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Abstract- Eigenfunction expansions offer a key method
for addressing second-order differential equations,
particularly in boundary value problems and spectral
analysis. This paper examines the theoretical basis,
characteristics, and applications of eigenfunction
expansions, illustrating how differential equations can be
represented as an infinite series of orthogonal
eigenfunctions. The analysis is based on Sturm-Liouville
theory, wherein self-adjoint differential operators
produce discrete eigenvalues and a complete set of
orthogonal eigenfunctions. The expansion theorem asserts
that any function in a specified space may be expressed as
a summation of eigenfunctions, each multiplied by
suitable coefficients. These expansions enable efficient
solutions in quantum physics, fluid dynamics, wave
propagation, and heat conduction through orthogonality
and completeness. Moreover, boundary conditions are
essential in determining eigenfunction behavior, affecting
solution convergence and precision. This paper improves
the mathematical tools for addressing physical and
engineering problems by showing the existence,
uniqueness, and asymptotic behavior of eigenfunction
expansions. Future prospects emphasize the enhancement
of computational methodologies for managing intricate
systems and the expansion of eigenfunction applications
in non-linear differential equations.

1. INTRODUCTION

Second-order differential equations are essential in
mathematical analysis, physics, and engineering
applications. They delineate a broad spectrum of
phenomena, encompassing wave propagation, thermal
conduction, fluid dynamics, and quantum mechanics.
Eigenfunction Expansion is a highly successful
methodology for solving these equations, offering a
systematic method for describing answers using a
collection of basic functions [1].

Eigenfunction expansions emerge in spectrum theory,
when differential operators are examined via their
eigenvalues and eigenfunctions. This technique

facilitates the representation of differential equations as
an endless series of orthogonal eigenfunctions, hence
permitting  both  analytical and  numerical
approximations to intricate systems. Such expansions
are very beneficial in boundary value problems [2],
where functions are split into eigenmodes to fulfill
specified requirements. In the realm of second-order
differential equations, eigenfunction expansions enable
the disaggregation of solutions into essential
components, enhancing the comprehension of the
dynamics of physical systems governed by these
equations. This method is extensively utilized in
Fourier analysis, Sturm-Liouville theory, and quantum
physics, where eigenfunctions elucidate wave functions
and energy levels. This study seeks to investigate the
theoretical ~ underpinnings,  applications,  and
computational methods associated with eigenfunction
expansions, highlighting their importance in addressing
second-order differential equations in several scientific
fields [3].

2. SECOND ORDER DIFFERENTIAL EQUATIONS

A second-order differential equation is an equation that
incorporates the second derivative of a function. It is
essential in mathematics, physics, and engineering,
elucidating phenomena such as mechanical vibrations,
heat transport, wave propagation, and quantum
mechanics [4].
1. General Form
A second-order differential equation typically has the
form:

d2y/dx2 + p(x)dy/dx + q(x)y = f(x)
where:
e yisthe dependent variable.
e X is the independent variable.
e p(x),q(x) are coefficient functions.
e f(x) is the forcing function or external influence.
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o {d"2y}/{dx"2} represents the second derivative of
y with respect to x.

2. Classification
Second-order differential equations [5] can be
categorized based on homogeneity and linearity:
(a) Homogeneous vs. non-homogeneous
Homogeneous Equation: When f(x)=0 the equation
simplifies to [6]:

d2y/dx2 + p(x)dy/dx + q(x)y =0
Solutions depend only on the intrinsic properties of the
system.
Non-Homogeneous Equation; When f(x)#0, external
forces influence the system’s behavior [7].
(b) Linear vs. Non-Linear
Linear Equation: If y and its derivatives appear linearly
(i.e., without powers or products), the equation is linear.
Non-Linear Equation: Involves terms like y"2, sin(y),
or products of derivatives, making solutions more
complex.

3. EIGEN FUNCTION EXPANSIONS

Eigenfunction expansions are a fundamental tool in
solving differential equations, particularly in boundary
value problems and spectral analysis. They allow
functions to be represented as an infinite series of
orthogonal eigenfunctions, providing insights into
physical systems governed by differential operators [8].
1. Definition & Concept

An eigenfunction expansion expresses a function
f(x)f(x) as a sum of eigenfunctions ¢n(x) associated
with a differential operator L [9]:

f(x) = Xengn(x)

where:

o L[¢pn] = An¢n represents the eigenvalue equation.

e An are the eigenvalues.

e ¢n(x) are orthogonal eigenfunctions.

e cn are expansion coefficients computed using
inner products.

