaces and Topological Concepts 

A metric space (X,d) is a set X equipped with a metric  

d:X×X→[0,∞), 

 which is a function that satisfies certain properties: 

non-negativity  

(d(x,y)≥0 and d(x,y)=0 if and only if x=y), symmetry 

(d(x,y)=d(y,x)), 

 and the triangle inequality 

 (d(x,z)≤d(x,y)+d(y,z)) for all x,y,z∈X[3]. 

 Examples of metric spaces include the real numbers 

with the usual absolute value metric, Euclidean spaces 

Rn with the Euclidean distance, and function spaces 

with appropriate distance metrics. 

In a metric space, an open set is a set where every point 

has a neighborhood (an open ball centered at the point) 

contained within the set. The collection of all open sets 

forms a topology on X. A closed set is the complement 

of an open set. A neighborhood of a point x is any set 

that contains an open set containing x[10]. 

A subset K of a metric space is compact if every open 

cover of K has a finite subcover. A metric space is 

separable if it contains a countable dense subset, 

meaning there exists a countable subset of the space 

such that every point in the space is either in the subset 

or a limit point of the subset [10]. Separability is an 

important property, particularly in the context of the 

measurability of multifunctions and the Hausdorff 

metric topology [14]. Other relevant topological 

properties include local compactness (every point has 

a compact neighborhood) and σ-compactness (a 

countable union of compact sets) [16]. 
 

2.4 Basic Definitions and Types of Multifunctions 

A multifunction  

F: T→P(Z) (where P(Z) denotes the power set of Z) is 

a mapping from a set T to the set of all subsets of 

another set Z.7  

For each t∈T, F(t) is a subset of Z. Multifunctions can 

be classified based on the properties of their values 

F(t). If for every t∈T, F(t) is a closed subset of Z, then 

F is called a closed-valued multifunction. Similarly, if 

F(t) is compact, convex, or bounded for all t∈T, then 

F is a compact-valued, convex-valued, or bounded-

valued multifunction, respectively [7]. Many studies 

on the measurability of multifunctions focus on those 

with closed, bounded, or compact values. 

The graph of a multifunction 

 F:T→P(Z) is the set Gr(F)={(t,z)∈T×Z:z∈F(t)}.[18]  

The properties of the graph, such as being closed or 

measurable, are often related to the properties of the 

multifunction itself. 

The interplay between measure theory and topology is 

essential for defining and understanding Hausdorff 

measurable multifunctions. The metric structure of the 

space, which underlies both the Hausdorff measure 

and the Hausdorff metric, connects these two 

fundamental areas of mathematics. The topological 

properties of the domain and codomain, as well as the 

measure-theoretic properties of the sets involved, are 

crucial for establishing the framework for Hausdorff 

measurability. 

 

3. DEFINITION AND THEORETICAL 

FRAMEWORK 

 

3.1 Formal Definition of Hausdorff Measurable 

Multifunctions 

Let T be a measurable space and Z be a metric space. 

 A multifunction 

 F:T→P(Z)  

whose values are closed, bounded, and non-empty 

subsets of Z is defined as Hausdorff measurable (or h-

measurable) if for each closed, bounded, and non-

empty subset C of Z, the excess functions 

 t↦e(F(t),C) and t↦e(C,F(t)) are measurable on T[10]. 

Here, the metric excess of a set A over a set B in the 

metric space Z, denoted by e(A,B), is defined as  



© April 2025 | IJIRT | Volume 11 Issue 11 | ISSN: 2349-6002 

IJIRT 175817 INTERNATIONAL JOURNAL OF INNOVATIVE RESEARCH IN TECHNOLOGY 7972 

e(A,B)=sup{d(a,B):a∈A}, where 

d(a,B)=inf{d(a,b):b∈B} is the distance from a point a 

to the set B. The Hausdorff pseudo-distance (or 

Hausdorff distance for closed and bounded sets) 

between two sets A and B, denoted by 

 h(A,B), is given by 

h(A,B)=max{e(A,B),e(B,A)}[10]. 

The definition of Hausdorff measurability hinges on 

the measurability of these excess functions. A function 

f:T→R is measurable if for every a∈R, the set 

{t∈T:f(t)≤a} is a measurable set in the space T. Thus, 

for F to be Hausdorff measurable, the degree to which 

the set F(t) "exceeds" any fixed closed bounded non-

empty set C, and the degree to which C "exceeds" F(t), 

must both be measurable functions of t. 

