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1. INTRODUCTION 

Since Huang and Zhang [1] introduced the concept of 

a cone metric space, numerous researchers have 

established fixed point theorems in both normal and 

non-normal cone metric spaces (see [2-17] and related 

references). In the study of Shenghua Wanga and 

Baohua Guoa [20] they introduce a novel concept 

called c-distance in cone metric spaces, which serves 

as a cone-based counterpart to the ω-distance proposed 

by Kada et al. [18]. Utilizing this new distance 

function, we prove a common fixed point theorem 

within the framework of cone metric spaces. 

 

2. PRELIMINARIES 

 

Definition 2.1: Let E be a real Banach Spaces. A subset P of E is called a cone if and only if  

a. P is closed ,non empty and 𝑝 ≠  0 

b. 𝑎 , 𝑏 ∈ 𝑅 , 𝑎 , 𝑏 ≥ 0 and 𝑥, 𝑦 ∈ 𝑃 imply 𝑎𝑥 + 𝑏𝑦 ∈ 𝑃 

c. 𝑃 ∩ (−𝑃) = {0} 

Given a cone 𝑃 ⊂ 𝐸 we define the partial ordering ≼  with respect to P by 

𝑥 ≼ 𝑦 if and only if 𝑦 − 𝑥 ∈ 𝑃. 

We write 𝑥 ≺ 𝑦 to denote that 𝑥 ≼ 𝑦 but 𝑥 ≠ 𝑦, while 𝑥 << 𝑦 will stand for 𝑦 − 𝑥 ∈ 𝑖𝑛𝑡. 𝑝 

Definition 2.2: Let X be a nonempty set. Suppose the mapping 𝑑: 𝑋 × 𝑋 → 𝐸 satiafies the following condition: 

(i). 0 ≺ 𝑑(𝑥, 𝑦) ∀ 𝑥, 𝑦 ∈ 𝑋 with 𝑥 ≠ 𝑦  and 𝑑(𝑥, 𝑦) = 0 ⟺ 𝑥 = 𝑦 

(ii). 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥) , ∀𝑥, 𝑦 ∈ 𝑋 

(iii). 𝑑(𝑥, 𝑦) ≼ 𝑑(𝑥, 𝑦) + 𝑑(𝑥, 𝑦), ∀𝑥, 𝑦 ∈ 𝑋 

Then d is called a cone metric on X and (𝑋, 𝑑) is called a cone metric space. 

Definition 2.3: Let (𝑋, 𝑑) be a cone metric space. Let {𝑥𝑛} be a sequence in X and 𝑥 ∈ 𝑋.  

(i). For all 𝑐 ∈ 𝐸 with 0 ≪ 𝑐, if there exists a positive integer N such that 

𝑑(𝑥𝑛 , 𝑥)  ≪  𝑐 for all 𝑛 >  𝑁, 

then {𝑥𝑛} is said to be convergent to 𝑥 and the point 𝑥 is the limit of {𝑥𝑛}.  

We denote this by 𝑥𝑛 →  x.  
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(ii). For all 𝑐 ∈  𝐸 with 0 ≪  𝑐,ifthere exists a positive integer N such that  

𝑑(𝑥𝑛 , 𝑥𝑚} ≪ 𝑐. . for all 𝑚, 𝑛 >  𝑁, 

then {𝑥𝑛} is called a Cauchy sequence in X.  

(iii). A cone metric space (𝑋, 𝑑) is said to be complete if every Cauchy sequence in 𝑋 is convergent. 

Lemma 2.4:[1] Let (𝑋, 𝑑) be a cone metric space, P be a normal cone with normal constant K. Let {𝑥𝑛} be a sequence 

in X. If {𝑥𝑛} converges to x and {𝑥𝑛} converges to 𝑦, then 𝑥 = 𝑦. That is the limit of {𝑥𝑛} is unique. 

