© May 2025 | JIRT | Volume 11 Issue 12 | ISSN: 2349-6002

Pratham Prasad’s Approach to Evaluate a
Binoharmonic Series of Weight 5

Pratham Prasad

Abstract-This research explores a remarkable infinite
series identity involving harmonic numbers, binomial
coefficients, Riemann zeta functions, polylogarithmic
functions, and logarithmic powers. The convergence and
structure of such expressions reveal deep connections
between discrete summation, analytic continuations, and
special functions. Through rigorous derivation,
transformation techniques, and analytic evaluation, the
paper uncovers closed-form representations of complex
series that traditionally resist simplification. The
resulting identity not only enriches the theoretical
understanding of nested series but also provides elegant
pathways for future exploration in transcendental
number theory, multiple zeta values (MZzZVs), and
mathematical constants. Such results are instrumental
in deepening the mathematical framework behind
quantum field theory, computational number theory,
and symbolic algebra systems.

I.INTRODUCTION

Infinite series have long captivated mathematicians
due to their ability to encode complex behaviors and
relationships in  compact, elegant expressions.
Among these, series involving harmonic humbersHy

, binomial coefficients (znn) and powers of natural

numbers often appear in the realms of
combinatorics, number theory, and mathematical
physics. Their evaluations frequently involve special
constants like the Riemann zeta function

{(s), polylogarithmic functionsLigz(x) and iterated

logarithms

This paper presents a profound identity:
i = —3—1((5) +3¢(2)¢(3) + 16Lis (1)
L ps (Zkk) 2 2

+2In(2)¢(4) + ?ITF(Z) 7(2)

2
— 5
15ln 2)

This identity embodies a rich interplay between
combinatorial summation and deep analytic
functions.

We begin by examining the convergence of the
series and apply symbolic manipulation, integral
transforms, and generating function techniques to
derive the closed form. The components on the right
hand side particularly the zeta and polylogarithmic
terms—highlight the surprising precision with
which such seemingly chaotic series collapse into
beautiful mathematical constants. Our exploration
contributes not just to the aesthetic domain of
mathematical beauty, but also offers practical utility
in analytical computations and the simplification of
constants in theoretical physics and high precision
algorithms. The techniques employed here pave the
way for generalizations and further studies in special
function theory and series acceleration methods.

11.SOME IMPORTANT RESULTS

1
We know, In(1+ix) = Eln(l + x2) + i arctan(x)

Raising to 4th power
and taking real part
=

1 3
R{In*(1 + ix)} = Eln‘*(l +x2) — 2 In?(1 + x?) arctan®(x) + arctan*(x)

1 2 2
n2(1 + x?) arctan®(x) = ﬁln“(l + x2) — giﬁ’{ln“(l +ix)} + garctan“(x) — (1

1
I{n*(1 +ix)} = Eln3(1 + x2) arctan(x) — 2 arctan®(x) In(1 + x?)

|ln3(1 + x2) arctan(x) = 23{In*(1 + ix)} + 4 arctan3(x) In(1 + x2)| -2

From [2, pp. 331-333]
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= 2arcsin?(x)| —(3)

4k 2k
2

2.

=1

x
Zkk )

From [1, pp. 107-109]

3 4°HP 3 4
Ez K x2k Ez x% = arcsin*(x)| — (4)

M. SOME INTEGRAL RESULTS TO BE USE LATER

T

I = J-E In(sin(x)) In?(cos(x)) dx

= ! im 6—3fgsin2m‘1(x) cos? (x) dx
8 1 dmon? J

_1, 0 (rmre)
a 16,,5:”%6m6n2 I'(m+n)

n—>1
2

1 9% (rmrI(n)
16 n? (m) (p©@m) —y©m+m)

