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Abstract—Aims: The paper investigates the Reduced 

Sombor Index (RSO) for Unitary Cayley graphs. It aims 

to determine and characterize the Unitary Cayley graphs 

that attain the minimum RSO index among all Unitary 

Cayley graphs of a given order. 

Study design: This is a theoretical mathematical study 

based on graph theory and topological indices. The study 

involves in defining and analyzing the Reduced Sombor 

Index by comparing RSO values across different Unitary 

Cayley graphs. To obtain the minimum RSO index of 

Unitary Cayley graphs different lemmas and theorems 

are proved. 

Methodology: Unitary cayley graphs of different orders 

are analyzed. The study proves multiple lemmas that 

give different RSO values by demonstrating whether a 

specific structural modification increases or decreases 

the RSO value. 

Results: The minimum RSO value in unitary cayley 

graphs is achieved. Several lemmas and theorem are 

established for unitary cayley graph of various orders. 

 

Index Terms—Reduced Sombor index; topological 

index; graph invariant; unitary cayley graph. 

I. INTRODUCTION 

Throughout this article, by a graph G, we mean an 

ordered pair (𝑉𝐺 , 𝐸𝐺), and the members of the sets 𝑉𝐺  

and 𝐸𝐺  respectively are the vertices and edges of the 

graph. The set of vertices that are adjacent to a vertex 

u in G is denoted as 𝑁𝐺(𝑢) and it is called as “the open 

neighbourhood” of u in G. The term “closed 

neighbourhood” is 𝑁𝐺[𝑣]  =  𝑁𝐺(𝑣)  ∪ {𝑣} .We mean 

a path is a (𝑢, 𝑣)-Path if  𝑢𝑢1𝑢2 . . . 𝑣 is a sequence of 

distinct members of the set VG and the vertices u,v are 

usually known as the origin and the terminal of the 

path P respectively. The concept of distance between 

any two vertices 𝑥, 𝑦 ∈  𝑉𝐺  is usually defined as the 

length of the smallest (𝑥, 𝑦)-path that exists in G. If 

𝑑𝐺(𝑣)  =  1, then v is a pendant vertex and it is 

adjacent to a unique vertex in G, say u which is called 

a support vertex. For more on graphs and related 

works, the reader is referred to [1, 2, 3]. 

A graph variant also called as the topological 

indices, plays a major role in the chemical graph theory 

as they help to analyze the behaviour of the molecule 

structures and their inter-relationships. There are 

numerous topological indices available in the 

literature; a few of them are the Sombor index, Zagreb 

index, and so on. The topological indices were defined 

with minor and major modifications in the past and 

several classes of topological indices are available for 

the Sombor index and Zagreb index. Given a graph G, 

the Sombor (SO) index is defined (by Gutman [4]) as 

 

𝑆𝑂(𝐺) = ∑ √𝑑𝐺(𝑢)2 + 𝑑𝐺(𝑣)2
𝑢𝑣 ∈𝐸(𝐺) . 

The Sombor index, in recent years, received huge 

attentions from academicians and researchers [4, 5, 6, 

7, 8]. For some recent surveys in Sombor index, one 

can refer to the articles [9,10]. Chemical applications 

have been carried out in the articles [11, 12]. For 

various results and versions of Sombor index, one can 

refer [13, 14, 15]. The reduced Sombor index is 

defined as 

𝑅𝑆𝑂(𝐺) =

∑ √(𝑑𝐺(𝑢) − 1)2 + (𝑑𝐺(𝑣) − 1)2
𝑢𝑣 ∈𝐸(𝐺) . 

A recently introduced term is the reduced Sombor 

index and some of its works are found in [2, 16]. 

The reduced Sombor index of unitary cayley graphs of 

various order has been studied in this article.  
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II. METHODOLOGY 

 

The main results on the minimum Reduced Sombor 

index for the class of unitary cayley graphs is studied 

in this section. If the order n of G is one, there is no 

edge in the graph; hence by a graph G, throughout this 

article, we mean a graph with minimum two vertices. 

Also, by a graph G, we mean only a connected graph, 

unless explicitly stated. Cayley graphs with more 

number of vertices for a given diameter and for a given 

number of edges per vertex were studied previously. 

An immediate example of Cayley graph is a unitary 

cayley graph. More information about Cayley graphs 

can be found in the books on algebraic graph theory 

by Biggs [17] and by Godsil and Royle [18]. Unitary 

Cayley graphs are highly symmetric. They have some 

remarkable properties connecting graph theory and 

number theory. 

All graphs discussed in this paper are simple 

graphs. The unitary Cayley graph 𝑋𝑛has vertex set 

𝑍𝑛 = {0,1,2, . . 𝑛 − 1} where the vertices a, b are 

adjacent, if 𝑔𝑐𝑑(𝑎 − 𝑏, 𝑛)  =  1. 

If we represent the elements of 𝑍𝑛 by the 

integers 0, 1, . . . , 𝑛 −  1, then it is well known that 𝑋𝑛 

has vertex set 𝑉(𝑋𝑛) = 𝑍𝑛 = {0,1, … . . 𝑛 − 1}and 

edge set  

𝐸(𝑋𝑛) = {{𝑎, 𝑏}: 𝑎, 𝑏 ∈ 𝑍𝑛, gcd(𝑎 − 𝑏, 𝑛) = 1}. 

 

The multiplicative indices are based on the distances 

of vertices in a graph. Some new multiplicative indices 

of unitary cayley graphs has been studied in [19 

].Status sombor indices of unitary cayley graph are 

studied in [20] 

 

A characterization of graphs with the minimum values 

of 𝑅𝑆𝑂(𝐺) on the class of Unitary cayley graphs is 

provided in this section. 