Definition 2.5:[20] Let (𝑋, 𝑑) be a cone metric space. Then the mapping 𝑞: 𝑋 × 𝑋 → 𝐸 is called a 𝑐 − 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 on X 

if the following are satisfied: 

(𝑞1).   0 ≼ 𝑞(𝑥, 𝑦) ∀ 𝑥, 𝑦 ∈ 𝑋  

(𝑞2).  𝑞(𝑥, 𝑧) ≼ 𝑞(𝑦, 𝑥) + 𝑞(𝑦, 𝑧), ∀ 𝑥, 𝑦, 𝑧 ∈ 𝑋 

(𝑞3).  For all 𝑥 ∈ 𝑋 , if 𝑞(𝑥, 𝑦𝑛) ≼ 𝑢 for some 𝑢 = 𝑢𝑥 ∈ 𝑃 and all 𝑛 ≥ 1, then 𝑞(𝑥, 𝑦) ≼ 𝑢        

           whenever {𝑦𝑛} is a sequence in X converging to a point 𝑦 ∈ 𝑋. 

(𝑞4).   For all 𝑐 ∈ 𝐸 with 0 ≪ 𝑐, there exists 𝑒 ∈ 𝐸 with 0 ≪ 𝑒 such that 𝑞(𝑧, 𝑥) ≪ 𝑒   

           𝑞(𝑧, 𝑦) ≪ 𝑒  imply 𝑑(𝑥, 𝑦) ≪ 𝑐.  

 

Example 2.6 [20]. Let (𝑋, 𝑑) be a cone metric space and P be a normal cone. Put 𝑞(𝑥, 𝑦)  =  𝑑(𝑥, 𝑦) for all 𝑥, 𝑦 ∈  𝑋. 

Then 𝑞 is a 𝑐 − 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒. In fact, (𝑞1) and (𝑞2) are immediate. Lemma 2.4, shows that (𝑞3) holds. Let 𝑐 ∈  𝐸 with 

0 ≪  𝑐 be given and put 𝑒 =
𝑐

2
 . Suppose that 𝑞(𝑧, 𝑥)  ≪  𝑒 and 𝑞(𝑧, 𝑦)  ≪  𝑒.Then 𝑑(𝑥, 𝑦) = 𝑞(𝑥, 𝑦)  ≼  𝑞(𝑥, 𝑧) +

𝑞(𝑧, 𝑦) ≪  𝑒 + 𝑒 =  𝑐.This shows that q satisfies (𝑞4) and hence 𝑞 is a 𝑐 − 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒.  

 

Lemma 2.5[20]  Let (X,d) be a cone metric space and q be a 𝑐 − 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒 on X. Let {𝑥𝑛} be a sequence in X. Suppose 

that {𝑢𝑛}  is a sequence in P converging to 0. If 𝑞(𝑥𝑛 , 𝑥𝑚)  ≼  𝑢𝑛 for all 𝑚 >  𝑛, then {𝑥𝑛} is a Cauchy sequence in 

X.  

Proof. Let 𝑐 ∈  𝐸 with 0 ≪  𝑐.Thenthereexists 𝛿 >  0 such that 𝑐 − 𝑥 ∈  𝑖𝑛𝑡𝑃 for any 𝑥 ∈  𝑃 with ‖𝑥‖  <  𝛿.  

Since {𝑢𝑛} converges to 0, there exists a positive integer N such that 

‖𝑢𝑛‖  <  𝛿 for all 𝑛 ≥  𝑁 and 

so 𝑐 − 𝑢𝑛 ∈  𝑖𝑛𝑡𝑃, i.e., 𝑢𝑛 ≪ 𝑐 for all 𝑛 ≥  𝑁. By the hypothesis 𝑞(𝑥𝑛 , 𝑥𝑚)  ≼  𝑢𝑛 ≪  c for all 𝑚 >  𝑛 with 𝑛 ≥

 𝑁.This implies that 

 𝑞(𝑥𝑛 , 𝑥𝑛+1)  ≼  𝑢𝑛 ≪  c and 𝑞(𝑥𝑛 , 𝑥𝑚+1)  ≼  𝑢𝑛 ≪  c for all 𝑚 >  𝑛 with 𝑛 >  𝑁.  

