
© November 2025 | IJIRT | Volume 12 Issue 6 | ISSN: 2349-6002 

IJIRT 187673 INTERNATIONAL JOURNAL OF INNOVATIVE RESEARCH IN TECHNOLOGY 6208 

Fixed Point Theory - Based Existence and Uniqueness of 

Solutions to Non-Linear Differential Equations 
 

 

Dr. N. Sreenivasa Reddy1, Dr. Pagidi Obulesu2 

1Lecturer in Mathematics, Silver Jubilee Government College, Kurnool, Andhra Pradesh, India. 
2In-charge of the Dept. of Mathematics, Silver Jubilee Government College, Andhra Pradesh, India. 

 

 

Abstract—Fixed point theory is a branch of 

mathematics that deals with the study of points where a 

given function maps a point to itself. The theory has 

profound implications and applications across various 

fields of science and engineering. This paper provides 

an overview of the fundamental concepts in fixed point 

theory, including important theorems such as Banach’s 

Fixed Point Theorem, Brouwer’s Fixed Point Theorem, 

and Schauder’s Fixed Point Theorem. It discusses both 

the existence and uniqueness of fixed points, the 

conditions under which they arise, and the methods for 

finding them through iterative approaches. The paper 

also explores the wide-ranging applications of fixed-

point theory, including optimisation, nonlinear 

differential equations, game theory, and computational 

methods. Finally, we discuss the challenges and open 

problems in this area, especially in relation to high- 

dimensional and nonlinear systems, as well as the 

impact of fixed-point theory in various scientific 

domains. Through this discussion, we aim to highlight 

both the theoretical importance and practical utility of 

fixed-point theory in contemporary research. 

 

I. INTRODUCTION TO FIXED POINT THEORY 

 

Fixed-point theory focuses on finding points that are 

invariant under a given function or operator. That is, 

given a function f on a set X, a fixed-point x ∈ X 

satisfies f(x) = x. This concept is fundamental 

because many mathematical problems can be 

expressed in terms of fixed points, and solving these 

problems often involves proving the existence, 

uniqueness, and stability of these fixed points. 

 

Importance and Motivation 

  Solving Equations 

Fixed points often correspond to solutions of 

equations, making fixed point theory a powerful tool 

for solving problems in mathematics, physics, 

engineering, and economics. 

  Nonlinear Dynamics 

In many dynamical systems, fixed points correspond 

to equilibrium states or steady states of the system. 

Analysing these points helps understand the long-

term behaviour of systems. 

  Dynamical Systems 

In systems governed by differential equations, 

finding the equilibrium points often boils down to 

finding fixed points of certain operators related to the 

system’s equations. 

 

II. KEY RESULTS IN FIXED POINT THEORY 

 

Fixed point theory is built on a variety of theorems 

that provide conditions under which fixed points 

exist, are unique, or have certain properties. 

  Banach's Fixed Point Theorem (Contraction 

Mapping Theorem) 

Statement: If f is a contraction mapping on a 

complete metric space (X, d), i.e., there exists a 

constant c∈ [0,1), such that d(f(x), f(y)) ≤ c⋅d (x, y) 

for all x, y ∈ X, then f has a unique fixed point in X. 

Proof Idea: The proof uses the method of successive 

approximations (or iteration) and shows that the 

sequence of iterates xn+1 = f(xn) converges to the 

fixed point. Banach’s theorem provides a direct 

approach for numerical methods for solving 

nonlinear equations. 

✓ Schauder’s Fixed Point Theorem Statement: 

Let X be a convex compact subset of a Banach 

space and let f: X→X be a continuous 

mapping. Then, f has at least one fixed point. 

Application: This theorem is often used in infinite- 

dimensional spaces, such as when studying differential 

equations in infinite-dimensional function spaces. 
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✓ Brouwer’s Fixed Point Theorem 

Statement: Every continuous function from a 

compact convex set to itself in a Euclidean space has 

at least one fixed point. 

Application: This theorem has applications in game 

theory, economics (e.g., proving the existence of 

Nash equilibrium), and topological problems. 

 

✓ Kakutani’s Fixed Point Theorem 

Statement: Kakutani extended Brouwer's theorem to 

set-valued maps. If f is a set-valued map where each 

value is a non-empty convex compact subset of a 

Euclidean space, then f has at least one fixed point. 

Application: This theorem is heavily used in game 

theory, particularly in the study of Nash equilibria in 

games with mixed strategies. 

 

✓ Tarski’s Fixed Point Theorem 

Statement: In a complete partially ordered set, every 

monotonic function has a fixed point. 