‘I‘L—>1
2

:%ﬁﬁgigﬁigb<@®“”‘W“ﬁ+"ﬂ@@mo—WWm+m)—@ﬂmn+m»

n—>1
2

= —ium
16 ot

2

1

.
>z

1r(%%%%X@®m%w@m+wMW%m—wwmwﬂz
~ (O +m) (WO - PO m+n)
+ (@) -y Om+m) (YO - O m +n))

—w®MHmKWWm—WWm+m}{WWm+mD

1
=7 (—8 m3(2) +2n(2) {(2) + (-2 In(2))(2¢(2)) - (@) (-2 In(2)) + 2((3))

= 1—16ﬂ(—8 m3(2) + 2¢(3))
@3 mw ,
= 3 - E In (2)
I, = IE In(sin(x)) In?(cos(x)) dx = %(3) —gln3 )

I, = fix In3(tan(x)) dx

T

= fEx In3(tan(x)) dx

x-arctan (x)
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1+ x?

® arctan(x) In3(x)
= f dx
0

1+x

_f°°ln3(x)J' R
)y 1+x2 1+ x% y? )

J‘fwlrﬁ(x) x dxd
14+ x21 4+ x2y2 xaey
xZ-x

1 J‘lf“’lrﬁ(x) 1 dxd
“16), by Trx 1+ 02 Y

xy X

dxd
16J-f x+y 1+xy xay

x—»—
@ In3(x 1
fj W) 1 d
1+xy x+y

adding the last 2 versions of 12 j f ln (xJ’)
(x + y)(l + xy)

<) 3
= J- n”(x )(arctan(x))dx
0

dx dy

1 2 3
L = _if j 31n(y) In*(x) + In*(y) dx dy

(x + y)(l + xy)
- _iflflln(y) In?(x) +ln3(;v) f j""ln(y) In?(x) + In®(y)
z (x +y)(1 +xy) (x +y)(1 +xy)

_,_

_ 3 1ln(y)lnz(x)+ln3(y) 1 tin(y) In® (x)+ln3(y)
l2 = ff Grndta) XY ff G+ A+ )

_ 1 Lyln(y) [ (13 n2(x) + In%(y) B 3In%(x) + In?(y)
= 8f0 1—y2(L ety j (1 +xy) d’“)dy

& :_§f11ln_(y) ( 1(131(3;))‘1 )dy_éjolln (y)( (x+y)dx>dy
[ o [ [ L)
12=Zfolll”_(yy)2<u3( i)d 5 12w+ —monar -3 [ 2 i)y
+%f01 1_3(;2) (In(1 + y) )dy
I, = Zfl 1171_(3;)2 (Li3 (— %) - Li3(—y)> dy + %fol llni(;'z dy
b2 [ P2 (G0 + cormo)ay+g [ 1Dy

Lt (y) ")
=3[ TR0+ [ 1D

i( @[ yrioray+3 [y into) o)

dx dy

dx dy
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ADNRE @n : E %(anf i)

n=0

L =;((2);<m)+62(ﬁ)

_3 7 n3=(1) c
I, —55(2) (§5(3)>+6<§(( ))

1_93 . 21 2¢(3
Z—Ef( )+E(( )¢(3)

5 93 21
I, = f x In3(tan(x)) dx = E((S) + E((Z)(G)
0

I = J-Eln3(sin(x)) dx

= 1 lim a—3f72_rsinz’"‘1(x) cos? 1(x) dx
8midm? J,

1. 8% (Tm)I'(n)
_1_6,,5_,m%m<1“(m+n)>

n-=-
2

1 9% (T(m'(n)
16,,51%6m2 r'(m+mn)
1

n->
2

1.9 r(m)rn)
B Enﬁn%%(l"(m+n)

XWWM—wwmﬂw

X@@mrw@m+mf+@®mrwmm+mn

n—»l
2

1 y r(m)rn)
_1_6,,§1r§<1’(m+n)

.
>z

)«w@mﬂ—w@0n+wf

+3@mmrwmm+mXWWm—wwmw®+@mmrw@m+mﬁ

1
= 2 @ ((~2n(@)* +3(2{ () (-2 n(2)) + (-12(3)))

e - n@ -t
=@ - -

8

5 ] 3m 3 T
I; = f n3(sin(x)) dx = —T((S) ——1In(2) - Eln3(2)

I, = fz x In®(cos(x)) dx
0

T

I, = flen3(cos(x)) dx

tan(x)—-x
1 (*arctan(x) n3(1 + x?)
=—= dx
8/, 1+x?