 

From(𝑞4) with 𝑒 = 𝑐 it follows that 𝑞(𝑥𝑛+1 , 𝑥𝑚+1) ≪  c for all 𝑚 >  𝑛 with 𝑛 >  𝑁. By the definition of Cauchy 

sequence, we conclude that {𝑥𝑛} is a Cauchy sequence. This completes the proof. 

 

3. Main Results  

Theorem 3.1: Let X a non empty set, (𝑋, 𝑑) be a Cone metric space over a Banach Space E with a normal cone 𝑃 ⊂ 𝐸, 

and 𝐹, 𝐺: 𝑋 → 𝑋 be mappings. Assume that the following conditions satisfying: 

(i). The cone 𝑃 is normal with normal constant 𝑁. 

(ii). There exist constants 𝛼 ≥ 0, 𝛽 ≥ 0  such that  
(2𝛼+𝛽)

(1−𝛼−𝛽)
∈ (0,1) 

(iii). The mapping 𝐹, 𝑎𝑛𝑑 𝐺 satisfy a generalized Banach- Kannan Type contraction for all 𝑥, 𝑦 ∈ 𝑋; 

𝑞(𝐹(𝑥), 𝐹(𝑦)) ≼ 𝛼[𝑞(𝐺𝑥, 𝐹𝑦) + 𝑞(𝐹𝑥, 𝐺𝑥)] + 𝛽 {
𝑞(𝐺𝑥, 𝐹𝑦)

1 + {𝑞(𝐹𝑥, 𝐺𝑦)}2
}      … (3.1) 

Suppose that the range of G contains the range of F and G(X) is a complete subspace of X. if F and G satisfy  
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𝑖𝑛𝑓{‖𝑞(𝐹𝑥, 𝑦)‖ + ‖𝑞(𝐺𝑥, 𝑦)‖ + ‖𝑞(𝐺𝑥, 𝐹𝑥)‖: 𝑥 ∈ 𝑋} > 0 

For all 𝑦 ∈ 𝑋 with 𝑦 ≠ 𝐹𝑦 or 𝑦 ≠ 𝐺𝑦, then F and G have a common fixed point in X. 

Where ≼ is the partial ordering induced by the cone P, 

Proof: 

Let 𝑥0 ∈ 𝑋 be an arbitrary point. Since 𝐹(𝑋)  ⊂  𝐺(𝑋), there exists an 𝑥1 ∈ 𝑋 such that 

𝐹𝑥0  =  𝐺𝑥1 

By induction, a sequence 𝑥𝑛 can chosen such that 

 𝑥𝑛−1 = 𝐹𝑥𝑛 = 𝐺𝑥𝑛+1,   𝑛 = 0,1,2, …, By (3.1) for any natural number 𝑛, we have 

𝑞(𝐺𝑥𝑛 , 𝐺𝑥𝑛+1) = 𝑞(𝐹𝑥𝑛−1, 𝐹𝑥𝑛) 

                             ≼ 𝛼[𝑞(𝐺𝑥𝑛−1, 𝐹𝑥𝑛) + 𝑞(𝐹𝑥𝑛−1, 𝐺𝑥𝑛−1)] + 𝛽 {
𝑞(𝐺𝑥𝑛−1, 𝐹𝑥𝑛)

1 + {𝑞(𝐹𝑥𝑛−1, 𝐺𝑥𝑛)}2
} 

                             ≼ 𝛼[𝑞(𝐺𝑥𝑛−1, 𝐺𝑥𝑛+1) + 𝑞(𝐺𝑥𝑛, 𝐺𝑥𝑛−1)] + 𝛽 {
𝑞(𝐺𝑥𝑛−1, 𝐺𝑥𝑛+1)

