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Abstract: In this study, we introduce the Nirmala uphill
and modified Nirmala uphill indices and their
corresponding exponentials of a graph. Furthermore, we
compute these indices for some standard graphs, wheel
graphs, gear graphs and helm graphs.
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[. INTRODUCTION
In this paper, G denotes a finite, simple, connected
graph, V(G) and E(G) denote the vertex set and edge
set of G. The degree d (u)of a vertex u is the

number of vertices adjacent to u.

The uphill domination is introduced in (Deering,
2013).

A u-v path P in G is a sequence of vertices in G,
starting with u and ending at v, such that consecutive
vertices in P are adjacent, and no vertex is repeated. A

path 7 = v,v,,...V;,; in G is a uphill path if for

every ;1< i<k dg(v,)<dg(vi,)

A vertex v is uphill dominates a vertex u if there exists
an uphill path originated from u to v. The uphill

neighborhood of a vertex v is denoted by N, (v) and
defined as: N, (v) = {u: v uphill dominates u}. The

uphill degree dup (v) of a vertex v is the number of

uphill neighbors of v, see (Kulli, 2025).

Recently, the F-uphill index was studied in (Kulli,
2025) and the Sombor uphill index was studied in
(Kulli, 2025).

The Nirmala index was introduced in (Kulli, 2021) and
it is defined as

N(G)=

uveE(G)

deWw)+dg;(v).
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Motivated by the definition of Nirmala index, we
introduce the Nirmala uphill index of a graph and it is
defined as

NU(G)= )

uveE(G)

dup (u)+ dup ().

Considering the Nirmala uphill index, we introduce
the Nirmala uphill exponential of a graph G and
defined it as

NU(Gx)= 3 ol

uveE(G)

We define the modified Nirmala uphill index of a
graph G as

1
"NU(G)= ] :
uveE(G) ‘\’dup (u)+ dup (v)
Considering the modified Nirmala uphill index, we
introduce the modified Nirmala uphill exponential of

a graph G and defined it as

1
m NU(G,X) _ Z xﬂld”p(u)+d“p(v) .
uveE(G)
Recently, the Nirmala leap index was studied in
(Majhi et al, 2023), the Nirmala index was studied in
(Kulli et al, 2023) and the delta Nirmala index was
studied in (Kulli, 2023).

In this paper, the Nirmala uphill index, modified
Nirmala wuphill index and their -corresponding
exponentials of certain graphs are computed.

II. RESULTS FOR SOME STANDARD GRAPHS

Proposition 1. Let G be r-regular with n vertices and

r= 2. Then
nrn—1

NU(G)=
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Proof: Let G be an r-regular graph with n vertices
and r > 2 and % edges. Thend,,, (v) =n—1 for

every vin G.

NU(G)= > Jd,w)+d, ()
uweE(G)

=%\/(n—1)+(n—1)

el
-t

Corollary 1.1. Let C, be a cycle with n> 3
vertices. Then

NU(C,)=n\2+/n~1.

Corollary 1.2. Let K, be a complete graph with
n=> 3 vertices. Then

_ n(n—1Dn-1

Proposition 2. Let G be r-regular with n vertices
and 7= 2. Then

NU(G,x) =%x“2("_]).

NU(K,)

Proof: Let G be an r-regular graph with » vertices
and » > 2 and % edges. Then d,,(v)=n-1
for every vin G.

NU(G x): XW

uveE(G)

_ 7 No=D+n=1)
2

:ﬂx 2(n—1)'
2

Corollary 2.1. Let C, be a cycle with n> 3
vertices. Then

NU(C x) = V20D

n2
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Corollary 2.2. Let K, be a complete graph with
n= 3 vertices. Then

NU(K,,x)= —n(nz_ D K21
Proposition 3. Let G be r-regular with # vertices
and r= 2. Then

"UN(G) = ——r—.

242(n-1)
Proof: Let G be an r-regular graph with n vertices
and r > 2 and % edges. Then d,,(v)=n-1

for every vin G.

1

uveZE%G) Jd,, ) +d,, (v)

_nr 1

_?\/(n—l)+(n—l)

nr

22(n-1)’

Corollary 3.1. Let C, be a cycle with n> 3
vertices. Then

"NU(G)=

n

\/2(n—1)'

Corollary 3.2. Let K, be a complete graph with
n=> 3 vertices. Then

m ny(n—1)
NU (K, ):T'

"NU(C,) =

Proposition 4. Let G be r-regular with n vertices

and r= 2. Then
1

"NU(G) =" V?0neD),
2
Proof: Let G be an r-regular graph with n vertices

and r > 2 and % edges. Then d,,(v)=n-1

for every vin G.
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1
Z X /dw,(u)m”p(v)

ueE(G)

"NU(G,x)=

1
zﬂx (n-D+(n-1)

Corollary 4.1. Let C, be a cycle with n> 3

vertices. Then
1

"NU(C,,x)=nx N2ln1).

