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I.INTRODUCTION 

 

The theory of sequence spaces has been an important 

area of research in functional analysis and 

summability theory. Classical sequence spaces such as 

𝑙∞, 𝑐, and 𝑐0 play a significant role in understanding 

the behavior of sequences and their convergence 

properties. 

One such generalization is statistical convergence, 

introduced by Henry Fast.  Statistical convergence 

allows the study of sequences whose terms may 

deviate from the limit on a set of indices having 

density zero. 

Another important extension is ideal convergence, 

developed by Pratulananda Kostyrko and his 

collaborators.  Ideal convergence replaces the notion 

of negligible sets with an ideal of subsets of natural 

numbers, providing a more flexible framework that 

includes statistical convergence as a special case. 

Matrix transformations also play a crucial role in the 

construction of new sequence spaces.  Among them, 

the Zweier matrix generates the class of Zweier 

sequence spaces, which have been studied with respect 

to different types of convergence and summability 

methods. These spaces possess interesting algebraic 

and topological structures and have been investigated 

by several researchers. 

Motivated by above defined, the concept of Zweier 

ideal statistical convergent λ sequence spaces is 

introduced in this paper. We investigate their 

fundamental properties and structural characteristics, 

including linearity, solidity, monotonicity, and 

closedness.  Furthermore, several inclusion relations 

and related results are established, which contribute to 

the study of generalized sequence spaces in 

summability theory.  In this paper ideal statistical 

convergent is denoted as 𝐼𝑆-convergent. 

 

II.PRELIMINARIES 

 

Definition 2.1.1 

I is said to be ideal if, 

i) I is non-empty. 

ii) if a, b ∈ I ,then a ∪ b ∈ I. 

iii) if a ∈ I and b ≤ a, then b ∈ I. 

 

Definition 2.1.2 

Let X be a sequence space.  A filter F in X as a subset 

satisfying; 

i) F is non-empty. 

ii) A ∈ F, and B contains A implies B ∈ F. 

iii)A, B ∈  𝐹 implies A∩B ∈ F. 

iv)A ∈ F and 𝑥 ∈ X implies A+𝑥 ∈ F. 

 

Definition 2.1.3 

Let X be a sequence space. An ideal I ∈X is admissible 

if 

i) I is a closed ideal. 
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ii) I is non- trivial (I≠{0} and I≠X). 

iii) For every x ∈ I and y ∈ X with │y│≤│x│, we have 

y ∈ I 

iv) For every 𝑥 ∈ I there exists 𝑦 ∈ X such that 

a) 𝑥 ≤ 𝑦  and  b) 𝑦 ∈ 𝐼 

 

Definition 2.1.4 

Let X be a sequence space and I an ideal in X. 

A sequence (𝑥n) in X is said to be I- Convergent to 𝑥 

if, 

For every 𝜀 > 0,{n 𝜖 N: | 𝑥n – 𝑥 | ≥ 𝜀 } ∈ I. 

 

Definition 2.1.5 

Let X be a sequence space and I an ideal in X. 

A sequence (𝑥n) in X is said to be I-Cauchy if, 

For every 𝜀 > 0,{n 𝜖 N: | 𝑥m - 𝑥n |  ≥ 𝜀 } ∈ I  ∀ m,n ≥ 

N. 

 

Definition 2.1.6 

Let X be a sequence space and I an ideal in X. 

A sequence (𝑥n) in X is said to be I-Statistically 

Convergent to 𝑥 if, 

i) For every 𝜀 > 0,{n 𝜖 N: | 𝑥n – 𝑥 | ≥ 𝜀}  ∈ I. 

ii) lim
𝑛→∞

|{𝑘 ∈ 𝑁: |  𝑥n – 𝑥 | ≥ 𝜀}|/n = 0 ∀ 𝜀 > 0. 

 

Definition 2.1.7 

Let X be a sequence space and I an ideal in X. 

A sequence (𝑥n) in X is said to be I-Statistically 

Cauchy if, 

i) For every 𝜀 > 0,{n ∈ N: | 𝑥m – 𝑥n | ≥ 𝜀} 𝜖 I ∀ m,n ≥ 

N. 

ii) lim
𝑛→∞

|{𝑘 ∈ 𝑁: | 𝑥n – 𝑥| ≥  𝜀}|/n = 0 ∀ 𝜀 > 0 and m, 

n ≥ N. 

 

3.1 Zweier IS-Convergent 𝜆-Sequence Space 

In this section, by following several authors we define some new classes of Zweier IS – Convergent 𝜆-Sequence 

Spaces as follows: 

ℤ𝐼𝑆(𝜆) = {(𝑥𝑘)𝜖𝜔: {𝑘𝜖ℕ:
1

𝑛
|{𝑘 ≤ 𝑛: |𝒵𝑝Λ𝑛 (𝑥) − 𝐿| ≥ 𝜀}| ≥ 𝛿} 𝜖 𝐼, for some L} 

ℤ0
𝐼𝑆(𝜆) = {(𝑥𝑘)𝜖𝜔: {𝑘𝜖ℕ:

1

𝑛
|{𝑘 ≤ 𝑛: |𝒵𝑝Λ𝑛 (𝑥)| ≥ 𝜀}| ≥ 𝛿} 𝜖 𝐼. 