 

3.2 Theoretical Framework Connecting Hausdorff 

Measure and Measurability 

The definition of Hausdorff measurable 

multifunctions directly utilizes the Hausdorff metric, a 

concept intrinsically linked to the metric structure of 

the space on which the Hausdorff measure is defined. 

The Hausdorff metric provides a way to quantify the 

distance between two sets, which are the values of the 

multifunction. This metric is a natural choice for 

measuring the "distance" because it considers the 

maximum deviation of one set from the other. 

The Hausdorff measure quantifies the size of sets, 

particularly those with complex geometric properties. 

By using the Hausdorff metric to define the 

measurability of the multifunction, we are essentially 

ensuring that the set-valued mapping behaves 

measurably with respect to this geometrically 

significant measure of size. The measurability of the 

excess functions, which form the basis of the 

Hausdorff metric, ensures that changes in the "size" 

and "shape" of the sets F(t) as t varies across the 

measurable space T are captured in a quantifiable way. 

This framework allows us to extend the notion of 

measurability from single points to sets, respecting the 

geometric nuances captured by the Hausdorff 

measure. 

 

3.3 Relationship with Other Types of Measurability 

for Multifunctions 

Hausdorff measurability is related to other important 

notions of measurability for multifunctions. One such 

concept is weak measurability.  

A multifunction F:T→P(Z) is weakly measurable if 

for every closed (or equivalently, every open) 

 subset B of Z, the set {t∈T:F(t)∩B≠∅} is measurable 

in T[10].  

A significant result in the theory of measurable 

multifunctions states that if the metric space Z is 

separable, then a multifunction F with closed, 

bounded, and non-empty values is Hausdorff 

measurable if and only if it is weakly measurable [10].  

This equivalence is crucial as weak measurability is 

often easier to verify in practice. 

Another type of measurability is strong measurability.  

A multifunction F:X→P(Y) is strongly measurable if 

for every closed set E⊆Y, the set {x∈X:F(x)⊆E} is 

measurable in X.[17] In a metric space Y, every 

strongly measurable multifunction is also measurable 

(in the sense that {x∈X:F(x)∩D≠∅} is measurable for 

every open set D⊆Y), which is sometimes referred to 

as weak measurability. 

Effros’ measurability is another concept relevant in the 

context of multifunctions. Given a separable metric 

space X and a subfamily F of the closed subsets of X, 

the Effros σ-algebra on F is the smallest σ-algebra 

containing all sets of the form 

 {F∈F: F∩V≠∅} where V is open in X.[14]  

A multifunction Γ:S→F is measurable with respect to 

the Effros σ-algebra if for each V open in X, 

{s∈S:Γ(s)∩V≠∅} is measurable in S. For compact-

valued multifunctions, this measurability coincides 

with Borel measurability when F is equipped with the 

Hausdorff metric topology.15 

The equivalence between Hausdorff measurability and 

weak measurability in separable metric spaces 

provides a valuable link between a geometrically 

motivated definition based on the Hausdorff metric 

and a more standard measure-theoretic definition 

based on intersections with open or closed sets. This 

connection simplifies the study and application of 

Hausdorff measurable multifunctions in many 

scenarios where separability is a natural assumption. 

 

4. PROPERTIES OF HAUSDORFF 

MEASURABLE MULTIFUNCTIONS 

 

4.1 Measurability Aspects and Their Implications 

If F:T→P(Z) is a Hausdorff measurable multifunction 

with closed, bounded, and non-empty values,  

then for any fixed-point z∈Z, the function 

t↦d(z,F(t))=inf{d(z,y):y∈F(t)} is measurable on T. 
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This follows from the definition of Hausdorff 

measurability and the properties of measurable 

functions. Since e({z},F(t))=d(z,F(t)), and {z} is a 

closed, bounded, and non-empty set, the function 

t↦e({z},F(t)) must be measurable. 

The measurability of the intersection and union of 

measurable multifunctions is an important area of 

study. For Hausdorff measurable multifunctions  

F:T→P(Z) and G:T→P(Z), their union 

(F∪G)(t)=F(t)∪G(t) is often measurable under suitable 

conditions.11  

However, the measurability of the intersection 

(F∩G)(t)=F(t)∩G(t) is more complex and may require 

additional assumptions on the spaces T and Z, as well 

as the properties of the multifunctions.11 

The existence of measurable selections for measurable 

multifunctions is a fundamental result, often 

guaranteed by theorems like the Kuratowski-Ryll-

Nardzewski selection theorem (though not explicitly 

mentioned in the provided snippets). A selection of a 

multifunction F:T→P(Z) is a measurable function 

f:T→Z such that f(t)∈F(t) for all t∈T. The existence of 

such selections is crucial for many applications, as it 

allows us to work with single-valued measurable 

functions derived from the set-valued mapping [16]. 