Corollary 4.2. Let K, be a complete graph with
n=> 3 vertices. Then

1
"NU(K, x )_n(n2 1) 2D

Proposition 5. Let P be a path with n>3 vertices.
Then

NU(P)=2{2n-5+(n-3)y2(n-3).

Proof: Let P be a path with n>3 vertices. Clearly, Phas
two types of edges based on the uphill degree of end
vertices of each edge as follows:

Ei={uv € E(P)|dyp(u)y=n-2, d,(v=n—3},
| Eq| = 2.
Ex={uv € E(P) | dy(u)=dy(v)=n-3}, |
E2| =pn-—3.

NUP)= Y d, W) +d, ()

uveE(P)

=2Jn-2)+(n-3)+(n-3)\J(n-3)+(n-3)
=22n-5+(n-3)2(n-3).

Proposition 6. Let P be a path with #n>3 vertices.
Then

NU(P,x)=2x"*"" +(n —3)x V2

Proof: We obtain
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oy D

uveE(P)

_ 2x\/(n—2)+(n73) n (l’l _ 3)x\l(n73)+(n73)
_ 2x«/2n—5 +(n— 3)x\/2(n—3) )

NU(P,x)

Proposition 7. Let P be a path with n>3 vertices.

Then
2 N J(n-3)
Ln-5 2

"NU(P)=

Proof: We obtain
1

wlrp)\Jd,, ) +d,,, (v)
_ 2 N (n-3)
\/(n—2)+(n—3) \/(n—3)+(n—3)
2 N (n—3)‘

s 2

Proposition 8. Let P be a path with n>3 vertices.
Then

"NU(P) =

1 1

" NU(P,x)=2xV2"5 4 (n—3)xV2=3),

Proof: We obtain

1
"NU(Px)= 3 xletrd )

uveE(P)
1 1

P TTDCT (g 3) VDT
1 1

_2x\/2n +(l’l 3)x\/2(n 3)

IIT. RESULTS FOR WHEEL GRAPHS

Let W, be a wheel with n+1vertices and 27 edges,
n>4. Then there are two types of edges based on the
uphill degree of end vertices of each edge as follows:
Ei={uv e EW,) | dp(u)=0,dp(v)=n},| Er|
=n.

Ex={uv € EW,) | dup(u) =

n.

dp(V)=nj}, | Ex|=
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Theorem 1. Let W, be a wheel with n+1vertices
and 2n edges, n>4. Then

NU(W,)=(1+~2) ni/n.

Proof. We deduce

NUW,)= >, d,w)+d, ()

uveE(W
= n\/0+ n+ n\/n-i- n

= (1+ V2)n/n.

Theorem 2. Let W, be a wheel with n+1vertices
and 2n edges, n>4. Then

NU(Wn,x) e

Proof. We obtain

NU W x Z d,,(u)+d,, (v)

uveE
— nx«/O-*—n 4 nx«/rﬁ-n
= nx‘/; + nxm.

Theorem 3. Let W, be a wheel with n+1vertices
and 2n edges, n>4. Then

mNU(Wn)=[1+%j\/;.

Proof. We deduce
"NU(W,)=

1
uveEz( «'d (M)+d (V)

n
\/0+ n \/n+ n

= g+ —\/_
é NEY ]
Theorem 4. Let W, be a wheel with n+1vertices
and 2n edges, n>4. Then
1 1
"UN(W,,x)=nx" +nxV2n,
Proof. We obtain

1
\ [dup(u)+d“p(v)
X

"NU(W,,x)= .
uveE(W)
1 1

— nx\/0+n + nx«/n-%—n

1
2n

9

= nxﬁ-i- nx
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IV.RESULTS FOR DEAR GRAPHS

A bipartite wheel graph is a graph obtained from W,
with n+1 vertices adding a vertex between each pair of
adjacent rim vertices and this graph is denoted by G,
and also called as a gear graph. Clearly, |V(G»)| = 2n+1
and |E(G,)| = 3n. A gear graph G, is depicted in Figure

Figure 1. Gear graph G,

Let G, be a gear graph with 3n edges, n>4. Then there
are two types of edges based on the uphill degree of
end vertices of each edge as follows:

Ei={u € E(G,) | dup(u) =1, dyy(v) = 0},| E1 | = n.
= {u € E(Gy) | dip(u) = 1, , dip(v) =3},| E2 | =
2n.