1 + {𝑞(𝐺𝑥𝑛 , 𝐺𝑥𝑛)}2
} 

                             ≼ 𝛼[𝑞(𝐺𝑥𝑛−1, 𝐺𝑥𝑛) + 𝑞(𝐺𝑥𝑛 , 𝐺𝑥𝑛+1) + 𝑞(𝐺𝑥𝑛 , 𝐺𝑥𝑛−1)] 

                                                                                                    +𝛽 {
𝑞(𝐺𝑥𝑛−1, 𝐺𝑥𝑛) + 𝑞(𝐺𝑥𝑛 , 𝐺𝑥𝑛+1)

1
} 

                           ≼ 𝛼[2𝑞(𝐺𝑥𝑛−1, 𝐺𝑥𝑛)] + 𝛼𝑞(𝐺𝑥𝑛 , 𝐺𝑥𝑛+1) + 𝛽{𝑞(𝐺𝑥𝑛−1, 𝐺𝑥𝑛) + 𝑞(𝐺𝑥𝑛 , 𝐺𝑥𝑛+1)} 

                           ≼ (2𝛼 + 𝛽)𝑞(𝐺𝑥𝑛−1, 𝐺𝑥𝑛) + (𝛼 + 𝛽)𝑞(𝐺𝑥𝑛 , 𝐺𝑥𝑛+1) 

𝑞(𝐺𝑥𝑛 , 𝐺𝑥𝑛+1) ≼ (2𝛼 + 𝛽)𝑞(𝐺𝑥𝑛−1, 𝐺𝑥𝑛) + (𝛼 + 𝛽)𝑞(𝐺𝑥𝑛, 𝐺𝑥𝑛+1) 

(1 − 𝛼 − 𝛽)𝑞(𝐺𝑥𝑛, 𝐺𝑥𝑛+1) ≼ (2𝛼 + 𝛽)𝑞(𝐺𝑥𝑛−1, 𝐺𝑥𝑛) 

𝑞(𝐺𝑥𝑛 , 𝐺𝑥𝑛+1) ≼
(2𝛼 + 𝛽)

(1 − 𝛼 − 𝛽)
𝑞(𝐺𝑥𝑛−1, 𝐺𝑥𝑛) 

So, 

𝑞(𝐺𝑥𝑛 , 𝐺𝑥𝑛+1) ≼ 𝑘 𝑞(𝐺𝑥𝑛−1, 𝐺𝑥𝑛)   ,    𝑛 = 1,2,3 …         

 

Where  𝑘 =
(2𝛼+𝛽)

(1−𝛼−𝛽)
∈ (0,1) By induction, we get 

𝑞(𝐺𝑥𝑛 , 𝐺𝑥𝑛+1) ≼ 𝑘𝑛 𝑞(𝐺𝑥0, 𝐺𝑥1)           …(3.2) 

Let 𝑚, 𝑛 with 𝑚 >  𝑛 be arbitrary integers. From (3.2) and (𝑞2) it follows that 

𝑞(𝐺𝑥𝑛 , 𝐺𝑥𝑚) ≼   𝑞(𝐺𝑥𝑛 , 𝐺𝑥𝑛+1) +  𝑞(𝐺𝑥𝑛+1, 𝐺𝑥𝑛+2) +  … . +𝑞(𝐺𝑥𝑚−1, 𝐺𝑥𝑚) 

𝑞(𝐺𝑥𝑛 , 𝐺𝑥𝑚) ≼   𝑘𝑛 𝑞(𝐺𝑥0, 𝐺𝑥1) +  𝑘𝑛+1 𝑞(𝐺𝑥0, 𝐺𝑥1) +  … . +𝑘𝑚−1 𝑞(𝐺𝑥0, 𝐺𝑥1) 

𝑞(𝐺𝑥𝑛 , 𝐺𝑥𝑚) ≼   {𝑘𝑛  +  𝑘𝑛+1  +  … . +𝑘𝑚−1} 𝑞(𝐺𝑥0, 𝐺𝑥1) 