Using (2)
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8

1 f‘” 23{In*(1 + ix)} + 4 arctan®(x) In(1 + x2) p
0 1+x? *

4 1+ x2 2 1+ x2

arctan(x)-x

1
——,
1+ix

X

1 (J""’ In*(1 + ix) \ 1 (®arctan®(x) In(1 + x?)
= — —S i —dx} - _f dx
0 0

- 13 'flw(x)d +f3l( d
= 4J101_2xx 0x n(cosx) dx

1 5 (=¥ cos(2kx)
= —=3{i12Lis(2 -m@) -y —2 20 g
4J{l is( )}+J; x ( n(2) ; - > X
1 4 o (-1 [z
= —ZSR{12LL'5(2)} —Z—41n(2) - ;(T)fo x3 cos(2kx) dx

1 4

= — 9 f12 (1is () + 2@ ) + 510 @U@ — 5 @) ~ 5 D))} - 2 in(@)
T4 >\2 3 120 24 64
o (—1)F (3(n2k? — 2) cos(mk) 3
_; k ( 16k* +W)
3w (M2k? —2) 3v= (=1

. (1 1 mt
= _3Lig (E) ~ 61n(2) {(8) — (Y2 + 55 9(2) — = In(2) — =

8 kS

k=1

1 ; 1 o 3 3, 15
— —3Li (E) = 61n(2) () ~ P 2)(2) + 75 9(2) — 2 In(2) = £ (T(3) = 24(5)) ‘§(m)

s

I, = f ? ¢ In3(cos(x)) dx = —3Li (l>—ln3(2){(2)+iln5(2)—gln(2) (4
A S\2 40 32

9 N 93 c
N HOMORE=O)

s

Is = jgx In(sin(x)) In?(cos(x)) dx
0

= % fgx In(sin(x)) in?(cos(x)) dx + ng In(cos(x)) In?(sin(x)) dx
0 0

x-T—x
2

+1 jgx In(sin(x)) In?(cos(x)) dx — JEx In(cos(x)) In?(sin(x)) dx
2\ Jo 0

T

1

=5 (fgx In(sin(x)) In?(cos(x)) dx + jE (g - x) In(sin(x)) In?(cos(x)) dx)
0 0

+1<f3x [ 3in(sin(x)) In?(cos(x)) — 3 in(cos(x)) in?(sin(x))] dx>

6
3ab2-3a2b=(a—b)3-a3+b3
1

= E(f;gln(sin(x)) In?(cos(x)) dx)

+%<f5x[(ln(sin (%)) — In(cos (x)))3 — In3(sin(x)) + ln3(COS(x)]dx>

I, = %(11) +%<[Ex[ln3 (tan(x)) — In3(sin(x)) + In3 (cos(x)]dx)
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o 1 2 3 2 3, 2 3
Z(Il) +E J; x In®(tan(x)) dx—f x In°(sin(x)) dx+f x In?(cos(x)) dx

0 0

T
I xo5-X Is

T

= %(11) + %(12 — fOE (g - x) In3(cos(x)) dx + 14>

—E(I)+1 I —Ef;_rlrﬁ(cos(x))dx+f§xln3(cos(x))dx+1
T4 e\ P 2, *

0

T 1 T % g
= Z(Il) + g I, — Ef n3(cos(x)) dx + f x In3(cos(x)) dx + 1,
0

0

T I
x—);—x 4

T+ ”fﬂ' dx + 21
=) +g| = [ eime) dx-+ 21,

I3

—nl 11 T I 11
—1(1)4'5(2)—5(3)4‘5(4)

n(n{(3) m 1/93 21 © [ 31 3 -
=Z< 5 5l (2)>+—<—((5)+—((2)((3)>——<——((3)__ln(z)__ln (2)>