 

Lemma 1: Let 𝑋𝑛is a unitary cayley graph where  𝑛 =

𝑝 is a prime number, then 𝑋𝑛 = 𝐾𝑝  is a complete 

graph on p vertices. In a complete graph we have 
𝑛(𝑛−1)

2
  edges and the degree of every vertex 𝑑 𝑋𝑛

(𝑢) =

𝑛 − 1. 

Lemma 2: Let 𝑋𝑛is a unitary cayley graph where 𝑛 =

6 then 𝑋𝑛  is a cycle. In a cycle we have n edges and 

the degree of every vertex 𝑑 𝑋𝑛
(𝑢) = 2. 

Lemma 3[19]: Let 𝑋𝑛is a unitary Cayley graphs for 𝑛 

as any even number such that 𝑛 = 2𝑝 where p is a prime 

and 𝑝 ≠ 2, 3.It has 2𝑛 edges, every vertex has 

𝑑 𝑋𝑛
(𝑢) = 𝑛 − 1. 

Lemma 4: Let 𝑋𝑛is a unitary Cayley graphs for 𝑛 as 

any even number such that 𝑛 = 𝑝𝛼 where p is a prime, 

𝑝 = 2 𝑎𝑛𝑑 𝛼 = 3, 4... 

From [19] this type of graphs has 2𝑛 edges, every 

vertex has 𝑑 𝑋𝑛
(𝑢)  =  

𝑛

2
. 

III. RESULTS AND DISCUSSION 

The following theorem is the consequence of the 

lemma 1 from the previous section. 

Theorem 5: The minimum reduced Sombor index of a 

unitary Cayley graph 𝑋𝑛where  𝑛 = 𝑝 is a prime 

number is √2(𝑛 − 2)2. 

Proof: Since from Lemma 1, if  𝑋𝑛is a unitary cayley 

graph where  𝑛 = 𝑝 is a prime number, then 𝑋𝑛 = 𝐾𝑝  

is a complete graph on p vertices. We know that in a 

complete graph we have 
𝑛(𝑛−1)

2
  edges and the degree 

of every vertex is  𝑑 𝑋𝑛
(𝑢) = 𝑛 − 1. 

Hence 𝑅𝑆𝑂(𝑋𝑛) =

∑ √(𝑑𝐺(𝑢) − 1)2 + (𝑑𝐺(𝑣) − 1)2
𝑢𝑣 ∈𝐸(𝐺)  

=√(𝑛 − 1 − 1)2 + (𝑛 − 1 − 1)2 

                             =√2(𝑛 − 2)2 = √2(𝑛 − 2)2. 

Theorem 6: The minimum reduced Sombor index of a 

unitary Cayley graph 𝑋𝑛𝑤ℎ𝑒𝑟𝑒 𝑛 = 6 is an even 

number is √2 . 

Proof: Since from Lemma 2, if 𝑋𝑛is a unitary cayley 

graph where 𝑛 = 6 then 𝑋𝑛  is a cycle. In a cycle we 

have n edges and the degree of every vertex 

𝑑 𝑋𝑛
(𝑢) = 2. 

Hence 𝑅𝑆𝑂(𝑋𝑛) =

∑ √(𝑑𝐺(𝑢) − 1)2 + (𝑑𝐺(𝑣) − 1)2
𝑢𝑣 ∈𝐸(𝐺)  

=√(2 − 1)2 + (2 − 1)2 =√2. 
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Theorem 7: The minimum reduced Sombor index of a 

unitary Cayley graph 𝑋𝑛 for 𝑛 as any even number 

such that 𝑛 = 2𝑝 where p is a prime and 𝑝 ≠ 2, 3 is 

√2(𝑛 − 2)2. 

Proof: Since from Lemma 3, if 𝑋𝑛is a unitary cayley 

graph for 𝑛 as any even number such that 𝑛 = 2𝑝 where 

p is a prime and 𝑝 ≠ 2, 3.It has 2𝑛 edges, every vertex 

has 𝑑 𝑋𝑛
(𝑢) = 𝑛 − 1. 

Hence 𝑅𝑆𝑂(𝑋𝑛)=√2(𝑛 − 2)2. 

Theorem 8: The minimum reduced Sombor index of a 

unitary Cayley graph 𝑋𝑛 for 𝑛 as any even number 

such that 𝑛 = 𝑝𝛼 where p is a prime, 𝑝 = 2 𝑎𝑛𝑑 𝛼 = 3, 

4...is 
√2

2
(𝑛 − 2) 

Proof: Since from Lemma 4, if 𝑋𝑛is a unitary cayley 

graph for 𝑛 as any even number such that 𝑛 = 𝑝𝛼 where 

p is a prime, 𝑝 = 2 𝑎𝑛𝑑 𝛼 = 3, 4... 

From [19] this type of graphs has 2𝑛 edges, every 

vertex has 𝑑 𝑋𝑛
(𝑢)  =  

𝑛

2
. 

Hence 𝑅𝑆𝑂(𝑋𝑛) =

∑ √(𝑑𝐺(𝑢) − 1)2 + (𝑑𝐺(𝑣) − 1)2
𝑢𝑣 ∈𝐸(𝐺)  = 

√(
𝑛

2
− 1)

2

+ (
𝑛

2
− 1)

2

 

                         =
√2

2
(𝑛 − 2). 

IV. CONCLUSION 

The study successfully characterizes unitary cayley 

graphs with the minimum Reduced Sombor Index 

(RSO).The findings contribute to chemical graph 

theory by refining how topological indices behave in 

molecular graph models. 
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