2. Properties of Eigenfunction Expansions
Orthogonality:  Eigenfunctions  satisfy  the
orthogonality condition:

fwx)pm@x)pn(x)dx = 0,m # n
where w(x) is a weight function.

e Completeness: The set of eigenfunctions forms a
complete basis, meaning any function in space can
be approximated using expansion.

e Convergence: The expansion converges uniformly
for well-behaved functions under appropriate
boundary conditions.

4. EIGEN FUNCTION EXPANSIONS
ASSOCIATED WITH THE SECOND ORDER
DIFFERENTIAL EQUATIONS

Eigenfunction expansions offer a crucial foundation for
addressing  second-order  differential  equations,
especially in boundary value problems and spectral
analysis. The following are essential theorems and
corollaries that confirm the existence, orthogonality,
and convergence of eigenfunction expansions [10].

4.1  Theorem:
Expansion

Sturm-Liouville  Eigenfunction

1. Statement: Let L be a self-adjoint differential
operator in the Sturm-Liouville form:

d dy
Lly] = 7 (r(x) 5) +q()y = w(x)y

where:

o p(x), g(x), and w(x) are continuous on [a,b],

e w(X) is a positive weight function,

e The boundary conditions satisfy the self-adjoint
property.

Then:

1. The eigenvalues A, form a discrete, increasing
sequence.

2. The corresponding eigenfunctions ¢n(x) form a
complete orthogonal basis in L2 ([a, b], w(x)).

3. Any function f(x) in the function space can be
expanded as an infinite series:

(oo}

) =) engn()

n=1
where the coefficients c, are given by:

N = [} QO dn(x)w(x)dx
[7 pn2()w(x)dx
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This theorem establishes the existence and
orthogonality of eigenfunctions, forming the
foundation for eigenfunction expansions.

4.2 Boundary Conditions

For eigenfunction expansions to be held, the
differential equation must satisfy appropriate boundary
conditions:

1. Dirichlet Boundary Conditions: y(a)=0,y(b)=0

2. Neumann Boundary Conditions: dy/dx(a) =
0,dy/dx(b) =0

3. Mixed Boundary Conditions: Any combination of
the above conditions ensuring self-ad jointness.

Boundary conditions determine the orthogonality and
completeness of eigenfunctions, crucial for expansion
validity.

4.3 Proof: Orthogonality & Completeness of
Eigenfunctions

Step 1: Self-Adjoint Property & Orthogonality

To show eigenfunction orthogonality, consider two
distinct  eigenfunctions ¢m(x) and ¢n(x)
corresponding to eigenvalues Am and An, respectively:

Ll¢pm] = Amw(x)pm, L[¢pn] = Anw(x)¢n

Multiply the first equation by ¢n and the second by
¢m, then subtract:

¢nL[¢pm] — pmL[pn] = (Am — An)w(x)pmepn
Integrating over [a, b]:
b
f (Am — An)w(x)pm(x)pn(x)dx =0

Since Am # An, it follows that:

fbw(x)(j)m(x)dm(x)dx =0

Thus, eigenfunctions are orthogonal under the weight
function w(x).

Step 2: Expansion Validity & Completeness

Given f(x) in L"2([a, b], w(x)), express it as:

fG) = Sengn(x)
n=1
where:

n = fab f)Pn(x)w(x)dx
fab Ppn?(x)w(x)dx

Applying Parseval’s identity, it ensures that the
expansion is complete, meaning any function in the
space can be approximated within a given error bound.

4.4 Corollary: Convergence of Eigenfunction
Expansions

Statement: If f(x) is a function in L*2([a, b], w(x)),
then its eigenfunction expansion:

(oo}

) = engn(x)

n=1

converges uniformly, provided f(x) satisfies necessary
smoothness and boundary conditions.

Proof Outline:

1. Define the residual error:

Ry(x) = f() = ) cnn(x)

2. Show that Rn(x) tends to zero uniformly as N—co.
3. Use Bessel’s inequality and Parseval’s theorem to
establish convergence conditions.

