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Abstract: Integral transforms are a critical class of
mathematical techniques used to simplify and solve
complex problems in a wide range of engineering and
scientific disciplines. The Laplace Transform, which
converts differential equations into algebraic equations
in the complex frequency domain, is especially useful for
solving initial value problems (IVPs). It is widely used in
control theory, signal processing, electronics, and
mechanical systems, where systems are modeled by
ordinary differential equations (ODESs). This transform
is particularly effective for analyzing the behavior of
dynamic systems, such as electrical circuits, vibrations,
and systems governed by transient conditions.

The Sumudu Transform is an emerging alternative that,
like the Laplace transform, can convert complex
differential equations into simpler forms for easier
solving. However, it offers distinct advantages in certain
problem scenarios: Effective for Boundary Value
Problems, Applications in Control Theory and Electrical
Engineering, Efficiency in Numerical solutions.

The present paper gives the various testing function
spaces which are the backbone of distribution theory.
And by using these testing function spaces we have
described the operation transform formulae of Sumudu-
Laplace transform which will be useful for solving
various differential and integral equations.
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I INTRODUCTION

Sumudu and Laplace transform showed their
remarkable impact in the field of sciences and
engineering. Sumudu transform has its application
in signal processing, heat transfer, Fluid dynamics
[1]. Vashi J. and M G Timol had discussed the
application of Sumudu and Laplace transform in the
area of physics followed by the application to
electric circuit [14]. Osman M. and Bashir M.A
presented solution of partial differential equation
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with variable coefficients using double Sumudu
transform [4]. Watugala, G. presented applied
Sumudu transform to solve differential equations
and control engineering problems [5].

Inderdeep Singh, Nizamul

Haque Ansari, Gurpreet Singh had applied Sumudu
Transform technique for solving partial differential
equation arising in liquid drop pattern [6]. Laplace
Transform already proved its phenomenal
application in various field such as mathematical
sciences, physics, Engineering problems, as this
transform is effectively used to solve ordinary
differential equations, Partial differential equation,
integro-differential equation and many more.

In our previous papers we have introduced a
combination of Sumudu and Laplace transform and
as Combining Sumudu and Laplace transform is a
great tool for solving differential equation, fractional
differential equation in various field, serving
Computer friendly approach while studying
Viscoelasticity, diffusion and more.

In the present paper, Various testing function are
described in section 2. In section 3, definition of
distributional ~ Sumudu-Laplace Transform is

B

defined. Operators on the space SL . , is defined

and Shifting and Scaling property for Sumudu
Transform are proved in the section 4, Shifting and
scaling property for Laplace transform is proved in
section 5, Some theorems on Differential operator
are proved in section 6, Some results on differential
operator are proved in section 7, Lastly Conclusion
are given in Section 8.

Notations and terminologies are as per Zemanian
[11], [12].
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I TESTING FUNCTION SPACES FOR
SUMUDU-LAPLACE TRANSFORM:

2.1. THE SPACE SL, .,

Let | betheopensetin R, x R, and E, denotes
the class of infinitely differentiable function defined

on |, the space SL, . , isgiven by,

Slavc.a ={#1 BB Voo qr #(X2)=

sup
O<x<o
O<z<oo

Ka,b(x) Kc,d (Z)D:( Dg ¢(X’ z)|SCIqAaaaa

Where the constants A and CIq depend on the

testing function ¢ .

e 0<x<w
Also, where K b(X): and
a, bx
e, —o<x<0
e, 0<x<w
ch (Z)= are the kernels
) dz
e, —o<x<0

for testing function space of Sumudu and Laplace
Transform respectively.

2.2. THE SPACE SL:

The Space SL’fw is given by,

U~ {9:6€E. 10, 6(01)-

sup
0<x<o
0<z<w

Ka,b(x) Kc,d (Z)DJ(D;q ¢(X’ Z)| SCaq Blllﬂ

Where the constants B and Caq depend on the

testing function ¢ .