The fact that distance functions related to Hausdorff 

measurable multifunctions are measurable, and that 

these multifunctions often admit measurable 

selections, are fundamental properties. These 

properties enable the application of integration theory, 

fixed point theorems, and other analytical tools from 

measure theory and functional analysis to the study of 

Hausdorff measurable multifunctions. 

 

4.2 Continuity-like Properties 

Hausdorff measurability is also related to continuity-

like properties of multifunctions defined using the 

Hausdorff metric.  

A multifunction F:X→P(Z), where X and Z are metric 

spaces, is said to be h-upper semicontinuous (h-u.s.c.) 

at x0∈X if for every ϵ>0, there exists a δ>0 such that 

for all x∈X with d(x,x0)<δ,  

we have e(F(x),F(x0))<ϵ. Similarly,  

F is h-lower semicontinuous (h-l.s.c.) at x0 if for every 

ϵ>0, there exists a δ>0 such that for all x∈X with 

d(x,x0)<δ, we have e(F(x0),F(x))<ϵ. If F is both h-

u.s.c. and h-l.s.c. at x0, then it is said to be h-

continuous at x0[10]. 

These continuity-like properties, defined using the 

Hausdorff metric, are distinct from the standard 

topological notions of upper and lower semicontinuity 

for multifunctions[19.19 For example, a multifunction  

F:X→P(Y) is topologically upper semicontinuous at 

x0 if for every open set V⊇F(x0), there exists a 

neighborhood U of x0  

such that F(x)⊆V for all x∈U. Similarly, it is 

topologically lower semicontinuous if for every open 

set V with F(x0)∩V≠∅, there exists a neighborhood U 

of x0 such that F(x)∩V≠∅ for all x∈U. 

While Hausdorff measurability is a measure-theoretic 

concept, its interplay with these continuity-like 

properties is significant. For instance, in some 

contexts, Hausdorff measurable multifunctions that 

also possess certain semicontinuity properties are 

crucial for proving existence theorems in areas like 

differential inclusions and optimization problems [10]. 
 

4.3 Behavior under Mathematical Operations 

The behavior of Hausdorff measurable multifunctions 

under standard mathematical operations is important 

for building a comprehensive theory. If the codomain 

Z is a vector space, we can define pointwise sums and 

scalar multiples of multifunctions. For two 

multifunctions F,G:T→P(Z), their pointwise sum is  

(F+G)(t)={x+y:x∈F(t),y∈G(t)}, and for a scalar α,  

(αF)(t)={αx:x∈F(t)}.  

Under appropriate conditions (e.g., if Z is a separable 

Banach space and F,G are Hausdorff measurable with 

closed, bounded values), these resulting 

multifunctions are also measurable. 

Similarly, the closure F(t)=F(t) and the convex hull 

co(F)(t)=co(F(t)) of the values of a Hausdorff 

measurable multifunction F are often measurable 

under suitable conditions on Z (e.g., if Z is a separable 

Banach space and F has bounded values). 

The composition of a Hausdorff measurable 

multifunction with a measurable single-valued 

function can also preserve measurability. If 

F:Z→P(W) is a Hausdorff measurable multifunction 

and g:T→Z is a measurable function, then the 

composition  

F∘g:T→P(W) 

 defined by (F∘g)(t)=F(g(t)) is often measurable. 

Examining how Hausdorff measurable multifunctions 

behave under these operations helps to establish an 

algebraic structure around them, facilitating their use 

in more complex mathematical models and analyses. 
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4.4 Convergence Concepts 

Several notions of convergence are relevant for 

sequences of Hausdorff measurable multifunctions. A 

sequence of multifunctions {Fn}n=1∞ with values in 

the closed and bounded subsets of a metric space Z is 

said to converge to a multifunction F in the Hausdorff 

metric (or h-converge) if for each t in their common 

domain,  

h(Fn(t),F(t))→0 as n→∞.[11]  

Pointwise convergence in the Hausdorff metric means 

this convergence holds for each point in the domain. 