Theorem: 3.1.1  

The class of sequences ℤ𝐼𝑆(𝜆), ℤ0
𝐼𝑆(𝜆) these spaces are linear spaces. 

Proof: 

Let (𝑥𝑘), (𝑦𝑘) ∈ ℤ𝐼𝑆(𝜆) and 𝛼, 𝛽 be any scalars. 

𝐼𝑆 −
1

𝑛
|𝑥𝑘

′ − 𝐿1| = 0 for some 𝐿1 ∈ 𝑐. 

𝐼𝑆 −
1

𝑛
|𝑦𝑘

′ − 𝐿2| = 0 for some 𝐿2 ∈ 𝑐. 

Then for given 𝜀 > 0, we have  𝐴1 = {𝑘 ∈ 𝑁: 
1

𝑛
|𝑥𝑘

′ − 𝐿1| >
𝜀

2
 } >

𝛿

2
∈ 𝐼. 

𝐴2 = {𝑘 ∈ 𝑁: 
1

𝑛
|𝑦𝑘

′ − 𝐿2| >
𝜀

2
 } >

𝛿

2
∈ 𝐼. 

Consider   
1

𝑛
|(𝛼𝑥𝑘

′ + 𝛽𝑦𝑘
′ ) − (𝛼𝐿1 + 𝛽𝐿2)| ≤

1

𝑛
|𝛼|(|𝑥𝑘

′ − 𝐿1|) +
1

𝑛
|𝛽|(|𝑦𝑘

′ − 𝐿2|) 

                                             ≤
1

𝑛
|𝑥𝑘

′ − 𝐿1| +
1

𝑛
(|𝑦𝑘

′ − 𝐿2|)  ≥  
𝜀

2
+

𝜀

2
  ≥ 𝜀 

Thus, {𝑘 ∈ 𝑁: 
1

𝑛
|(𝛼𝑥𝑘

′ + 𝛽𝑦𝑘
′ ) − (𝛼𝐿1 + 𝛽𝐿2)| > 𝜀} ≥ 𝛿 

This implies that (𝛼𝑥𝑘 + 𝛽𝑦𝑘) ∈  ℤ𝐼𝑆(𝜆) 

Hence ℤ𝐼𝑆(𝜆) forms a linear space. 

Similarly, the space  ℤ0
𝐼𝑆(𝜆) is also linear. 

 

Theorem:3.1.2  

The spaces ℤ𝐼𝑆(𝜆), ℤ0
𝐼𝑆(𝜆) are complete normed linear space. 

Proof: 

Consider a Cauchy sequence {𝑥(𝑛)} in ℤ𝐼𝑆(𝜆), where 𝑥(𝑛) = (𝑥1
(𝑛)

, 𝑥2
(𝑛)

, . . . . ). 

We need to show that the sequence {𝑥(𝑛)} approaches a point 𝑥 ∈ ℤ𝐼𝑆(𝜆). 

Since,{𝑥(𝑛)} satisfies the Cauchy condition, for every 𝜀 > 0, there is an 𝑛 ∈ ℕ holds 
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||𝑥(𝑛)−𝑥(𝑚)|| =
𝑠𝑢𝑝

𝑘 ∈ ℕ
  {|𝑥𝑘

(𝑛)
− 𝑥𝑘

(𝑚)
| : 𝑘 ∈ ℕ} < 𝜀 for all 𝑛, 𝑚 ∈ 𝑁. 

For each 𝑘 ∈ ℕ,  |𝑥𝑘
(𝑛)

− 𝑥𝑘
(𝑚)

| < 𝜀 for 𝑛, 𝑚 ∈ 𝑁. 

This shows that for each 𝑘, {𝑥𝑘
(𝑛)

} possesses a Cauchy property in ℤ. 

For some 𝑥𝑘 ∈ ℤ such that (𝑥𝑘
(𝑛)

) → 𝑥𝑘 as 𝑛 → ∞ 

Now, define 𝑥 = (𝑥1, 𝑥2, … ). 

We claim that 𝑥 ∈ ℤ𝐼𝑆(𝜆) and 𝑥(𝑛) → 𝑥 in ℤ𝐼𝑆(𝜆). 

To show this, note that  

                                  ||𝑥(𝑛) − 𝑥|| =  
𝑠𝑢𝑝

𝑘 ∈ ℕ
  {|𝑥𝑘

(𝑛)
− 𝑥𝑘| : 𝑘 ∈ ℕ} 

                                                    ≤ 
𝑠𝑢𝑝

𝑘 ∈ ℕ
  {|𝑥𝑘

(𝑛)
− 𝑥𝑘

(𝑚)
| : 𝑘 ∈ ℕ} +  

𝑠𝑢𝑝
𝑘 ∈ ℕ

  {|𝑥𝑘
(𝑛)

− 𝑥𝑘| : 𝑘 ∈ ℕ} 

                                                     <  𝜀 +
𝑠𝑢𝑝

𝑘 ∈ ℕ
  {|𝑥𝑘

(𝑛)
− 𝑥𝑘| : 𝑘 ∈ ℕ} for all 𝑛 ≥ 𝑁. 

Since 𝜀 > 0 was arbitrary, we conclude that 𝑥(𝑛) → 𝑥 in ℤ𝐼𝑆(𝜆). 

