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Supreme Insights in Differential Geometry:
Complex Structures, Integrations, and
Riemannian Frameworks

Pratham Prasad

Abstract- This paper presents a supreme exposition on differential geometry with an emphasis on complex
structures over Riemannian manifolds, K”ahler geometry, complex integrations, and applications to Hodge
theory. We detail advanced constructions and provide visual intuition through figures and diagrams. The blend
of geometry and complex calculus leads to insights essential to both theoretical physics and pure mathematics.

1 INTRODUCTION

Differential geometry examines the geometric structure of differentiable manifolds. When coupled with complex
analysis, we encounter rich frameworks such as Hermitian, K”ahler, and Calabi-Yau manifolds. These
structures influence various disciplines, including algebraic geometry, theoretical physics, and complex
dynamical systems.

2 FOUNDATIONS OF COMPLEX DIFFERENTIAL GEOMETRY

Let M be a 2n-dimensional smooth manifold. A complex structure J : TM — TM satisfies

J? =—Id and defines an almost complex structure.
A Riemannian metric g on M that satisfies g(JX,JY ) = g(X,Y) defines a Hermitian
structure. The associated 2-form w(X,Y) =g(JIX,Y) is called the fundamental form.

2.1 Diagram: Complex Structure on a Manifold
3 K>”ahler Geometry and Laplacians

A K”ahler manifold satisfies dow = 0. This condition implies compatibility between the
complex structure and the Levi-Civita connection:

V) =0 @

3.1 Fubini-Study Metric on CP"

The Fubini-Study metric grs on complex projective space is a canonical example of a K”ahler metric. It is derived
from the K”ahler potential:

K(z,z") = log(1 + [z]’) @)

4 Chern and Riemann Curvatures
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Given a Hermitian manifold (M, g, J), the Chern connection V© satisfies:
Vg =0, Vel =0, TEO

Its curvature tensor Ri_jk_| relates to the Riemann curvature of the Levi-Civita connection.

4. Complex Integration in Differential Geometry

Let w € QP9(M) be a (p, q)-form. The complex integral over a k-dimensional chain X is:

w= f(z,z),dzaA--AdzgAdZ L A~ AdZ
> >

The Dolbeault operator o satisfies & 2 = 0, allowing us to define Dolbeault cohomology classes:

LR (M) = kero : QPY(M) — QPIY(M)
q im o
e
4.1 Complex Stokes’ Theorem
) )
W= dw  (if w has compact support)
oM M
5 Hodge Theory and Harmonic Forms

Let A =do + dd be the Hodge Laplacian. A differential form o is harmonic if Aa = 0.
On compact K”ahler manifolds, Hodge theory yields:

HM, C) = HP9(M)
d
p+ag=k
5.1 Diagram: Hodge Decomposition
H¥(M, C)
HP.Ao HTPy H(';'—O
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6 Applications to Theoretical Physics

* String Theory: Calabi-Yau manifolds are used for compactification.
* Mirror Symmetry: Hodge numbers relate dual Calabi-Yau pairs.

* Gauge Theory: Yang-Mills equations minimize curvature energy.

7 CONCLUSION

This supreme paper interweaves differential geometry with complex analysis to deliver a comprehensive
understanding of structures arising on Riemannian and K”ahler manifolds. Through figures, calculus, and
topology, we establish a robust geometric foundation relevant to modern mathematical and physical theories.
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