2.3. THE SPACE SL?

aca

The Space SLE s given by,

ac,a

S, ={¢:0€E [ p,oqid(x2) =

sup
0<x<o
0<z<w

Kap (X)Keq (2) DD 6(x, 2)| < CA*a*“B'I"
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2.4. THE SPACE SL,.,

The space SLa,c,}/ is given by,

Slac, ={#:1#E. /& 1 #(x2)=

sup
0<x<00
0<z<oo

Ka,b(x) Kc,d (Z)D>I< Dg ¢(X’ Z)| SCal Aqqq;/

Following the order of the above spaces, we have
now defined the subspaces of each of the above
spaces, which are used for defining the strict
inductive limits of these spaces.

2.5. THE SPACE SLy cam

The space SL, ¢ , n is given by,

SLa,c,o:,m ={¢:¢E E+ /7/a,c,q,l ¢(X’ Z):

sup
0<x<o
0<z<®

Ka,b (X) Kc,d (Z) D>|< D? ¢(X, Z)‘ < C|q5(m +5)aaaa
forany ¢ > 0, where ‘m’ is the constant depending
on the function ¢ .

2.6. THE SPACE SLE™

The Space SLﬁf is given by

SLg:T; :{¢:¢E E+ /Ua,c,q,l ¢(X’ Z):

sup
0<x<oo
O<z<wo

Ka,b(x) Kc‘d (Z)D:(Dg ¢(X, Z)|Scaqg (n+‘9)|||ﬂ

forany & > 0, where ‘n’ is the constant depending
on the function ¢ .

2.7. THE SPACE SLA™

acam

The Space is defined by combining the conditions
2.5and 2.6 as,

Sngr(]:,a,m ={¢¢E E+ /pa’C’qJ ¢(X, Z)=

sup
0<x<eo
0<z<w

Kap (X) K g (2)DyDF ¢(x, z)‘ <C,(m+6)*(n+s) a®?1"”
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for any 0>0, &>0, and for given
m>0and n>0.

2.8. THE SPACE SL,.,,

The space SL, ¢, p, IS given by,

SLac,yp :{¢Z¢e E, /é:a,c,q,l ¢(X’ Z):

sup
0<x<o
0<z<oo

Ko (X)Keq (2) Dy DY ¢(x,2)| <Cy, (p+1)°Q%

forany r >0, where ‘p’ is the constant depending
on the function ¢ .

Analogous to the spaces 2.1, 2.2. 2.3, and 2.4 we
have defined the spaces of the functions which have

domain |, . These spaces are called negative spaces.
2.9. THE SPACE S” La' ca

The Space S”L, ., isgiven by

(24

SLI;,c,a :{¢:¢€ E—/iavcvq'| ¢(X, Z):

sup
—0<X<0
O<z<o

Kap (—X) K4 (2) DiDY ¢(x, z)| <C, A%

The smooth function ¢ (X, ) defined on 1, is in
S'Lycy. it ¢°(X2)=¢(-x,2) is in
SL

a,C,a”

2.10. THE SPACE S"LY

The Space S”LZ _ is given by,

a,C

SULgic :{¢:¢e E_/ ja,c,q,l ¢(X’ Z):

sup
—o0<X<0
0<z<o0

Ka,b (_X) Kc,d (Z) D:(Dg ¢(X‘ Z)| SCanIIIIB

2.11. THE SPACE SYL/

a,C,a

Combining the conditions of 2.9 and 2.10 we get the
space
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S e ={#10€E [ty g1 #(x2)=

sup
—00<x<0
O<z<o

Ka,b (—X) Kc,d (Z)DLD;’1 ¢(X, Z)‘ <C AaaaaBllw

Where the constants A, B, C depend on the testing
function ¢@.