Therefore ℤ𝐼𝑆(𝜆) is complete. 

Similarly, the space ℤ0
𝐼𝑆(𝜆) is also complete. 

Note: The norm on ℤ𝐼𝑆(𝜆) and ℤ0
𝐼𝑆(𝜆) can be defined as ||𝑥|| = sup {|𝑥𝑘|}. 

 

Theorem:3.1.3  

 ℤ𝐼𝑆(𝜆) ⊂ 𝑐 and  ℤ𝐼𝑆(𝜆) is closed in 𝑐. 

Proof: 

 Consider a sequence {𝑥(𝑛)} in ℤ𝐼𝑆(𝜆) that converges to 𝑥 ∈ 𝑐.  

Then we need to show that the limit  𝑥 ∈ ℤ𝐼𝑆(𝜆).  

Since 𝑥(𝑛) ∈ ℤ𝐼𝑆(𝜆) for all 𝑛, we have 𝑥(𝑛) = (𝑥1
(𝑛)

, 𝑥2
(𝑛)

, . . . . ) ∈  ℤ𝐼𝑆(𝜆)  

here 𝑥𝑘
(𝑛)

→ 0 as 𝑘 → ∞ for all 𝑛. Since (𝑥(𝑛)) → 𝑥 in 𝑐, we have (𝑥𝑘
(𝑛)

) → 𝑥𝑘 as 𝑛 → ∞ for each 𝑘. 

Fixing 𝑘 ∈ ℕ, since (𝑥𝑘
(𝑛)

) → 0 as 𝑘 → ∞ for all 𝑛, we have  

(𝑥𝑘) → 0 as 𝑘 → ∞ 

Thus, 𝑥 = (𝑥1 , 𝑥2, . . . . ) ∈  ℤ𝐼𝑆(𝜆).  Hence, ℤ𝐼𝑆(𝜆) is a closed subspace of 𝑐. 

Note: A similar proof shows that ℤ0
𝐼𝑆(𝜆) is a closed subspace of 𝑐. 

 

Theorem:3.1.4 

 ℤ𝐼𝑆(𝜆), ℤ0
𝐼𝑆(𝜆) are nowhere dense sets. 

Proof:  

Let  𝑥 = (𝑥1 , 𝑥2, . . . . ) be any element of ℤ𝐼𝑆(𝜆). 

To show that there exists an element 𝑦 ∈ 𝑐 (the space of convergent sequences) such that 

||𝑥 − 𝑦|| = sup {|𝑥𝑘 − 𝑦𝑘|: 𝑘 ∈ ℕ} ≥ 1. 

This will yield that 𝑥 is not an interior point of ℤ𝐼𝑆(𝜆). 

Let 𝜀 > 0 be given. Since 𝑥 ∈ ℤ𝐼𝑆(𝜆), there is an  𝑁 ∈ ℕ which  

|𝑥𝑘| < 𝜀 for each 𝑘 ≥ 𝑁. 

Define 𝑦 = (𝑦1 , 𝑦2, . . . . ) ∈ 𝑐 by 

𝑦𝑘 = 𝑥𝑘 for 𝑘 < 𝑁 

𝑦𝑘 = 𝜀 for 𝑘 ≥ 𝑁 

Then, 

      ||𝑥 − 𝑦|| = sup {|𝑥𝑘 − 𝑦𝑘|: 𝑘 ∈ ℕ} 

                    = sup {|𝑥𝑘 − 𝜀|: 𝑘 ≥ ℕ} 

≥ 1 

Since 𝜀 > 0 arbitrary. Therefore, 𝑥 is not an interior point of ℤ𝐼𝑆(𝜆). 
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Then for every 𝑥 ∈ ℤ𝐼𝑆(𝜆), we conclude that ℤ𝐼𝑆(𝜆) has no interior points. 

Hence, ℤ𝐼𝑆(𝜆) is nowhere dense set.  

Similarly, ℤ0
𝐼𝑆(𝜆) is nowhere dense set can be proved. 

 

Theorem:3.1.5  

The spaces ℤ𝐼𝑆(𝜆), ℤ0
𝐼𝑆(𝜆) are not separable. 

Proof:  

Assume, if possible, that ℤ𝐼𝑆(𝜆) is separable.  

Then, there exists a countable dense subset {𝑥𝑛} of ℤ𝐼𝑆(𝜆). 

Let 𝑥 = (𝑥1 , 𝑥2, . . . . ) be any element of ℤ𝐼𝑆(𝜆). 

Since {𝑥𝑛} is dense in ℤ𝐼𝑆(𝜆), there exists a subsequence {𝑥𝑛𝑘} of {𝑥𝑛} such that 

 (𝑥𝑛𝑘) → 𝑥 in ℤ𝐼𝑆(𝜆) as 𝑘 → ∞ 

This implies that 

(𝑥𝑘
𝑛𝑘) → 𝑥𝑘 as 𝑘 → ∞ for each fixed 𝑘 ∈ ℕ. 

However, since 𝑥 ∈ ℤ𝐼𝑆(𝜆), we have  

(𝑥𝑘) → 0 as 𝑘 → ∞ 

which is a contradiction. Since the sequence {𝑥𝑛𝑘} cannot converge to both 𝑥𝑘 and 0 as 𝑘 → ∞. 