4.5 Corollary: Orthogonality of Eigenfunctions
Statement: If ¢m(x) and ¢n(x) are distinct
eigenfunctions corresponding to eigen values Am and An,
then:

b
J- wx)pm(x)pn(x)dx = 0,m #n
a
Proof: Since L[¢m] = Amw(x)¢pm and L[¢n] =
Anw (x)¢n, multiplying by ¢n and ¢m respectively,
then subtracting:

¢nL{pm] — ¢mL[pn] = (Am — An)w(x)pm

Integrating over [a, b]:

J-b(/lm — n)wx)pm(x)pn(x)dx =0

Since Am # An, the eigenfunctions are orthogonal
under the weight function w(x).
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These theorems jointly establish the validity of
eigenfunction expansions in second-order differential
equations. They ensure orthogonality, completeness,
and convergence, rendering eigenfunction expansions a
formidable mathematical instrument for addressing
intricate boundary issues in physics and engineering.

4.6 Importance of Eigenfunction Expansions

Eigenfunction expansions are fundamental in solving
physical and engineering problems, particularly in:

1. Quantum Mechanics (Solving Schrodinger’s
equation).

2. Heat Conduction & Diffusion Problems (Fourier
series solutions).

3. Vibrations & Acoustics (Modelling string
oscillations and wave propagation).

4. Electromagnetic Theory (Solving Maxwell’s
equations in bounded regions).

5. Fluid Dynamics & Elasticity (Wave equations and
flow problems).

These expansions enable spectral decomposition,
allowing complex problems to be represented as
simpler independent components.

5. CONCLUSION

Eigenfunction expansions are a potent mathematical
instrument for resolving second-order differential
equations, especially in boundary value problems and
spectral analysis. Within the framework of Sturm-
Liouville theory, self-adjoint operators provide discrete
eigenvalues and orthogonal eigenfunctions,
establishing a comprehensive basis for function
representation. This study validates the existence,
orthogonality, and completeness of eigenfunction
expansions, allowing differential equations to be
represented as infinite series with clearly defined
convergence characteristics. The interaction between
boundary conditions and weight functions profoundly
affects eigenfunction behavior, guaranteeing their
relevance in wave mechanics, heat conduction, fluid
dynamics, and quantum theory. Demonstrating the
essential features and convergence criteria renders
eigenfunction expansions vital in scientific modeling,

computer analysis, and engineering solutions. Future
research may investigate extensions to non-linear
differential systems, higher-dimensional eigenfunction
spaces, and numerical optimization techniques to
enhance eigenfunction-based algorithms.

REFFERENCES

[1]  Papanicolaou, N. C., & Christov, I. C. (2024).
Sixth-order parabolic equation on an interval;
Eigenfunction expansion, Green’s function,
and intermediate asymptotics for a finite thin
film with elastic resistance. ResearchGate,
01(21).

[21 Ceylan, T. (2024). Intuitionistic fuzzy
eigenvalue problem. An International Journal
of Optimization and Control: Theories &
Applications, 14(3), 220-228.
https://doi.org/10.11121/ijocta.1471

[3] Qin, X., Jiang, Z., & Yan, C. (2024). Strong
stability preserving two-derivative two-step
Runge-Kutta methods. Mathematics,
12(2465).
https://doi.org/10.3390/math12162465

[4] Bolat, Y., Gevge, soglu, M., & Chatzarakis, G.
E. (2024). On the qualitative analysis of
solutions of two fractional-order fractional
differential equations. Mathematics,
12(2435).
https://doi.org/10.3390/math12162435

[5] Kadrov, V., Malykh, M., & Zorin, A. (2024).
On the selection of weights for difference
schemes to approximate systems of
differential equations. Mathematics,
12(2287).
https://doi.org/10.3390/math12142287

[6] Abdelnaser, A., & Moaaz, O. (2023).
Oscillation test for second-order differential
equations with several delays. MDPI, 1(13).

[71 Li, H., & Guo, Y. (2023). Study on the multi-
point boundary value problem for second-
order nonlinear impulsive integro-differential
equation. Hindawi, 1(15).

[8] Salim, S. S. (2022). By Adomian
decomposition method solving the second-
order ordinary differential equation with
singular points. 1JRSR, 1247(1250).

IJIRT 179109 INTERNATIONAL JOURNAL OF INNOVATIVE RESEARCH IN TECHNOLOGY 6851



© May 2025| JIRT | Volume 11 Issue 12 | ISSN: 2349-6002

[91 Mahata, G., Raut, D. S., Parida, C., Baral, S.,
& Mandang, S. (2022). Application of first-
order differential equations. ISSN, 23(33).

[10] lonescu, C., & Constantinescu, R. (2022).
Solving nonlinear second-order differential
equations through the attached flow method.
MDPI, 1(14).

IJIRT 179109 INTERNATIONAL JOURNAL OF INNOVATIVE RESEARCH IN TECHNOLOGY 6852