2.12. THE SPACE S°L,

The Space S”L, ., isgiven by

4

L., ={#:0€E [ A qib(x2)=

Oil)zlgzo |Ka,b (X) Kc,d (_Z) D>I< Dg ¢(X' Z)| s Cal Aqqqy
—00<2<0

Unless specified otherwise, the spaces introduced in
2.1 through 2.12 will henceforth be considered
equipped with their natural Hausdorff locally
convex topologies to be denoted respectively by

Ta,c,a’ Tafu Ta/,gc,a’ Ta,c,yv Ta,c,a,ml Tefénl
Ta"?é,na,m! Ta,c,y,p! TaU,c,a'

TS TUB  and TV

ac ' 'acCa a.c,y:

These topologies are respectively generated by the
total families of semi norms.

Vasar) (acar): Pacar) {Gasar:
Vasar) {acarf {Pasan) {Gacan:

acar| - Uacar) Pacar] 9 {Zacar)

111 DISTRIBUTIONAL GENERALIZED
SUMUDU-LAPLACE TRANSFORM (SLT)

For f (X, Z) eSL” where SL” is the

a,Cc,a’? a,C,a
dual space of FL’ZYC'a . It contains all distributions of
compact support. The distributional Sumudu-
Laplace transform is a function of f(X, Z) is
defined as,
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SL{f(x z)}=F(k, s):<f (x,2), ¢(x, z,k, s)>
3.1)

X
A
k

where ¢(X, z, k, s):%e_[ j and for each

fixed X(0<x<w), z(0<z<o). Also

k>0 s>0. The right-hand side of (3.1) has a
sense as an application of f (X, Z) eSL” to

a,C,a
#(x z,k,s)eSLs

a,C,a’

IV OPERATORS ON THE SPACE SL?

a,C,a

4.1 Proposition: (Shifting Property for Sumudu
Transform)

If ¢(x z)eSLs

acqand & is any fixed real

number then ¢(x+&,2)eSLE ., X+E>0
and ¢(x+¢&,2)eS"LL ., x+&E<O0.

Proof: Consider,

pa,c,q,l ¢(X+§’ Z):
sup ‘Ka,b (X) Kc,d (Z) D>I<qu ¢(X+§’ Z)‘
|

:sup‘ e™ e D} DY g(x+¢, z)‘
|

:sup‘ ea(X-5) o2 D)'(. D] ¢(x', z)‘
I

where X+§=X’:>X=X'f§

<CA*a**B'l'?
Thus, @(x+&,2)eSLL, ,, for x+&>0
Similarly, it can be show that
¢(x+&,2)eS"LL ., x+&E<O.

4.2 Proposition:

The Translation (Shifting) operator
& ¢(X, Z) - ¢(X+§, Z) is a topological

automorphism on SLfyC]a for x+¢& >0 and itis

a topological
sL/ . onto S"LY

a,C,a a,C,a

isomorphism from
for x+&£<0.
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4.3 Proposition: (Scaling property for Sumudu
Transform)

If ¢(x,2)e SL? _  and p >0, strictly positive

a,C,a

number then ¢( pX, Z) es’?

a,C,a’

Proof: Consider

Pacar #(PX 2)=5Up Ky, (X)Ke g (2) DD 6(px. 2)

:sup‘ e™ e D} DY ¢( px, z)‘
|

Put px= X .'.x=£

=sup e? o Dy DI ¢(X,z)
|
=M sup‘ e e D} DY ¢(X, z)‘ ,
|

where M is a constant depending on p.
<M C A*a**B'I'
<C'A*a®*B'l"’ ,where C'=MC

Thus, ¢(px,z)eSL: ., p>0

4.4 Proposition:

If $(x,2)eSLL

a,C,a

and p > Othen the
scaling operator R: SL? . — SL? . defined

a,C,a a,C,a

by Rg =, where y(X,2) =@(px,z)isa
topological auto morphism.

V. SHIFTING AND SCALING PROPERTY FOR
LAPLACE TRANSFORM.

5.1. Proposition: (Shifting property for Laplace
Transform)

It ¢(x,z)eSLs

a.c.c and 7 is any fixed real

number then ¢(X,Z+77)€SL§‘C,0!, z+n>0
and ¢5(X, Z+77)GSVL§C1“, z+n<0.