;( 3Lis (3) - @@ + 35 In°(2) — 2 ()W) 2 2)3) +ﬁc(s>>

s

I = jzx In(sin(x)) In?(cos(x)) dx

0

—L'1 1555 1323 In(2){(4 In°(2)¢(2 In5(2
= 115 (3) + 1o C5) + 53 DXB) — 52 ML) ~ 2 @) + 35 (D)

T

Iy = J‘Ecot(x) In?(cos(x) ) dx
0

Iy = J‘Ecot(x) In?(cos(x) ) dx
0

cos (x)-Vx
J‘lln (x)
le=g) 1-x¢

Iy = gz <j0 x™ In?(x) dx)
n=0

Iy = f cot(x) In?(cos(x) ) dx = %((3)

I, = szz csc?(x) In?(cos(x)) dx
0

T

fixz csc?(x) In?(cos(x)) dx

tan(x)-x
1 J“’ arctan®(x) In®>(1 + x?) J
4, x? X
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1 (®In*(1+x?) 1 [ arctan*(x) 1 ®In*(1 + ix)
=— 7dx+—f e i —-% f S T ax
96 J, x? 6J, x? o x?
A B C

1 1 1
I; = %(A) + E(B) —E‘R{(C)}

@ In*(1 + x?
A:f #dx
0 x

x-tan(x)

=16 J-Eln‘*(cos(x)) csc?(x) dx
0

= 16J-Eln4(cos(x)) d(cot(x))
0

! z
- 64] In3(cos(x)) dx
0

BE

X—?TE X
2

= —64 jE In3(sin(x)) dx
0

I3

= —64(l;3)
et (=3 — i)~ E 2
— ot (- e - - Jw@)

= 481 (3) + 87 In(2) + 321 In3(2)

]

@ n*(1 + x?
%dx = 481{(3) + 8m3 In(2) + 321 In3(2)

X

applying

® arctan®*(x)
0 x

arctan(x)-x

= f2x4cscz(x) dx
0

NIE]

—f 4x3 cot(x) dx
0

~

BP

2 -12 fzxz In(sin(x)) dx
0

fourier of In(sinx) g = (2kx)
“ _12j x2<—ln(2)—2cos " )dx
0

k=1

w3 1 (7
= 7111 (2) +12 Z Ef x2%(cos(2kx)) dx
k=1 0

n

o (—D*
= 7171 (2) + 37'[27

k=1

- %3111(2) —3r (% 5(3)>

_1T3l ) or 3
=3 n( )—Tf()

B_f""arctan“(x)d _n3l 5 9 3
=) " x=- n(2) 7 {(3)
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®In*(1 + ix
o[,
0 x
1
el In*(x)
L X
o (1—x)2

1+lx acd
Z f 1 n*(x) dx

n=1

@ In* 1+lx
C:f ( )
0

dx = i24¢(4)

1_148 3 813 In(2 32w In3(2 17T312 97‘[3 193'24-4-
7—%( w{(3) +8n° In(2) + nn())+g<7n()—75( ))—g {i24¢(4)}

3

T s T
17 = 56(3) +?ln(2) + §ln3(2)

z 3

2 m m T
I, = J; x% csc?(x) In?(cos(x)) dx = 55(3) + ?ln(Z) + §ln3 (2)