Hence, ℤ𝐼𝑆(𝜆) is not separable. 

Similarly, the space  ℤ0
𝐼𝑆(𝜆) is not separable. 

 

Theorem:3.1.6   

The inclusions ℤ0
𝐼𝑆(𝜆) ⊂ ℤ𝐼𝑆(𝜆) ⊂ ℤ∞

𝐼𝑆(𝜆) these spaces are proper. 

Proof: 

 Consider (𝑥𝑘) ∈ ℤ𝐼𝑆(𝜆). 

Then there is an 𝐿 ∈ 𝑐 which  𝐼-lim|𝑥𝑘
′ - 𝐿| = 0 

 |𝑥𝑘
′ |≤

1

2
|𝑥𝑘

′ - 𝐿| +
1

2
|𝐿| 

Taking supremum we get (𝑥𝑘) ∈  ℤ∞
𝐼𝑆(𝜆) 

The inclusions ℤ0
𝐼𝑆(𝜆) ⊂ ℤ𝐼𝑆(𝜆) is obvious. 

 

Theorem:3.1.7  

The function ℏ:𝑚ℤ𝐼𝑆(𝜆) → ℝ obeys Lipschitz condition and thus is uniformly continuous where 𝑚ℤ𝐼𝑆(𝜆) = ℤ𝐼𝑆(𝜆) ∩

ℤ∞. 

Proof:  

By definition, ℏ is Lipschitz if, for a positive number 𝑘 holds for all 𝑥, 𝑦 ∈ 𝑚ℤ𝐼𝑆(𝜆) 

| ℏ(𝑥) −  ℏ(𝑦)| ≤ 𝑘|𝑥 − 𝑦| 

Let assume this condition holds for ℏ. 

Given 𝜀 > 0, choose 𝛿 =
𝜀

𝑘
 

Then for each 𝑥, 𝑦 ∈ 𝑚ℤ𝐼𝑆(𝜆) with ‖𝑥 − 𝑦‖ < 𝛿| 

| ℏ(𝑥) −  ℏ(𝑦)| ≤ 𝑘‖𝑥 − 𝑦‖ 

               < 𝑘𝛿 

               = 𝑘
𝜀

𝑘
 

            = 𝜀 

                                                                 | ℏ(𝑥) −  ℏ(𝑦)| < 𝜀 

This shows ℏ is uniformly continuous. 

 

Theorem:3.1.8  

If 𝑥, 𝑦 ∈ 𝑚ℤ𝐼𝑆(𝜆), then  
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a) 𝑥𝑦 ∈ 𝑚ℤ𝐼𝑆(𝜆) 

b) ℏ(𝑥𝑦) = ℏ(𝑥) ℏ(𝑦) 

Proof:  

Let 𝑥, 𝑦 ∈ 𝑚ℤ𝐼𝑆(𝜆) 

a) Let 𝑥 = (𝑥𝑛) and 𝑦 = (𝑦𝑛) be elements of 𝑚ℤ𝐼𝑆(𝜆). 

Then 𝑥𝑦 = (𝑥𝑛𝑦𝑛) is also an element of 𝑚ℤ𝐼𝑆(𝜆). 

(Since, the product of sequences in 𝑚ℤ𝐼𝑆(𝜆) remains in 𝑚ℤ𝐼𝑆(𝜆) due to its algebraic structure) 

b) For the function ℏ:𝑚ℤ𝐼𝑆(𝜆) → ℝ we have ℏ(𝑥𝑦) = ℏ((𝑥𝑛𝑦𝑛)) = (ℏ(𝑥𝑛𝑦𝑛)) 

using the property of ℏ, we can write 

ℏ(𝑥𝑛𝑦𝑛) = ℏ(𝑥𝑛) ℏ(𝑦𝑛) 

       ℏ(𝑥𝑦) = (ℏ(𝑥𝑛) ℏ(𝑦𝑛)) 

                                                                            = ℏ(𝑥) ℏ(𝑦) 

 

Theorem:3.1.9  

If 𝐼 is a non-maximal ideal together with 𝐼 differ from 𝐼𝑓, then the space ℤ𝐼𝑆(𝜆), ℤ0
𝐼𝑆(𝜆) are not symmetric. 

Proof:  

Suppose 𝐼 is not maximal 

Let 𝐴 ∈ 𝐼 be infinite. 

If 𝑥𝑘
′ = {

 1, 𝑓𝑜𝑟 𝑘 ∈ 𝐴
 0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

[Lemma: If 𝐼 ⊂ 2𝑁 and 𝑀 is included in 𝑁.  Whenever  𝑀 ∉ 𝐼, then common elements of 𝑀, 𝑁 ∉ 𝐼] 

It follows that by lemma, 𝑥𝑘 ∈ ℤ0
𝐼𝑆(𝜆) ⊂ ℤ𝐼𝑆(𝜆). 