𝑞(𝐺𝑥𝑛 , 𝐺𝑥𝑚) ≼   ∑ 𝑘𝑖

𝑚−1

𝑖=𝑛

 𝑞(𝐺𝑥0, 𝐺𝑥1) 

𝑞(𝐺𝑥𝑛 , 𝐺𝑥𝑚) ≼   ∑ 𝑘𝑖

∞

𝑖=𝑛

 𝑞(𝐺𝑥0, 𝐺𝑥1) 

𝑞(𝐺𝑥𝑛 , 𝐺𝑥𝑚) ≼   
𝑘𝑛

1−𝑘
 𝑞(𝐺𝑥0, 𝐺𝑥1)   …(3.3)               

By using Lemma 2,5, we conclude that the sequence {𝐺𝑥𝑛} is a Cauchy sequence in X.  

Since 𝐺(𝑋) is complete, there exists some point 𝑦 ∈  𝐺(𝑋)such that 𝐺𝑥𝑛 → 𝑦, 𝑛 →  ∞.  By (3.3) and q3 

𝑞(𝐺𝑥𝑛 , 𝑦) ≼   
𝑘𝑛

1−𝑘
 𝑞(𝐺𝑥0, 𝐺𝑥1),      𝑛 = 0,1,2, …  …(3.4) 

Since P is a normal cone with normal constant K, From (3.4) it follows that  

‖𝑞(𝐺𝑥𝑛 , 𝑦)‖ ≤
𝐾𝑘𝑛

1−𝑘
 ‖𝑞(𝐺𝑥0, 𝐺𝑥1)‖,    𝑛 = 0,1,2, …     …(3.5) 

From (3.3) we have  

‖𝑞(𝐺𝑥𝑛, 𝐺𝑥𝑚)‖ ≤
𝐾𝑘𝑛

1 − 𝑘
 ‖𝑞(𝐺𝑥0, 𝐺𝑥1)‖,    𝑛 = 0,1,2, … 
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For all 𝑚 > 𝑛. In particular, we have 

‖𝑞(𝐺𝑥𝑛 , 𝐺𝑥𝑛+1)‖ ≤
𝐾𝑘𝑛

1 − 𝑘
 ‖𝑞(𝐺𝑥0, 𝐺𝑥1)‖,    𝑛 = 0,1,2, … 

 

For all 𝑛 = 0,1, …. 

Suppose that 𝑦 ≠ 𝐺𝑦 or 𝑦 ≠ 𝐹𝑦. Then by Hypothesis (3.5) and (3.6) we have  

0 < 𝑖𝑛𝑓{‖𝑞(𝐹𝑥, 𝑦)‖ + ‖𝑞(𝐺𝑥, 𝑦)‖ + ‖𝑞(𝐺𝑥, 𝐹𝑥)‖: 𝑥 ∈ 𝑋} 

  ≤ 𝑖𝑛𝑓{‖𝑞(𝐹𝑥𝑛 , 𝑦)‖ + ‖𝑞(𝐺𝑥𝑛 , 𝑦)‖ + ‖𝑞(𝐺𝑥𝑛 , 𝐹𝑥𝑛)‖: 𝑛 ≥ 1} 

 = 𝑖𝑛𝑓{‖𝑞(𝐺𝑥𝑛+1, 𝑦)‖ + ‖𝑞(𝐺𝑥𝑛 , 𝑦)‖ + ‖𝑞(𝐺𝑥𝑛 , 𝐺𝑥𝑛+1)‖: 𝑛 ≥ 1} 

≤ 𝑖𝑛𝑓 {
𝐾𝑘𝑛

1 − 𝑘
‖𝑞(𝐺𝑥1, 𝐺𝑥0)‖ + ‖𝑞(𝐺𝑥1, 𝐺𝑥0)‖ + ‖𝑞(𝐺𝑥1, 𝐺𝑥0)‖: 𝑛 ≥ 1} = 0 

This is a contradiction. Hence, 𝑦 =  𝐺𝑦 =  𝐹𝑦. This completes the proof. 
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