Theorem 5. Let G, be a gear graph with 2n+1vertices,
n>3. Then the uphill Sombor index of G, is

NU(G,)= 5n.
Proof: We deduce
NU(G \/dup (w)+d,, ()
uveE
= n\/1+ 0+ 2n/1+ 3
= 5n.

Theorem 6. Let G, be a gear graph with 2n+1vertices,
n>3. Then the uphill Sombor exponential of G, is

NU(G,,x)= nx'+ 2nx’.

Proof: We deduce
N U G, x

Z o |d,,(u)+d,,(v)

uveE(G )
= nx‘/H_O + 2nx‘/m

1 2
nx + 2nx”.
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Theorem 7. Let G, be a gear graph with 2n+1vertices,
n>3. Then the modified uphill Sombor index of G, is

"NU(G,)= 2n.

Proof: We deduce
"NU(G,)=

1
uveEZ( ‘\,d (u)+d (V)

2n

n
= +
JI+0 1+ 3

= 2n.

Theorem 8. Let G, be a gear graph with 2n+1vertices,
n>3. Then the modified uphill Sombor exponential of
Gy is

1

"NU(G,,x)= nx'+ 2nx?.

Proof: We deduce

1
A [duﬁ (u)—%—d“,_(v)
X

"NU(G,,x)= >
uveE(GH)
1 1
= ax 0 4 23
1
= nx'+ 2nx2.

V. RESULTS FOR HELM GRAPHS

The helm graph H, is a graph obtained from W, (with
n+l vertices) by attaching an end edge to each rim
vertex of W,. Clearly, |V(H,)| =2n+1 and |E(H,)| =3n
A graph H, is shown in Figure 2.

Uy
p

e Vi e

u e
6 5 Vg "
)

1
us

Figure 2. Helm graph H,
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Let H, be a helm graph with 3n edges, n>3. Then H,
has three types of the uphill degree of edges as follows:

Ei={uv e E(H,) | dp(u) = n+1, duyp(v) =n}.
|E1|=n.
E,={uv e E(H)) | dp(u)=dp(v)=n}.|E|=
n.
Es={uv € E(H,) | dup(u) =n , dup(v) =0} | Es |
=n.

Theorem 9. Let H, be a helm graph with 2n+1 vertices,
n>3. Then the uphill Sombor index of H, is

NU(H,))= ny2n+ 1+ 2+ Dnv/n.
Proof: We obtain
NU(H,)= Y, |d,w+d,G)

uveE(H,

= n(n+ D+ n+ nfn+ n+ nn+ 0
= n2n+ 1+ (V2 + Dnn.

Theorem 10. Let H, be a helm graph with
2n+lvertices, n>3. Then the uphill Sombor
exponential of H, is
NU(H,,x)= nx
Proof: We deduce
NU(H,,x)= .
uveE(H )
NG+ Dt + nx\/m+ nx
= T e e
Theorem 11. Let H, be a helm graph with

2n+1vertices, n>3. Then the modified uphill Sombor
index of H, is

V2n+1 2n \/;

+ nx" + nx

Jd,, (w)+d,, (v)
X

'\] n+0

= nx

"NUH, )= e+ 1S
" 2+ 1 gﬁ

Proof: We deduce

1
"NU(H,)=
( ") uveg(: ﬂd (u)+d (V)

n n n
= + +
\/(n—l—l)-i-n \/n-i-n \/n—I-O

Y43 a1

J2n+1 N é\/E
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Theorem 12. Let H, be a helm graph with
2n+l1vertices, n>3. Then the modified uphill Sombor
exponential of H, is

1

! R
"NU(H,,x)= nx"*""" + e+

n’

Proof: We deduce

1
"NU(H,x)= Y (4, )

uveE(H,)

1 1 1

— nx\/(n+1)+n + x4 nx"’”o
1 1

= VP 4 V2 4 px

-

VI. CONCLUSION

In this study, the Nirmala uphill and modified Nirmala
uphill indices are introduced. Also the Nirmala uphill
index, modified Nirmala uphill index and their
corresponding exponentials of certain graphs are
determined.
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