Take 𝐾 ⊂ 𝑁 be holds 𝐾 ∉ 𝐼𝑆, 𝑁 − 𝐾 ∉ 𝐼𝑆 

Suppose 𝜑: 𝐾 → 𝐴, 𝜔: 𝑁 − 𝐾 → 𝑁 − 𝐴 are related by a bijection then the map 𝜋: 𝑁 → 𝑁 defined by 

𝜋(𝑘) = {
 𝜑(𝑘), 𝑓𝑜𝑟 𝑘 ∈ 𝐾
 𝜔(𝑘), 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

represents a permutation defined on N, but 𝑥𝜋(𝑘) ∉ ℤ𝐼𝑆(𝜆), 𝑥𝜋(𝑘) ∉ ℤ0
𝐼𝑆(𝜆) 

Thus, ℤ𝐼𝑆(𝜆), ℤ0
𝐼𝑆(𝜆) are not symmetric. 

 

Theorem:3.1.10  

 ℤ𝐼𝑆(𝜆)  is linearly isomorphic to 𝑐𝐼 and ℤ0
𝐼𝑆(𝜆) is linearly isomorphic to 𝑐0

𝐼  respectively, 

i.e) ℤ𝐼𝑆(𝜆) ≅ 𝑐𝐼 ,  ℤ0
𝐼𝑆(𝜆) ≅ 𝑐0

𝐼  

 

Proof: 

 Define 𝜑: ℤ𝐼𝑆(𝜆) → 𝑐𝐼 and  

                        𝜔: ℤ0
𝐼𝑆(𝜆) → 𝑐0

𝐼  

i. 𝜑 and 𝜔 are linear: 

    𝜑(𝑎𝑥 + 𝑏𝑦) = 𝑎 𝜑(𝑥) + 𝑏 𝜑(𝑦) 

               𝜔 (𝑎𝑥 + 𝑏𝑦) = 𝑎 𝜔(𝑥) + 𝑏 𝜔(𝑦) 

ii. 𝜑 and 𝜔 are bijective: 

     Since 𝜑(𝑥) = 𝜑(𝑦) ⟹ 𝑥 = 𝑦 and similarly for 𝜔 

For any 𝑦 ∈ 𝑐𝐼 , for some 𝑥 ∈ ℤ𝐼𝑆(𝜆) holds 𝜑(𝑥) = 𝑦 

Similarly, 

For any 𝑦 ∈ 𝑐0
𝐼 , for some 𝑥 ∈ ℤ0

𝐼𝑆(𝜆) holds 𝜔(𝑥) = 𝑦. 

iii. Isomorphism: 

      𝜑 and 𝜔 are linear isomorphisms 

ℤ𝐼𝑆(𝜆) ≅ 𝑐𝐼  and ℤ0
𝐼𝑆(𝜆) ≅ 𝑐0

𝐼 . 
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Theorem:3.1.11 

Let (𝑥𝑛) and (𝑦𝑛) be a real sequences.  Suppose that ℤ𝐼𝑆(𝜆) lim
𝑛→∞

𝑥𝑛 = 𝐿1 and ℤ𝐼𝑆(𝜆) lim
𝑛→∞

𝑦𝑛 = 𝐿2 then 𝐿1 = 𝐿2. 

 ie) ℤ𝐼𝑆(𝜆) of sequence is unique, if it exists. 

Proof: 

 Suppose 𝐿1 ≠ 𝐿2  

       Let 𝜀 =
|𝐿1−𝐿2|

3
> 0  

Now define the zweier means of the sequence (𝑥𝑛) as  

𝒵𝑛 =
𝑥𝑛  +  𝑥𝑛+1

2
 

Assume that 𝒵𝑛 is 𝐼𝑆(𝜆) convergent to 𝐿1 

 For each 𝛿 > 0, the following set is in the ideal 𝐼. 

𝐴 = {𝑘 ∈ ℕ:
1

𝑛
{𝑘 ≤ 𝑛: |𝒵𝑘 − 𝐿1| ≥ 𝜀} ≥ 𝛿} ∈ 𝐼 

Similarly, 

 Define the zweier means of the sequence (𝑦𝑛) as 

𝒵𝑛 =
𝑦𝑛  +  𝑦𝑛+1

2
 

𝐵 = {𝑘 ∈ ℕ:
1

𝑛
{𝑘 ≤ 𝑛: |𝒵𝑘 − 𝐿2| ≥ 𝜀} ≥ 𝛿} ∈ 𝐼 

Consider, 

𝐶 = {𝑘 ∈ ℕ: | 𝒵𝑘 − 𝐿1| < 𝜀 and | 𝒵𝑘 − 𝐿2| < 𝜀} 

For 𝑘 ∈ ℂ, apply the triangle inequality  

|𝐿1 − 𝐿2| ≤ |𝐿1 − 𝒵𝑘| + |𝐿2 − 𝒵𝑘| < 𝜀 + 𝜀 = 2𝜀 

But we choose 𝜀 =
|𝐿1−𝐿2|

3
 

So |𝐿1 − 𝐿2| < 2
|𝐿1−𝐿2|

3
=

2

3
|𝐿1 − 𝐿2| 

This is a contradiction  

Since |𝐿1 − 𝐿2| <
2

3
|𝐿1 − 𝐿2| ⟹ 1 <

2

3
 

 Hence 𝐿1 = 𝐿2 

Definition: 

 For every 𝜀 > 0 and 𝛿 > 0, for some index 𝑁 ∈ ℕ holds  

                      {𝑛 ∈ ℕ:
1

𝜆𝑛
|{𝑘 ∈ 𝐼𝑛: |𝒵𝑘 − 𝒵𝑁| ≥ 𝜀}| ≥ 𝛿} ∈ 𝐼  

Where 𝒵𝑘 =
𝑥𝑘 + 𝑥𝑘+1

2
 is the zweier mean of 𝑥. 