Iy = fzxz In(cos(x)) dx
0

T

z v (=1 cos(2kx)
=" -m@) - ) — 2 g
jo x ( n(2) ; . ) x

—Dk 3
_——l ) - z( ]:) J x% cos(2kx) dx

1)k 1
. z< (1)

r 3
Ig = J x?In(cos(x)) dx = ——ln(2) ——{(3)
0

T

Iy = fgx cot(x) In?(cos(x) ) dx

T b3 T
IBP

Iy = f x cot(x) In?(cos(x) ) dx = %f x2 csc?(x) In?(cos(x)) dx + fz x2 In(cos(x)) dx

17 Ig

1
= 5(17) + (18)
1/(m s o w3 T
= E<§<(3) + ?ln(Z) + §ln (2)) + (—ﬁln(Z) - 26(3))

Tyt @ + i
‘_E((Hﬁ"(HE"()
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s

z 3
Iy = J- x cot(x) In?(cos(x) ) dx = —E(B) +
0

! _J“"’ln‘*(1+x2)d
1o~ o x(1+x?) x

T (@) + Fin3 (2
ﬁn() gn()

1

2

%ﬁx 1 flln“(x)
B o 1—x

= 12{(5)
(P14
110 —J(; mdx = 12{(5)
_ (*arctan*(x)
ha = fo x(1 4 x2)

arctan(x)-x ~Z 4

2 X
=2 f dx
o tanx

T

= jz x*d(log(sinx))
0
IBP n 3
2 [x*In(sinx)]? — 4 | x3 In(sinx) dx
0
0

T

= —4j2x3ln(sinx) dx
0
n o 5
=—4f2x3 —logZ—ZM dx
0 n=1 n
T ® 5
=4J2x3<log2+zM>dx
o n
n=1
mt 1 (3
=—1log(2) + Z —j 4x3 cos(2nx) dx
16 nJ,
n=1
4 1 3(n®n? —2)cos(an) 3
1619 ;< e ﬁ)
n=1
_ 41 , (3= (n? 2 3
16ls@+ ) (T () * 2
n=1
4 3r2 e (-1)" 3¢ (-D" 3¢ 1
I+ ) =5 ) St )
n=1 n=1 n=1
_7T4l 2+3T[2 3 3 3( 15 c +3 c
16 0g(2) 2 4(() > 165() 25()
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_45, 0 27 93 s
== () In() — 5483 +554(5)

L J“”arctan“(x)
1 o x(1+x2)

d—935272345412
= 554(6) = @K B) + W ()

@ In*(1 + ix)
112 ZJ- —2 X
o x(1+x32)

1“" f x In*(x)
(1 —-x)(1 - 2x)
PED (1 Int(x) U Int(x)
= s A—0 ) a=20™
= 24¢(5) — 12L15(2)

— 247(5) — 12 (us (;) +20n(2) (4) + = ln3(2)((2) L s - —zn4(2))

120
L f‘x’ln‘*(l + ix)
12— o x(1+x2)

dx = 24¢(5) — 12Lig (%) _241n(2) {(4) — 4103 (2){(2) + Ezn5(2) +éln4(2)

I3 = jzxz cot(x) In*(cos(x)) dx
0

x=arctan(x) j°° arctan®(x) In?(1 + x?)
4), x(1+ x2)

Using Identity (1) :-

1 (*°In*(1+x?) 1 [(®arctan*(x) 1 @ In*(1 + ix)

=—f 7dx+—f i —-% f — T x

9 J, x(1+x2) 6J, x(1+x?) 6 o x(1+x2)
I1o I11

1 1 1
=96 (o) + 5 (I1) — gm{ln}

= 5e (120®) + £ (324(9) ~ 2 @B + 5 (W )
9% 6\32 8 8

I11

I12

_ lsrz{24¢(5) —12Li (3) C24Im@) (4 — 4P 2)I(Q2) + — In5(2) +£ln4(2)}
6 5\2 10

2

s

o = [ ot tn?(cos()) dx = == 6(5) ~ 72 23) + 2 Lis (5) + 12 In(2) 6(4) + 3 In* (2)S(2)
13—0xcoxncosx x = 64( 16( ¢ 152 16n ¢ 3n 4