Application: Tarski’s theorem is widely used in 

lattice theory, dynamic programming, and 

optimization. 

 

III. NONLINEAR ANALYSIS AND ITS 

CONNECTION TO FIXED POINT THEORY 

 

Nonlinear analysis involves the study of nonlinear 

equations, operators, and the structure of solutions. 

Fixed point theory plays a critical role in this field. 

 

Nonlinear Operators 

In nonlinear analysis, operators T: X→X are often 

studied. Fixed point theory provides insight into the 

existence and uniqueness of solutions to equations of 

the form T(x) = x, which is central to solving 

nonlinear equations. 

➢ Existence and Uniqueness 

Nonlinear problems, such as solving the equation f(x) 

= 0, often reduce to finding fixed points of a related 

operator. Existence results provide conditions under 

which a solution exists, while uniqueness theorems 

ensure that this solution is the only one. 

➢ Applications 

Optimization: Fixed point theory can be applied to 

optimization problems, where a fixed point 

corresponds to a minimizer or maximize of a given 

functional. 

Existence of Solutions: In integral equations, fixed 

points of the corresponding integral operator 

represent the solution to the equation. 

Stability Analysis: In dynamical systems, fixed points 

can represent equilibrium states, and their stability 

can be analyzed using tools from nonlinear analysis. 

 

IV. FIXED POINT THEORY IN DIFFERENTIAL 

EQUATIONS 

 

Differential equations often lead to problems where 

the solution is a fixed point of some operator, and this 

is especially true in the context of integral equations 

derived from differential equations. 

Integral Equations 

Many differential equations can be rewritten as 

integral equations, for instance, when using the 

method of successive approximations (Picard 

iteration) to solve an initial value problem. These 

iterations can be viewed as seeking fixed points of an 

operator. 

Boundary Value Problems 

Fixed point theory is also applied in boundary value 

problems, particularly for nonlinear ordinary 

differential equations (ODEs) and partial differential 

equations (PDEs). The boundary conditions often 

lead to operator equations where solutions 

correspond to fixed points. 

Differential Inclusiveness 

In some cases, a differential system might involve 

multivalued operators. Fixed point theory for set- 

valued maps (such as Kakutani’s theorem) provides a 

framework for proving existence and uniqueness 

results for such inclusions. 

 

V. METHODS OF SOLVING NONLINEAR 

DIFFERENTIAL EQUATIONS USING FIXED 

POINT THEORY 

 

Fixed point theory is not just about proving existence 

but also provides practical methods for solving 

nonlinear differential equations. 

Iterative Methods 

Successive Approximations: Starting from an initial 

guess, successive approximations are used to 

iteratively refine the solution by applying the 

operator repeatedly. 

Newton’s Method: Newton’s method can be seen as 
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a fixed point iteration in certain contexts. It’s 

especially effective when the operator f is 

differentiable, and its derivative is invertible. 

✓ Lyapunov Functionals 

In the study of stability of differential systems, 

Lyapunov functional can be constructed to analyze 

the behaviour of solutions near a fixed point. 

Stability of a fixed point can be determined by 

examining the sign of the Lyapunov functional. 

 

✓ Topological Methods 

Topological Degree: In differential equations and 

dynamical systems, the topological degree is used to 

count the number of fixed points of a map in a 

region, with applications in bifurcation theory. 

 

Fixed Point Index: This concept generalizes the 

notion of a fixed point and is used to determine the 

number of solutions to an equation, particularly in 

higher-dimensional spaces. 

 

VI. APPLICATIONS IN VARIOUS FIELDS 

 

Fixed point theory is used across many disciplines to 

model, analyze, and solve complex problems. 

✓ Mathematical Biology 

In population dynamics, fixed points often 

correspond to steady states, such as the equilibrium 

population sizes in predator-prey models, 

epidemiological models, or species interaction 

models. 

➢ Economics 

Fixed point theory is crucial in proving the existence 

of Nash equilibria in game theory. In economics, it’s 

used to prove the existence of competitive equilibria 

in market models. 

 

➢ Engineering 

Control Theory: Fixed points in control systems are 

related to steady-state solutions of control problems, 

and stability analysis helps determine the behaviour 

of systems over time. 

Optimization: In optimization theory, fixed points are 

used to find optimal solutions, such as in the case of 

convex optimization problems. 

➢ Physics 

Fixed points are used to analyze the equilibrium 

states of physical systems. For example, in fluid 

dynamics or nonlinear wave equations, fixed points 

correspond to steady states of the system, and 

stability analysis is used to determine the system’s 

response to perturbations. 