 

Theorem:3.1.12 ( ℤ𝐼𝑆(𝜆) convergent sequence is Cauchy) 

Let (𝑥𝑛) be a real sequence, 𝜆 = (𝜆𝑛) be a positive integers that is non-decreasing holds 𝜆𝑛 → ∞. 

If ℤ𝐼𝑆(𝜆) lim
𝑛→∞

𝑥𝑛 = 𝐿, then (𝑥𝑛) is  ℤ𝐼𝑆(𝜆) is Cauchy. 

Proof: 

 Let 𝜀 > 0 and 𝛿 > 0 be arbitrary. 

Since ℤ𝐼𝑆(𝜆) lim
𝑛→∞

𝑦𝑛 = 𝐿, 

 This means that the zweier-transformed sequence 𝒵𝑘 =
𝑥𝑘 + 𝑥𝑘+1

2
 satisfies. 

𝐴 = {𝑛 ∈ ℕ:
1

𝜆𝑛
| {𝑘 ∈ 𝐼𝑛: |𝒵𝑘 − 𝐿| ≥

𝜀

2
} | ≥

𝛿

2
} ∈ 𝐼  

 Because 𝐼 is an ideal, ℕ\𝐴 ∉ 𝐼, so for large enough 𝑛 ∉ 𝐴, we have 

1

𝜆𝑛

|{𝑘 ∈ 𝐼𝑛: |𝒵𝑘 − 𝐿| <
𝜀

2
}| > 1 −

𝛿

2
 

Now choose such a large 𝑁 ∉ 𝐴.  Then for 𝒵𝑁 , we have  
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 |𝒵𝑘 − 𝒵𝑁| ≤ |𝒵𝑘 − 𝐿| + |𝒵𝑁 − 𝐿| <
𝜀

2
+

𝜀

2
= 𝜀  

For must 𝑘 ∈ 𝐼𝑛, since both 𝒵𝑘 and 𝒵𝑁 are close to 𝐿. 

Hence, for sufficiently large n, the set 𝐵 = {𝑘 ∈ 𝐼𝑛: |𝒵𝑘 − 𝒵𝑁| ≥ 𝜀} has less than 𝛿(𝜆𝑛). 

 ie) 
1

𝜆𝑛
|𝐵| < 𝛿 

Therefore, {𝑛 ∈ ℕ:
1

𝜆𝑛
|{𝑘 ∈ 𝐼𝑛: |𝒵𝑘 − 𝒵𝑁| ≥ 𝜀}| ≥ 𝛿} ∈ 𝐼 is a subset of 𝐴, and hence belongs to 𝐼. 

 

Theorem:3.1.13 

Let (𝑥𝑛) be a bounded real sequence,  𝜆 = (𝜆𝑛) be a positive integers that is non-decreasing holds 𝜆𝑛 → ∞.  

If (𝑥𝑛) is Cauchy then (𝑥𝑛) is convergent in  ℤ𝐼𝑆(𝜆) to some real number 𝐿. 

 ie) ℤ𝐼𝑆(𝜆) lim
𝑛→∞

𝑥𝑛 = 𝐿 

Proof: 

 Let the zweier transform of (𝑥𝑛) be 𝒵𝑛 =
𝑥𝑛 + 𝑥𝑛+1

2
 

Because (𝑥𝑛) is bounded, |𝑥𝑛| ≤ 𝑀, it follows that |𝒵𝑛| ≤
|𝑥𝑛| +|𝑥𝑛+1|

2
≤ 𝑀 

 So (𝑧𝑛) is also a bounded sequence. 

Since (𝑥𝑛) is ℤ𝐼𝑆(𝜆) is Cauchy then for every 𝜀 > 0 and 𝛿 > 0, there is an  𝑁 ∈ ℕ holds  

{𝑛 ∈ ℕ:
1

𝜆𝑛

|{𝑘 ∈ 𝐼𝑛: |𝒵𝑘 − 𝒵𝑁| ≥ 𝜀}| ≥ 𝛿} ∈ 𝐼 

 A bounded sequence that is 𝐼𝑆(𝜆)-cauchy is also 𝐼𝑆(𝜆)-convergent (this is a know result in 𝐼𝑆 convergence 

theory). 

 Hence, the zweier-transformed sequence (𝑧𝑛) is 𝐼𝑆(𝜆)-convergent. 

 ie) ℤ𝐼𝑆(𝜆) lim
𝑛→∞

𝑥𝑛 = lim
𝑛→∞

𝑧𝑛 = 𝐿 for some 𝐿 ∈ ℝ. 

 

Theorem:3.1.14  

 The space ℤ0
𝐼𝑆(𝜆) is solid and monotone. 

Proof: 

 Let 𝑥 ∈ ℤ0
𝐼𝑆(𝜆) and given 𝜀 > 0. 

Put 𝐴𝑥(𝜀) = {𝑛: |𝑥𝑛| ≥ 𝜀} 

      𝐴𝑦(𝜀) = {𝑛: |𝑦𝑛| ≥ 𝜀} 

 If |𝑦𝑛| ≤ |𝑥𝑛| for every n, then whenever |𝑦𝑛| ≥ 𝜀. 