Proof: Consider,

pa,c,q,l ¢(X’ z +77) =
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Slilp ‘Ka,b (X) Kc,d (Z) D>I<qu ¢(X’ Z+77)‘
:sup‘ e™ ¢ D! DY ¢(x,z+77)‘
|

=Slljp‘ e e p! DI ¢(x, z')‘

’

where z+n=2" .z=2"—n
<CA%a**B'l'’

Thus, #(x, z+7n)eSLL . ,, for z+7>0

Similarly, it can be show that

$(x,z+n)eS'L,,, 2+7<0.

5.2 Proposition: The Translation (Shifting) operator
(X, 2)>P(X,z+n) is a topological
automorphism on Sl—g,c,a for z+7 >0 and itis
a topological

SL? . onto S'LZ

a,C,a a,C,a

isomorphism from
for z+7<0.

5.3 Proposition: (Scaling property for Laplace
Transform)

If (X, z)eSLs

a.c. and p >0, strictly positive

number then ¢ (X, pZ) e S/

a,C,a’

Proof: Consider

pa,c,q.l ¢(X’ pZ)=
SlIJp ‘Ka,b (¥)Keq (2) DD ¢(x, pz)‘

:Sl.llp‘ e™ e D} DY ¢(x, pz)‘
Putpz=2 .'.z:E
=sup| e r Dy DY ¢(x,2)
:NSlIJp‘ e™ e D} DY ¢(x, Z)‘ :
where N is a constant depending on p.

< NC A*a?*B'l'/
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<C'A%a?“B'l'” where C'=NC
Thus, ¢(X, pz)eSLL . ,, p>0.

5.4 Proposition:

It ¢(x,2z)eSLL

a,C,a

and p>0

then the
scaling operator R SLg,c,a — SLfycya defined

by R¢=w,where w(x,z) =¢(x,pz) is a
topological auto morphism.

5.5 Proposition:

If $(x,2)eSLL

a,C,a

and &and 7 are any fixed

real number then
¢(x+& z2+n)eSLs

a,C,a !
also
p(x+& 2+7n)€ SVng, x+&<0and z+7<0.

Proof:- Proof is simple, hence omitted.

5.6 Proposition:

If ¢(x,2)eSLE

a.c.o and p >0, strictly positive

number then ¢( px, qz)e SLY . .
Proof:- Proof is simple, hence omitted.
VI. DIFFERENTIAL OPERATOR S-TYPE

6.1 Theorem:-

The operator ¢(X, z) — D, ¢(X, z) is defined

B

on the space SLy . , and the transforms this space

into itself.
Proof: Let ¢(X, Z) e S’

If D, #(X, 2)=w(X,2), we have
pa,c,q,l l//(X! Z)=
SLIJp ‘Ka,b(x) Kc,d (Z)D>I<qu ‘//(Xa Z)‘
:sup‘ e®™ ¢ D) DY DX¢(x,z)‘

|

=sup‘ e™ e DIt DY ¢(x,z)‘
|
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< C AaaaaBHl (I +l)(|+1)ﬂ

w(x,z)eSL: ., ie D,¢(x 2)eSLL

a,C,a

Or
pa,c,q,l (Dx¢(xv Z)) = pa,c,q‘l+l<¢(x7 Z)), a,C,q,I € NO

6.2 Theorem

The operator ¢(X, z) — D, ¢(x, z) is defined

on the space SL, ., and the transforms this space

into itself.

Proof: Let ¢(x,z)eSL, .,
It D, ¢(x 2) =y (x.2)
We have, &, .. ¥ (X 2)=

sup ‘Ka,b(x) Keq (2) DD w(x, Z)‘
|
:sup‘ e e D} DY D,g(x, z)‘
|

zsup‘ e o2 DI Dq+1 ¢(X Z)‘
[

<C, AT (q+D)7,
a,qg,1=012,.....