 

VII. ADVANCED TOPICS IN FIXED POINT 

THEORY 

 

7.1. Fixed Point Theory in Infinite - Dimensional 

Spaces 

In real-world applications, especially in functional 

analysis, fixed point theory is frequently applied to 

infinite-dimensional spaces, such as Banach spaces or 

Hilbert spaces. These spaces arise naturally in the 

study of differential equations, integral equations, 

and other areas of nonlinear analysis. 

 

Schauder Fixed Point Theorem: While the theorem 

applies to finite-dimensional spaces, it is also crucial 

in infinite-dimensional settings. The concept of a 

compact convex set becomes even more significant in 

infinite-dimensional spaces. The theorem states that 

any continuous function mapping a compact convex 

subset of a Banach space to itself has at least one 

fixed point. 

Application Example: In the theory of differential 

equations, fixed point results in infinite studying 

partial differential equations (PDEs). For instance, 

the existence of solutions to nonlinear 

PDEs can be formulated as the existence of fixed 

points of an appropriate operator. 

 

✓ Brouwer vs. Schauder in Infinite- Dimensional 

Spaces: 

The Brouwer Fixed Point Theorem is often more 

straightforward in finite dimensions. However, the 

generalization to infinite-dimensional spaces 

introduces several challenges, such as topological 

considerations and the nature of compactness in 

infinite-dimensional settings. Schauder's theorem, in 

contrast, works well in Banach spaces, where 

compactness plays a central role. 

 

7.2. Nonlinear Semi groups and Fixed Points 

In the theory of nonlinear semi groups, a semi group 

is a family of operators {T(t)} that satisfies the semi 

group property T(s+t) = T(s)T(t) for all s, t ≥ 0, often 
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used to describe the evolution of dynamical systems 

over time. The study of fixed points in this context is 

related to the steady states or equilibrium points of 

the associated dynamical systems. 

Evolution Equations: In evolution equations, 

especially in the context of parabolic or hyperbolic 

equations, fixed points represent steady-state 

solutions where the system ceases to evolve over 

time. By understanding the fixed points of the 

evolution operator, we can determine the long-term 

behaviour of the system. 

 

7.3. Topological Methods and Degree Theory 

Topological tools are central to fixed point theory. 

The concept of degree theory is an important 

method in topological fixed point theory, used to 

count the number of fixed points of a map based on 

its topological properties. 

✓ Degree of a Map: The degree of a continuous map 

between two topological spaces provides a way to 

count the number of pre images of a point under the 

map, considering their orientation. This concept 

generalizes the idea of the number of fixed points. 

Application Example: In the context of differential 

equations, degree theory can be applied to study 

boundary value problems, where the goal is to find 

the number of solutions that satisfy the boundary 

conditions. 

• Fixed Point Index: The index of a fixed point 

provides information about the behaviour of the 

function near the fixed point, such as whether the 

fixed point is stable or unstable. This concept is often 

used in bifurcation theory to study the qualitative 

behaviour of solutions as parameters change. 

 

VIII. PRACTICAL APPLICATIONS OF FIXED-

POINT THEORY 

 

8.1. Nonlinear Dynamical Systems 

In nonlinear dynamical systems, fixed points 

correspond to equilibrium points of the system. The 

stability of these fixed points is of great interest since 

it determines the long-term behaviour of the system. 

Fixed point theory helps analyze the existence and 

stability of equilibrium points in various systems, 

including: 

• Autonomous Systems: These systems are 

described by differential equations that do not 

explicitly depend on time. The equilibrium 

points of these systems are fixed points of the 

associated flow map, and their stability can be 

analyzed using Lyapunov’s direct method or 

other fixed point-related techniques. 

Example: Consider a predator-prey model described 

by a system of nonlinear differential equations. The 

equilibrium points correspond to steady states where 

the population levels of both species are constant. 

Fixed point theory is used to analyze whether these 

equilibrium points are stable or unstable. 

 

8.2. Functional Equations 

Functional equations often involve finding functions 

that satisfy certain relationships between their values 

at different points. In many cases, solutions to 

functional equations can be interpreted as fixed 

points of certain operators. For instance, the Cauchy 

functional equation f (x + y) = f(x) + f(y) has a well-

known solution f(x) = cx, which can be seen as the 

fixed point of a linear operator. 

Application: Fixed point results are used in proving 

the existence and uniqueness of solutions to 

functional equations in mathematical physics, 

economics, and engineering. These results can help 

solve optimization problems or prove the existence 

of solutions to complex systems. 

 

8.3. Computational Techniques for Finding Fixed 

Points 

In practice, finding fixed points is not always a 

straightforward task, especially for high-dimensional 

and nonlinear systems. Several computational 

methods have been developed to numerically 

approximate fixed points. 