Almost everywhere, convergence in the Hausdorff 

metric occurs if h(Fn(t),F(t))→0 as n→∞ for all t in 

the domain except for a set of measure zero.[11] 

The convergence of sequences of Hausdorff-

measurable multifunctions is often linked to the 

convergence of their measurable selections.[25] For 

example, if a sequence of Hausdorff measurable 

multifunctions converges to a multifunction F in some 

sense, we might be interested in whether their 

measurable selections also converge to a measurable 

selection of F in a related sense (e.g., pointwise, in 

measure, or in Lp). 

Different modes of convergence for sequences of 

Hausdorff measurable multifunctions provide 

essential tools for approximation techniques and for 

studying the stability of solutions in problems 

involving these multifunctions, such as differential 

inclusions and optimal control problems. 

 

5. APPLICATIONS IN MATHEMATICS 

 

5.1 Applications in Optimization Theory 

Hausdorff measurable multifunctions find significant 

applications in optimization theory, particularly in the 

realm of set-valued optimization.15 These applications 

arise in problems where the objective function or the 

constraints are not single-valued but rather sets of 

values, often represented by multifunctions. 

One area is the study of the existence of optimal 

solutions for optimization problems involving 

Hausdorff measurable multifunctions.[6] For instance, 

consider a problem of minimizing a set-valued 

objective function F(x) over a feasible set S. The 

concept of optimality needs to be extended to the set-

valued case, and Hausdorff measurability plays a role 

in establishing conditions under which optimal 

solutions (in some defined sense) exist. 

Variational inequalities, which generalize the concept 

of optimization problems, can also involve Hausdorff-

measurable multifunctions. These inequalities often 

arise in the study of equilibrium problems and can be 

formulated in terms of set-valued mappings. The 

measurability of these multifunctions is crucial for 

analyzing the existence and properties of solutions to 

such inequalities. 

Hausdorff measurable multifunctions provide a 

natural framework for dealing with optimization 

problems where uncertainty or multiple possibilities 

are inherent. The values of the multifunction can 

represent a set of potential outcomes or choices, and 

the measure-theoretic properties ensure that these 

problems can be analyzed rigorously. Applications in 

stochastic optimization, where randomness plays a key 

role, also benefit from the theory of measurable 

multifunctions.25 

 

5.2 Applications in Control Theory 

Control theory is another area where Hausdorff-

measurable multifunctions have found substantial 

applications, particularly in the study of differential 

inclusions.6 A differential inclusion is a generalization 

of an ordinary differential equation where the 

derivative of the state variable is allowed to be any 

value within a set determined by a multifunction: 

x˙(t)∈F(t,x(t)). If the multifunction F is Hausdorff 

measurable, the theory provides tools to analyze the 

existence of solutions, their properties, and their 

dependence on initial conditions and parameters. 

The attainable set of a control system, which is the set 

of all possible states the system can reach at a given 

time, can also be described and studied using 

Hausdorff-measurable multifunctions. If the control 

inputs or system dynamics are governed by set-valued 

mappings, the resulting attainable set evolves 

according to a multifunction, and its measurability 

properties are essential for further analysis. 

Stability analysis of control systems with set-valued 

dynamics also utilizes the concept of Hausdorff-

measurable multifunctions[30]. Topological stability 

of set-valued maps, for example, is a concept that 

extends the classical notion of stability for single-

valued maps and can be analyzed within this 

framework. 

In control theory, Hausdorff measurable 

multifunctions are particularly useful for modeling 

systems with uncertainties, constraints on the control 

input, or non-smooth dynamics. The set-valued nature 
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of the system allows for a more realistic representation 

of complex control scenarios. 

 

5.3 Applications in Set-Valued Analysis and Related 

Fields 

Hausdorff measurable multifunctions are a central 

object of study in set-valued analysis itself [10]. One 

important area is the integration of such 

multifunctions.10 Extending the concept of integration 

from single-valued functions to set-valued mappings 

is a key aspect of set-valued analysis, and Hausdorff 

measurability provides the necessary foundation for 

defining and studying set-valued integrals. These 

integrals have applications in various fields, including 

economics, statistics, and differential equations. 

Fixed point theorems for multifunctions, which are 

generalizations of classical fixed-point theorems like 

the Brouwer Fixed Point Theorem and the Kakutani 

Fixed Point Theorem, often involve conditions on the 

measurability of the multifunction [10]. Hausdorff 

measurable multi-functions satisfy the measurability 

requirements of many such theorems, making them 

applicable in proving the existence of solutions to set-

valued equations and inclusions. 