Therefore, w/(X,2) €SL, ., i.e
D,¢(x z)eSL, .,

éa,c,q,l DZ ¢(X’ Z) = éa,c,qﬂ,l ¢(X’ Z)

Note that some operators can be defined for the
space SL, .,
6.3 Proposition:

The Differential operator S-type
S: ¢(X Z)—) D ¢(X, Z) is a topological auto

morphism on SLa -

6.4 Proposition:

The Differential operator L-type
L:¢(x,2)—> D, (X, 2) is a topological auto

morphismon SL,
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VII. RESULTS ON DIFFERENTIAL OPERATOR

D
7.1 Theorem:
For m=(m;,m,) where m;, m, =0,1,2..... | If
$(x,2)eSLL, , | then w(x 2)eSLL .,

where,y(X,2) =D" ¢(X, z).  Further  the
mapping A =D"¢: ¢ —> y isone-one, linear and

continuous.

Proof: For y(x,2) € SL?

a,C,a

Pacaql W(X’ Z) =Sl'ljp ‘Ka,b (X) Kc,d (Z)Dng W(X’ Z)‘

:sup‘ e™ e D} DY /(x, z)‘
|

:sup‘ e e D} DY D"g(x, )‘ ,
|

where, m=(m;,m,) =(L1)
=sup‘ X o2 DI+1 Dq+1 ¢(X,Z)‘
[

<CA%a?*B''” (7.1.1)

Thus (X, Z)eSLgca
$(x 2)eSs

a,C,a -

if

It is obviously linear.

It is injective for, if D"@¢=0 then
¢ =C =Constant.

If C=0 then =0 and D is injective. But if
C # 0 then

sup‘eaX e D) DY C‘ sup‘eax e C‘
|
for I1=q=0.

As the right-hand side is not bounded, we conclude
that #(X, 2)&SLE .,

Which is a contradiction.
Hence 'C ' must be zero and therefore ¢ =0.

For continuity we observe from equation (7.1.1)
that,
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Pacal D"¢(x, z)<M Pacal $(x, 2),

where M is some constant. Thus, the theorem is
proved.

7.2 Theorem

For o e€R and ¢(X Z)eSLﬁ

a,C-o,a !

E(¢)=v(x.2)=e "¢(x,2) eSL;,.

Proof: Let ¢(X, Z) e S’

a,C—o,x
Consider, p,.q V(X 2)=
S‘IJp ‘Ka,b (X)K;q(2) DxDf w(x, Z)‘

—sup| e® e D! DY ://(x,z)‘

=sup e™ ¢ D! DY g ¢(x,z)‘

=sup e ()2 p! DY ¢(x,z)‘

< CA%a?“Bl'#

Thus y(x,2) € SLY ., if @(X,z) e SLY

a,C—o,a "’

In the view of this Proposition, we have the
exponential multiplier operator

B s ; ;
E:SLy oo >Slic, is a topological
isomorphism.

7.3 Theorem

a-7,C,a’

E(#) =y (x2)=e"p(x,2)eSL;,.

For 7 €R and ¢(x,z)eSLL

Proof: Let ¢(X, Z) eSL?

a—-7,C,a’

Consider,

Pacql '//(X’ Z Sup‘Kab(X) ch( )D Dq l//(X 4c0ntrol

:sup‘ e™ e D} DY y(x, z)‘
|

:sup‘ e™ ¢ D) DY e ™ p(x, z)‘
|
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—sup‘ (a-7)X R DI Dq ¢( )‘

<CA%a?*B'l'#

Thus y(x,2) € SLs _  if P(X, Z)eSLﬁ

a-7,C,a*

In the view of this Proposition, we have the
exponential multiplier operator

E:sL? rea —>SLA. ., is a topological
isomorphism.

VIIl. CONCLUSIONS

Testing function space is the backbone of
distribution theory. So, we described various testing
function spaces. In this paper, the shifting and
Scaling Property of Sumudu & Laplace transform
are described, some results on differential operator
are proved with the help of testing function space.
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