Iterative Methods: These methods generate a 

sequence of approximations to the fixed point, 

starting from an initial guess. The most commonly 

used iterative methods include. 

 

✓ Fixed Point Iteration: This is the most direct 

method, where you repeatedly apply the function 

f to an initial guess x0, generating a sequence xn+1 

= f(xn). If the function is a contraction, this 

sequence will converge to the fixed point. 

✓ Newton’s Method: Often used for solving 

nonlinear equations, Newton’s method can be 

interpreted as an application of fixed-point 



© November 2025 | IJIRT | Volume 12 Issue 6 | ISSN: 2349-6002 

IJIRT 187673 INTERNATIONAL JOURNAL OF INNOVATIVE RESEARCH IN TECHNOLOGY 6212 

iteration. The method requires the function to be 

differentiable and involves iterating the formula 

xn+1 = xn – (f(xn)/f I(xn)) 

✓ Broyden’s Method: This is a quasi-Newton 

method for solving systems of nonlinear 

equations. It approximates the Jacobian matrix of 

the system to compute the next iterate, and it can 

be particularly useful for large-scale problems. 

✓ Advantages of Iterative Methods: They are 

particularly useful when explicit solutions are 

difficult to obtain. Iterative methods are also 

widely used in numerical simulations, machine 

learning, and computational physics to 

approximate solutions to complex systems. 

 

8.4. Machine Learning and Artificial Intelligence 

In machine learning, fixed point theory has found 

applications in the analysis of algorithms and 

optimization techniques. For example, 

 

• Gradient Descent: In optimization problems, 

algorithms like gradient descent seek to find 

fixed points of the gradient of a cost function. By 

moving iteratively toward points where the 

gradient is zero (i.e., the fixed points of the 

gradient map), these algorithms find the minima 

of the cost function. 

• Neural Networks: The training process for neural 

networks involves solving an optimization 

problem, which can be interpreted as seeking 

fixed points of a loss function. The training 

process can be viewed as an iterative method for 

finding these fixed points. 

• Reinforcement Learning: In reinforcement 

learning, fixed points correspond to the optimal 

policies or strategies that an agent should adopt. 

Techniques like value iteration or Q- learning 

can be interpreted as algorithms that converge to 

the fixed points of the Bellman equation. 

 

IX. CHALLENGES AND OPEN PROBLEMS IN 

FIXED POINT THEORY 

 

While fixed point theory is well-established, several 

challenges remain, particularly when dealing with 

more complex systems. 

 

9.1. Non-Smooth Maps and Multivalued Functions 

Many real-world systems involve non smooth maps, 

where the function is not differentiable or continuous 

everywhere. In these cases, the standard fixed-point 

theorems may not apply. Generalizations of fixed-

point theory to multivalued or set-valued maps, such 

as Kakutani’s theorem, provide a more general 

framework but still face challenges. 

• Application: Systems with nonsmooth 

behaviours, such as discontinuities or non- 

differentiability, arise frequently in optimization, 

economics, and physics. Understanding fixed 

points in these settings is an ongoing area of 

research. 

 

9.2. Bifurcation Theory 

Bifurcation theory studies how the qualitative 

behaviour of solutions to a differential equation 

change as a parameter is varied. Fixed point theory is 

central to bifurcation analysis, as the bifurcation 

points correspond to values where the fixed points of 

the system change dramatically (e.g., the transition 

from stability to instability). 

• Open Problem: Understanding the nature of 

bifurcations in high-dimensional and non-smooth 

systems remains an open area of research, with 

applications in fluid dynamics, population 

dynamics, and chaos theory. 

9.3. Stability and Robustness of Fixed Points 

While existence theorems provide a foundation, 

understanding the stability of fixed points, especially 

in higher-dimensional systems or systems with time 

delays, is crucial. Stability theory helps us 

understand whether solutions will stay near a fixed 

point when perturbed. 

• Open Problem: Investigating the robustness of 

fixed points under perturbations in nonlinear and 

stochastic systems, particularly when dealing 

with uncertainties or noise in real-world systems 

 

X. CONCLUSION 

 

Fixed point theory provides a rich theoretical 

framework for understanding and solving problems 

in nonlinear analysis and differential equations. 

From proving the existence of solutions to providing 

methods for solving and analyzing them, fixed point 

results play an essential role across many 

mathematical, physical, and applied fields. As 
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research continues to explore more complex systems, 

the study of fixed points will remain a vital area for 

both theoretical exploration and practical application. 
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