Applications also extend to game theory and 

mathematical economics [9]. Many economic models 

and game-theoretic formulations naturally involve set-

valued mappings, for example, in representing the set 

of possible actions or outcomes. The measurability of 

these multi-functions ensures that these models can be 

analyzed using tools from measure theory and 

functional analysis. 

 

5.4 Other Potential Areas of Application 

The strong connection between Hausdorff-measure 

and fractal geometry suggests potential applications of 

Hausdorff-measurable multi-functions in this field [2]. 

For example, one could consider mappings between 

fractals where the image of a point is a set, and the 

measurability of such mappings concerning the 

Hausdorff measure on the fractals would be a natural 

area of investigation. 

In stochastic processes, particularly in the study of 

random sets, Hausdorff measurable multifunctions 

could provide a framework for modeling the evolution 

of random sets measurably [6]. The measurability of 

the multifunction would ensure that the probabilistic 

aspects of the random sets are well-behaved. 

 

6. VARIOUS EXAMPLES FROM RESEARCH 

LITERATURE 

 

The literature on Hausdorff measurable multifunctions 

contains numerous key theorems and results that 

highlight their theoretical importance and practical 

utility. One fundamental result, as mentioned earlier, 

is the equivalence between Hausdorff measurability 

and weak measurability for multifunctions with 

closed, bounded, and non-empty values in separable 

metric spaces [10]. This theorem simplifies the study 

of these multifunctions by providing an alternative, 

often easier-to-verify, characterization of 

measurability. 

Scorza-Dragoni type theorems, which are crucial in 

the study of differential inclusions, have been 

extended to the context of Hausdorff measurable and 

h-upper semicontinuous multifunctions.10 These 

theorems provide conditions under which a 

multifunction can be approximated by a sequence of 

continuous functions, which is essential for proving 

the existence of solutions to differential inclusions. 

Research has also focused on selection theorems for 

measurable multifunctions, including those that are 

Hausdorff measurable. While the snippets provided do 

not explicitly state selection theorems for Hausdorff 

measurable multifunctions, the general theory of 

measurable multifunctions includes results 

guaranteeing the existence of measurable selections 

under various conditions [16]. 

The measurability of intersections and unions of 

measurable multifunctions has been investigated in 

several works [11]. For instance, under certain 

conditions, the intersection of a countable family of 

closed-valued compact-measurable multifunctions 

into a Hausdorff space with second countable 

compacts is compact-measurable [18]. 

 The paper "Hausdorff Measurable Multifunctions" by 

De Blasi and Pianigiani [10] provides a detailed study 

of the properties of these multifunctions and their 

applications to differential inclusions. Works by 

Himmelberg, Castaing, and Valadier, mentioned in 

several snippets, lay the groundwork for the general 

theory of measurable multifunctions, which includes 

the case of Hausdorff measurability. 

Applications of Hausdorff-measurable multifunctions 

are evident in various research areas. For example, 

their use in proving the existence of solutions for 

differential inclusions is a recurring theme in the 
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literature.10 These multifunctions are also applied in 

stochastic optimization problems, where the set-

valued nature allows for modeling uncertainty [25]. 

Furthermore, their relevance in game theory and 

mathematical economics is highlighted in studies 

involving set-valued equilibrium concepts and 

economic models with multiple possibilities [10]. 

The study of regular multimeasures in the Hausdorff 

metric topology [34] and the regularity for set 

multifunctions in Hausdorff topology [35] represent 

further research directions that build upon the 

foundation of Hausdorff measurability, exploring 

continuity and approximation properties of set-valued 

mappings.

Table 1: Comparison of Measures 

Measure Name Definition (brief) Key Properties Relation to Hausdorff 

Measure 

Lebesgue Measure Standard measure on 

Rn, assigning volume to 

sets. 

Translation invariant, 

countably additive, 

defined on Lebesgue 

measurable sets. 

The n-dimensional 

Hausdorff measure on 

Rn is proportional to 

Lebesgue measure. 

Counting Measure Assigns to each finite 

set the number of points 

in the set, and ∞ to 

infinite sets. 

Defined on all subsets 

of a set, countably 

additive. 

0-dimensional 

Hausdorff measure is 

equivalent to the 

counting measure. 