1l52
()

L, = ngz cot(x) In(sin(x)) In(cos(x)) dx
0

_ % f % 22 In(cos(x)) d(In? (sin(x)))
0

IBP

= %IE (len(cos(x)) - xztan(x))(ln2 (sin(x))) dx

T

= IE xIn(cos(x)) In?(sin(x)) dx — %J-Exz tan(x) In?(sin (x)) dx

T 2

= f; (E - x) In(sin(x)) In?(cos(x)) dx — %Jf (g - x) cot(x) In?(cos (x) ) dx
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n n , T
= gfz In(sin(x)) In?(cos(x)) dx — fz x In(sin(x)) In?(cos(x)) dx — %fz cot(x) In?(cos(x) ) dx
0 0 0
T g ) 1 g 5 5
+ EL x cot(x) In*(cos(x) ) dx — Efo x? cot(x) In“(cos (x)) dx
Iy I3
T w2 s 1
= 5(11) - () - 3(13) + 5(19) - 5(113)
. f(’m) —fln3<2)) - (3(5) +§<(2)<(3)) —”—2(—3—”6(3) ~T @) —fln3(2)>
2 8 2 16 16 8 4 8 2
m( 3m 3 T
+ E<—R{(3) + ﬁln(Z) + gln (2))
1 217 9 1 79 2 3 1 s
(- 550 - 0N B + 2Lis (5) + - @) () + 5P (X @) - s () )
_ 527 39 /1 19 4 3 1 5 3m3
= —1358(5) = @) ~ Lis (5) 55 @) @) ~ S @)F@) + o n* () + 5-¢(3)
+ 7-[_5 n(2) + n—31n3 )
64 16
: _ 527 39 1
L, = fo x% cot(x) In(sin(x)) In(cos(x)) dx = —ﬁ((S) — 5((2)((3) — Lisg (E)
— B In(2){(4) — i m3(2)¢(2) + i In®(2) + 3—”3{(3) + n—s n(2) + n_3 n3(2)
32 3 120 32 64 16

From Equation (3),

had 4k 52k
— 2
kz_lkZ (Zk) = 2 arcsin“(x)
- k
Let x »> vJx

had 4k xk
Z JZCk = 2 arcsin?(Vx)

"=1k2(k)

V. SOME SUMS TO BE USE LATER

k
) jl arcsin?(Vx) ”
o x

x—sin?(x)
T

% = fgxzcot (x) dx
0
= fExz d(In(sin(x)))
0

T

=-2 fEx In(sin(x))dx
0
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_3l 7
=3 n(z)f(z)—gfﬁ)

7
S1=6I@){2) ~7(®3)

RN l 7
Sl—kE_ e = 61n(2)¢(2) - 5(3)
=1 k

k=1 k
Using Equation (4),
3 4¥HP 3 4k
SN M ok 2 2k _ 4
2447 (Zk) 2247 (Zk)x arcsin®*(x)
3 - 4"H,52) L2kt _Ei 4k L2k arcsin*(x)
2 2 (2k 2 4 (2k x
e () = (%)
35: 4"H,E2) I 4k jlarcsin“(x)d
2 _2 - x
2k 2k
i) ek

3 4k 1 Larcsin®(x
Z(SZ)_3Z . sz"‘llnz(x)dx =f aresin’(®)
0

0 X

4k Lx2k In?(x) Larcsin®*(x)

T f " dx =f — dx
2

e (k) 0 0

3 1S 4%x2% \ [In?(x) Larcsin*(x)
Z(SZ)_3L (;kz(zkk)>( x )dxzfo PR

3 ) -6 J‘l arcsin?(x) In?(x) dr = f1 arcsin*(x) dx
4 0 0 x
5, = ffl arcsin*(x) e+ 8 J‘l arcsin?(x) In?(x) dx
3Jy x 0 x

arcsin(x)-x
s

4 (3 z
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V. MAIN THEOREM
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