We must also have |𝑥𝑛| ≥ 𝜀. 

 Hence 𝐴𝑦(𝜀) ⊆ 𝐴𝑥(𝜀). 

 Any sequence 𝑧 produced from 𝑥 by replacing some co-ordinates by numbers of smaller modulus satisfies 

|𝑧𝑛| ≤ |𝑥𝑛| for all 𝑛. 

By solidity 𝑧 ∈ ℤ0
𝐼𝑆(𝜆). 

 In particular all truncations of 𝑥 belong to the space. 

 Thus ℤ0
𝐼𝑆(𝜆) is monotone. 

Corollary: 

 The space ℤ𝐼𝑆(𝜆) does not possess the properties of solidity and monotonicity. 

 

Theorem:3.1.15 

 If a space 𝑥 = (𝑥𝑘) 𝜆-converges to 𝐿, then it is also ℤ𝐼𝑆(𝜆)-convergent to 𝐿. 

Proof: 

 Assume (𝑥𝑘) 𝜆-converges to 𝐿. 

Now, consider 𝐴𝜀 = {𝑘 ∈ ℕ: 𝑥𝑘 − 𝐿| ≥ 𝜀} 

From 𝜆-convergence, no index 𝑘 ≥ 𝐾 belongs to . 
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Therefore, 𝐴𝜀 ⊆ {1,2, … … … , 𝑘 − 1} 

Thus 𝐴𝜀 is finite. 

Since 𝐼 contains ℕ. 

 Thus 𝐴𝜀 ∈ 𝐼 

The ℤ𝐼𝑆(𝜆)-density of a finite set is zero, because 
1

 𝜆𝑛
|𝐴𝜀 ∩ {𝑛 −  𝜆𝑛+1, … … , 𝑛}| → 0 

Thus the ideal 𝜆-density of 𝐴𝜀 is zero. 

Since 𝜀 > 0, 𝐴𝜀 = {𝑘 ∈ ℕ: 𝑥𝑘 − 𝐿| ≥ 𝜀} 

Therefore, (𝑥𝑘) ℤ𝐼𝑆(𝜆)-converges to 𝐿. 

Thus every 𝜆-convergent sequence is ℤ𝐼𝑆(𝜆)-convergent. 

 

Theorem:3.1.16  

 There exists a sequence that is ℤ𝐼𝑆(𝜆)-convergent but not bounded. 

Proof:  

 Let 𝐴 ∈ 𝐼. 

Now, 𝑥𝑘 = {
𝑘,   𝑘 ∈ 𝐴,
0, 𝑘 ∉ 𝐴

  

Whenever, 𝑘 ∈ 𝐴 and 𝑥𝑘 = 𝑘 

Since 𝐴 contains arbitrarily large integers  sup
𝑘∈𝐴

|𝑥𝑘| = ∞ 

Thus the sequence (𝑥𝑘) is not bounded. 

Take any 𝜀 > 0, 𝐴𝜀 = {𝑘 ∈ ℕ: |𝑥𝑘 − 0| ≥ 𝜀} = {𝑘 ∈ ℕ: |𝑥𝑘| ≥ 𝜀} = 𝐴 

 Thus 𝐴𝜀 = 𝐴 

Hence the 𝜆-ideal density of 𝐴𝜀 is zero. 

Therefore, (𝑥𝑘) ℤ𝐼𝑆(𝜆)-converges to zero. 

 

Theorem:3.1.17 

 Let 𝑥 = (𝑥𝑘) and 𝑦 = (𝑦𝑘) be sequences such that |𝑥𝑘 − 𝑥𝑁| ≤ |𝑦𝑘 − 𝑦𝑁| for all 𝑘, 𝑁.  If (𝑦𝑘) is ℤ𝐼𝑆(𝜆)-

Cauchy then (𝑥𝑘) is also ℤ𝐼𝑆(𝜆)-Cauchy. 

Proof: 

 Assume 𝑦 = (𝑦𝑘) is ℤ𝐼𝑆(𝜆)-Cauchy. 

Then for every 𝜀 > 0, 𝐵𝜀(𝑁) = {𝑘: |𝑦𝑘 − 𝑦𝑁| ≥ 𝜀} ∈ 𝐼. 

We have the inequality, |𝑥𝑘 − 𝑥𝑁| ≤ |𝑦𝑘 − 𝑦𝑁|. 

Thus, |𝑥𝑘 − 𝑥𝑁| ≥ 𝜀, |𝑦𝑘 − 𝑦𝑁| ≥ 𝜀. 

Therefore, 𝐴𝜀(𝑁) = {𝑘: |𝑥𝑘 − 𝑥𝑁| ≥ 𝜀} ⊆ {𝑘: |𝑦𝑘 − 𝑦𝑁| ≥ 𝜀} = 𝐵𝜀(𝑁). 

So 𝐴𝜀(𝑁) ⊆ 𝐵𝜀(𝑁) 

Since 𝐵𝜀(𝑁) ∈ 𝐼, the ideal property gives, 𝐴𝜀(𝑁) ∈ 𝐼 

 Thus the set of sequence 𝑥 also has ideal 𝜆-density zero. 