Borel Measure Any measure defined on 

the Borel σ-algebra of a 

topological space. 

Countably additive, 

defined on Borel sets. 

When restricted to the 

Borel sets of a metric 

space, Hausdorff 

measure is a Borel 

measure. 

 

Table 2: Comparison of Measurability Types for Multifunctions 

Type of Measurability Definition (brief) Conditions for Equivalence (if any) 

Hausdorff Measurability Excess functions t↦e(F(t),C) and 

t↦e(C,F(t)) are measurable for every 

closed, bounded, nonempty set C. 

Equivalent to weak measurability if 

the metric space Z is separable and the 

multifunction has closed, bounded, 

and non-empty values. 

Weak Measurability { t∈T:F(t)∩B ≠ ∅} is measurable for 

every closed (or open) set B. 

Equivalent to Hausdorff measurability 

if the metric space Z is separable and 

the multifunction has closed, bounded, 

and non-empty values. 

Strong Measurability {x∈X:F(x)⊆E} is measurable for 

every closed set E. 

In a metric space, strong measurability 

implies weak measurability. 

Effros Measurability {F∈F:F∩V =∅} is measurable for 

every open set V, where F is a family 

of closed sets with the Effros σ-

algebra. 

For compact-valued multifunctions, 

equivalent to Borel measurability 

when F is equipped with the Hausdorff 

metric topology. 
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Table 3: Comparison of Continuity-like Properties for Multifunctions 

Property Name Definition (brief) Relation to Hausdorff 

Measurability 

h-upper semicontinuity (h-u.s.c.) For every ϵ>0, there exists δ>0 

such that e(F(x),F(x0))<ϵ if d(x,x0

)<δ. 

Often appears in theorems (e.g., 

Scorza-Dragoni) related to 

Hausdorff measurable 

multifunctions. 

h-lower semicontinuity (h-l.s.c.) For every ϵ>0, there exists δ>0 

such that e(F(x0),F(x))<ϵ if d(x,x0

)<δ. 

Related to h-continuity when 

combined with h-u.s.c. 

h-continuity Both h-u.s.c. and h-l.s.c. Implies certain regularity 

properties of the multifunction. 

Topological Upper Semicontinuity For every open V⊇F(x0), there 

exists a neighborhood U of x0 such 

that F(x)⊆V for all x∈U. 

Distinct from h-u.s.c. 

Topological Lower 

Semicontinuity 

For every open V with F(x0

)∩V≠∅, there exists a 

neighborhood U of x0 such that 

F(x)∩V≠∅ for all x∈U. 

Distinct from h-l.s.c. 

 

8. CONCLUSION 

 

This paper has provided a comprehensive overview of 

Hausdorff measurable multifunctions, delving into 

their definition, theoretical underpinnings, key 

properties, and diverse applications within 

mathematics. We have seen that the concept arises 

from the intersection of geometric measure theory, 

particularly the Hausdorff measure, and set-valued 

analysis, which extends the notion of functions to 

mappings between sets. The definition of Hausdorff-

measurability, based on the Hausdorff metric, 

provides a geometrically meaningful way to extend the 

concept of measurability to multifunctions. 

The theoretical framework reveals the close 

relationship between Hausdorff measurability and 

other types of measurability for multifunctions, 

notably its equivalence to weak measurability in 

separable metric spaces. We have also explored the 

essential properties of these multifunctions, including 

their behavior under mathematical operations and 

various modes of convergence, which are crucial for 

their application in advanced analysis. 

The applications of Hausdorff-measurable 

multifunctions span a wide range of mathematical 

disciplines. In optimization theory, they provide a 

framework for handling problems with uncertainty or 

multiple outcomes. In control theory, they are 

indispensable for the study of differential inclusions 

and systems with complex dynamics. Within set-

valued analysis, they form a fundamental object of 

study, enabling the generalization of concepts like 

integration and fixed points. Furthermore, potential 

applications exist in areas like fractal geometry and 

stochastic processes, highlighting the versatility of this 

concept. 

Future research: - Future research could explore 

further applications of Hausdorff-measurable 

multifunctions in emerging areas of mathematics and 

related fields. Investigating their properties in non-

separable metric spaces or under more general 

measure-theoretic settings could also yield valuable 

insights. The continued study of Hausdorff-

measurable multifunctions promises to deepen our 
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understanding of complex systems and set-valued 

phenomena across various scientific and mathematical 

disciplines. 
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