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Abstract—This review examines the recent work by 

Tran, Bui, and Nguyen (2026) on global gradient 

regularity estimates for variational inequalities driven 

by p(x)-Laplacian operators with singular or degenerate 

matrix-valued weights. The paper establishes optimal 

Calderón–Zygmund type estimates and weighted Orlicz-

space regularity under minimal structural assumptions, 

including Reifenberg-flat domains and small log-BMO 

matrix weights. We analyze the mathematical 

framework, highlight the novelty of the techniques, 

compare the results with existing literature, and discuss 

their significance and possible extensions. 

 

I. INTRODUCTION 

 

Regularity theory for nonlinear elliptic equations has 

been a central topic in modern analysis, particularly 

due to its deep connections with physics, geometry, 

and applied sciences. The incorporation of variable 

exponent growth and degenerate matrix-valued 

weights significantly extends classical elliptic theory. 

The reviewed paper contributes to this evolving 

landscape by addressing two-obstacle variational 

inequalities involving p(x)-Laplacian operators under 

highly nonstandard conditions. 

 

II. MATHEMATICAL FRAMEWORK AND 

PROBLEM SETTING 

 

We consider variation inequalities of the form: 

∫ 𝐴
𝛺

|𝑊(𝑥)𝛻𝑢|{𝑝(𝑥)−2}𝑊2(𝑥)𝛻𝑢
·  𝛻(𝑢 − 𝜑)𝑑𝑥  

≤  ∫ |𝑊(𝑥)𝐹|{𝑝(𝑥)−2}𝑊2(𝑥)𝐹

𝛺

·  𝛻(𝑢 − 𝜑)𝑑𝑥, 

 

Where p(x) ∈ (1, ∞) satisfies log-Hölder continuity 

and W(x) is a symmetric positive definite matrix with 

small log-BMO seminorm. The admissible set is 

constrained by two obstacles 𝜑₁ ≤  𝑢 ≤  𝜑₂ . This 

formulation generalizes classical p-Laplacian obstacle 

problems and incorporates degeneracy through matrix 

weights. 

 

III. MAIN RESULTS 

 

The primary result establishes global Calderón–

Zygmund-type estimates: 

∫ 𝜑
𝛺

𝜔{𝛾𝑝(𝑥)}|𝛻𝑢|{𝛾𝑝(𝑥)}𝑑𝑥
≤ 

 𝐶 (1 + ∫ [𝐹𝜔(𝑥)]
𝛾

𝑑𝑥
𝛺

) , 𝛾 >  1. 

Additionally, the authors derive weighted Orlicz-

space estimates involving fractional maximal 

operators M_β, yielding: 

∫ Ξ
𝛺

𝛷 (𝑀
𝛽(𝜔{𝑝(𝑥)}|𝛻𝑢|{𝑝(𝑥)}

)
) 𝑑𝑥 

 ≤  𝐶 (1 + ∫ _𝛺 𝛷(𝑀_𝛽(𝐹_𝜔)) 𝑑𝑥). 

 

These estimates are shown to be optimal with respect 

to scaling parameters. 

 

IV. METHODOLOGICAL INNOVATIONS 

 

A key methodological contribution is the multi-level 

comparison technique, involving successive 

approximations of the solution by auxiliary problems 

with frozen exponents and averaged weights.  

−div(W(x) ∣ ∇u ∣ p(x) − 2∇u) = divFin Ω, 

Multi-level comparison via frozen exponents: 

The auxiliary problem: 

{−div(W(x) ∣ ∇v ∣ p0 − 2∇v) = 

0v = uin Br(x0), on ∂Br(x0).  
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Averaged weights and second-level approximation:   

 

{−div(WˉBr ∣ ∇w ∣ p0 − 2∇w) = 0w = vin Br(x0), on ∂Br(x0).  

 

The constructive level-set approach allows sharp 

control of constants, minimizing dependence on 

structural parameters. 

∫ Br(x0) ∣ ∇v − ∇w ∣ p0dx ≤ 

C ∥ W ∥ logBMO(Br)∫ Br(x0) ∣ ∇v ∣ p0dx. 

The use of log-BMO conditions on matrix weights 

represents a minimal and highly effective regularity 

assumption. 

Minimal regularity yields: 

∥ W − WˉB ∥ Lq(B) ≤ 

C(q) ∥ W ∥ logBMO ∣ B ∣ 1/q, ∀q < ∞, 

Sharp constant dependence: 

∥ ∇u ∥ LWp(⋅)(Ω) ≤ C(n, p ±, 

∥ W ∥ logBMO) ∥ F ∥ LWp′(⋅)(Ω) 

 

V. COMPARISON WITH RELATED WORKS 

 

The results extend classical Calderón–Zygmund 

theory (Calderón & Zygmund, 1952) to highly 

nonlinear and degenerate settings. 

Calderón–Zygmund theory concerns linear elliptic 

equations: 

−div(A(x)∇u) = divFin Ω, 

𝜆 ∣ 𝜉 ∣ 2 ≤ 𝐴(𝑥)𝜉 ⋅ 𝜉 ≤ 𝛬 ∣ 𝜉 ∣ 2, ∀𝜉 ∈ 𝑅𝑛, 

Compared to works by Fabes, Kenig, and Serapioni 

(1982) and Cao et al. (2019), the reviewed paper 

weakens ellipticity assumptions and incorporates 

variable exponents.  