For every 𝜀 > 0, we found an 𝑁 such that {𝑘: |𝑥𝑘 − 𝑥𝑁| ≥ 𝜀} ∈ 𝐼 

 Thus 𝑥 = (𝑥𝑘) is also ℤ𝐼𝑆(𝜆)-Cauchy. 

 

Theorem:3.1.18  

  The space ℤ𝐼𝑆(𝜆) is a linear space. Moreover, 𝑥 ∈ ℤ𝐼𝑆(𝜆) with limit 𝐿 if and only if  

𝑥 − 𝐿 ∈ ℤ0
𝐼𝑆(𝜆). 

Proof: 

By definition, a sequence 𝑥 = (𝑥𝑘) belongs to ℤ𝐼𝑆(𝜆). 

 {𝑛 ∈ ℕ:
1

𝜆𝑛
{𝑘 ∈ ℕ: |𝑥𝑘 − 𝐿| ≥ 𝜀} ≥ 𝛿} ∈ 𝐼 for all 𝜀 > 0. 

We know that ℤ𝐼𝑆(𝜆) is a linear space. 

To Prove: 𝑥 ∈ ℤ𝐼𝑆(𝜆) with limit 𝐿 if and only if 𝑥 − 𝐿 ∈ ℤ0
𝐼𝑆(𝜆). 
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 If 𝑥 ⟶ 𝐿, then 𝑥 − 𝐿 ⟶ 0 

Let 𝑧𝑛 = 𝑥𝑛 − 𝐿.  Then for any 𝜀 > 0 {n:| 𝑧𝑛 − 0|≥ 𝜀} = {𝑛: |𝑥𝑛 − 𝐿| ≥ 𝜀} ∈ 𝐼 

 Therefore, 𝑥 − 𝐿 ∈ ℤ0
𝐼𝑆(𝜆). 

Conversely, 

If 𝑥 − 𝐿 ∈ ℤ0
𝐼𝑆(𝜆). 

Let 𝑧 = 𝑥 − 𝐿.  If 𝑧 → 0 in ℤ𝐼𝑆(𝜆), then 𝑥 = 𝑧 + 𝐿 

 Hence 𝑥 ⟶ 𝐿 in ℤ𝐼𝑆(𝜆). 

 

Theorem:3.1.19 

 For a sequence 𝑥 = (𝑥𝑘), each of the following conditions implies the others. 

i. 𝑥 is ℤ𝐼𝑆(𝜆)-Convergent to 𝐿. 

ii. There exists a set 𝑀 ∈ 𝐹(𝐼) such that lim
𝑛→∞
𝑛∈𝑀

1

𝜆𝑛
{𝑘 ∈ ℕ: |𝑥𝑘 − 𝐿|≥ 𝜀} = 0. 

iii. For every 𝜀 > 0, the set 𝐴𝜀 = {𝑛 ∈ ℕ:
1

𝜆𝑛
{𝑘 ∈ ℕ: |𝑥𝑘 − 𝐿| ≥ 𝜀} ≥ 𝛿}. 

Proof: 

(i)⇒(ii) 

Assume that 𝑥 ⟶ 𝐿 in ℤ𝐼𝑆(𝜆). 

Then, {𝑛 ∈ ℕ:
1

𝜆𝑛
{𝑘 ∈ ℕ: |𝑥𝑘 − 𝐿| ≥ 𝜀} ≥ 𝛿} ∈ 𝐼 for all 𝜀 > 0. 

Choose 𝛿 =
1

𝑚
, 𝑚 = 1,2, … … … 

Define, 𝑀 = ⋃ {ℕ\∞
𝑚=1 {𝑛 ∈ ℕ:

1

𝜆𝑛
{𝑘 ∈ ℕ: |𝑥𝑘 − 𝐿| ≥

1

𝑚
} ≥

1

𝑚
}} 

Each removed set belongs to 𝐼, hence their union belongs to 𝐼, so the complement 𝑀 ∈ 𝐹(𝐼). 

Thus the convergence holds on 𝑀, proving (ii). 

(ii)⇒(iii) 

Assume the convergence holds for some 𝑀 ∈ 𝐹(𝐼). 

Given, any 𝜀 > 0, define 𝐴𝜀 = {𝑛 ∈ ℕ:
1

𝜆𝑛
{𝑘 ∈ ℕ: |𝑥𝑘 − 𝐿| ≥ 𝜀} ≥ 𝛿}. 

Thus only finitely many elements of 𝑀 can lie in 𝐴𝜀 . 

But outside 𝑀 the set belongs to the index 𝐼, because ℕ\𝑀 ∈ 𝐼. 

Hence 𝐴𝜀 ⊂ ( ℕ\𝑀) ∪ (finite set ) ∈ 𝐼. 

(iii)⇒(i) 

Fix any 𝜀 > 0 and any 𝛿 > 0.  Take 𝜀′ = min(𝜀, 𝛿) 

Then by assumption, 𝐴𝜀′ ∈ 𝐼, where 𝐴𝜀′ = {𝑛 ∈ ℕ:
1

𝜆𝑛
{𝑘 ∈ ℕ: |𝑥𝑘 − 𝐿| ≥ 𝜀′} ≥ 𝜀′} 

Since 𝐴𝜀′ ∈ 𝐼, this is exactly the definition of  ℤ𝐼𝑆(𝜆)-Convergence.  Thus (i) holds. 
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