F ∈ Lq(Ω; Rn) ⇒ ∇u ∈ Lq(Ω; Rn),1 < q < ∞. 

Relative to Balci et al. (2018, 2020), the present work 

advances from equations to two-obstacle variational 

inequalities and from Lebesgue to Orlicz frameworks. 

Fabes–Kenig–Serapioni: 

𝐹 ∈ 𝐿𝑤𝑞(𝛺) ⇒ 𝛻𝑢 ∈ 𝐿𝑤𝑞(𝛺),1 < 𝑞 < ∞. 

nonlinear operators with fixed growth: 

𝐹 ∈ 𝐿𝑞(𝛺) ⇒∣ 𝛻𝑢 ∣ 𝑝 − 1 ∈ 𝐿𝑞(𝛺). 

Balci et al. study equations: 

 

∫ 𝛺𝑊(𝑥) ∣ 𝛻𝑢 ∣ 𝑝(𝑥) − 2𝛻𝑢 ⋅ 𝛻(𝑣 − 𝑢)𝑑𝑥 ≥ ∫ 𝛺𝐹 ⋅ 𝛻(𝑣 − 𝑢)𝑑𝑥, ∀𝑣 ∈ 𝐾. 

 

VI. APPLICATIONS AND IMPACT 

 

The theoretical findings have implications for models 

of electrorheological fluids, anisotropic diffusion in 

porous media, and free boundary problems in finance 

and mechanics.  

Governing equation 

−div(W(x) ∣ ∇u ∣ p(x, E) − 2∇u) = fin Ω, 

allowing directional viscosity effects. 

𝑊(𝑥)𝜉 ⋅ 𝜉 ≥ 𝜆(𝑥) ∣ 𝜉 ∣ 2, 𝜆(𝑥) ≥ 0 

The inclusion of degenerate matrix weights enables 

modeling of anisotropy and spatial heterogeneity with 

greater fidelity. 

Diffusion equation 

𝜕𝑡𝑢 − 𝑑𝑖𝑣(𝑊(𝑥) ∣ 𝛻𝑢 ∣ 𝑝(𝑥) − 2𝛻𝑢) = 𝑔𝑖𝑛 𝛺𝑇 

Energy functional 

𝐸(𝑢) = ∫ 𝛺𝑊(𝑥) ∣ 𝛻𝑢 ∣ 𝑝(𝑥)𝑑𝑥 

Two-obstacle problem 

∫ 𝛺𝑊(𝑥) ∣ 𝛻𝑢 ∣ 𝑝(𝑥) − 2𝛻𝑢 ⋅ 𝛻(𝑣 − 𝑢)𝑑𝑥 ≥ 0, ∀𝑣

∈ 𝐾 

VII. LIMITATIONS AND FUTURE DIRECTIONS 

 

While comprehensive, the theory relies on small log-

BMO conditions and Reifenberg flatness, which may 

limit applicability in highly irregular domains. Future 

research may explore relaxation of these assumptions, 

extension to parabolic problems, or numerical 

approximations. 

This is required to obtain perturbative estimates such 

as 

∥ 𝑊 − 𝑊ˉ𝐵 ∥ 𝐿𝑞(𝐵) ≤ 𝐶𝜀0 ∣ 𝐵 ∣ 1/𝑞, ∀𝑞 < ∞ 

A future direction is to replace the smallness 

assumption by 

𝑙𝑜𝑔𝑊 ∈ 𝑉𝑀𝑂(𝛺) 

Expected estimate 

𝐹 ∈ 𝐿𝑝′(𝑥, 𝑡) ⇒ 𝛻𝑢 ∈ 𝐿𝑝(𝑥, 𝑡) 

 

VIII. CONCLUSION 

 

This work represents a substantial advance in 

nonlinear regularity theory, unifying variable 
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exponent analysis, degenerate ellipticity, and obstacle 

problems. 

The work centers on the operator 

𝐴𝑢: = −𝑑𝑖𝑣(𝑊(𝑥) ∣ 𝛻𝑢 ∣ 𝑝(𝑥) − 2𝛻𝑢) 

The main nonlinear regularity estimate takes the form 

 

𝐹 ∈ 𝐿𝑝′(𝑥)(𝛺; 𝑅𝑛) ⟹ 𝛻𝑢 ∈ 𝐿𝑊𝑝(𝑥)(𝛺) 

∥ 𝛻𝑢 ∥ 𝐿𝑊𝑝(𝑥)(𝛺) ≤ 𝐶(𝑛, 𝑝±, ∥ 𝑙𝑜𝑔𝑊 ∥ 𝐵𝑀𝑂, 𝛺) ∥ 𝐹 ∥ 𝐿𝑝′(𝑥)(𝛺) 

∫ 𝐵𝑟 ∣ 𝛻𝑢 − 𝛻𝑤 ∣ 𝑝(𝑥0)𝑑𝑥 ≤ 𝜀(𝑟)∫ 𝐵2𝑟 ∣ 𝛻𝑢 ∣ 𝑝(𝑥)𝑑𝑥, 𝜀(𝑟) → 0 

 

The analysis is based on a multi-scale approximation. 

−𝑑𝑖𝑣(𝑊(𝑥) ∣ 𝛻𝑢 ∣ 𝑝(𝑥) − 2𝛻𝑢) 

Its methodological rigor and generality position it as a 

foundational reference for future investigations. 
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