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Abstract- This paper investigates the theoretical
foundations of the Composite Fuzzy Demographic Index
(CFDI), a synthetic measure designed to evaluate
demographic dynamics across geographical units over
time. The index integrates fuzzy normalization, temporal
weighting, and logarithmic transformations to provide a
robust and interpretable framework for demographic
comparison. We formally establish three key theoretical
properties of the CFDI. First, we prove boundedness and
attainability, showing that the index remains within a
fixed and interpretable range under min—-max
normalization. Second, we demonstrate scale invariance,
ensuring that proportional rescaling of population values
does not affect comparative results. Third, we establish
temporal sensitivity, proving that recent demographic
changes exert greater influence when higher temporal
weights are applied. Together, these properties confirm
that the CFDI is mathematically consistent, stable under
transformation, and responsive to time-varying
demographic changes. The results support the suitability
of the CFDI as a reliable tool for comparative
demographic analysis across states and districts.
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normalization;  Demographic  measurement;  Scale
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[. INTRODUCTION

Demographic analysis plays a central role in
understanding regional development, planning public
policy, and monitoring socio-economic change.
Traditional demographic indicators often rely on
single measures or simple averages that may fail to
capture the multidimensional and time-dependent
nature of population dynamics. In recent years,
composite indices have emerged as powerful tools for
summarizing complex demographic information into a
single interpretable metric. However, the construction
of such indices requires strong theoretical justification
to ensure reliability, interpretability, and robustness.
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The Composite Fuzzy Demographic Index (CFDI) is
proposed as a methodological framework for
comparing demographic  characteristics  across
geographical units such as states or districts over
multiple time periods. The index incorporates fuzzy
logic principles and normalization techniques to
handle heterogeneity in population data and to enable
meaningful comparisons across regions and time. By
applying min-max normalization and temporal
weighting, the CFDI aims to capture both relative
differences among regions and the evolving nature of
demographic change.

Despite the growing use of composite demographic
indicators, their theoretical properties are often not
rigorously examined. Establishing such properties is
essential for ensuring that an index behaves
consistently under data transformation, remains
interpretable, and reflects meaningful temporal
changes. In particular, three desirable characteristics
are critical for any composite demographic measure:
boundedness, which guarantees interpretability within
a fixed range; scale invariance, which ensures
robustness to proportional changes in measurement
units; and temporal sensitivity, which allows recent
changes to exert appropriate influence on the index.

This paper develops the theoretical framework of the
CFDI and formally proves that the index satisfies these
fundamental properties. The results provide a
mathematical justification for the use of the CFDI in
longitudinal and  cross-sectional ~ demographic
analysis. By establishing these properties, the study
contributes to the literature on composite indicators
and supports the application of fuzzy-based
demographic measures in empirical research and
policy analysis.
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II. HELPFUL HINTS

Theoretical properties of the Composite Fuzzy
Demographic Index

Let

e N € N denote the number of geographical units
(states or districts of India)

e t=0,1,....T the observation period,

e p;¢ > 0 the population of unit i at time t,

o U =log(pic) —log (Pir-1)
o 65.e(0,1),with ¥I_, 6, =1

— T
® IT(pl-) = Nt=1 S¢elit
Xi—mianj
L] norm(X;)) = ————
&) max ;X j—min;X

e CFDI; =1 —norm(Irep,).

We assume max;ly e,y # minjlry,
Theorem:1 (Boundedness and attainability)
Statement:

Foralli=1,2,...N, 0 < CFDI; <1
Moreover:

o CFDI; = 0 iff Ipp, = max;lrg,
o CFDI; = 1iff Ippy = minjlrg,

Proof:

By definition of min-max normalization,
0< norm(IT(pi)) <1

Since

CFD; =1 — norm(IT(pi)),

It follows immediately that

0<CFDI; <1

Now,

norm(lry) =1 & Ingy = minlre,
Which implies

CFDL; = 1
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This concludes the proof.
Theorem:2(Scale invariance)
Statement:
Let c>0. Define

Pii = CPi¢

Then,
CFDI;(p") = CFDI;(p)

Proof:
Consider the log-difference under rescaling
l%,t = lOg(Cpi,t) — log (cpie-1)

Using properties of logrithms

log(cpi‘t) =logc + log(pi_t)

So,
li
= (logc + log(pi.))
— (logc +log(pir-1))
= log(pi) —10g(Pic-1)
= li,t
then
T
I(p') = Z 8el's e
t=1
T
= z atli,t
t=1
=Ir(p;)

Since normalization depends only on I
CFDI;(p") = CFDI;(p)
Hence the index is in variant to proportional scaling.

Theorem:3(Temporal Sensitivity)
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Suppose weight satisfy §7 > §p_; > - > §; >0
Let two units i and j differ only at period s, with
lis <l
and l;; = [;; for all ts.
then
|CFDI; — CFDI;|
Is strictly increasing in &
Proof:
We have Iy — Irgy = 6s(lis — Lis)

Thus,

d
3_55 (IT(pi) - IT(pi)) = li,s - lj,s
Since normalization is an affine transformation,

IT(Di) B IT(pi)

CFDI; — CFDI; = -
Maxicly gy = Minklrp,)
therefore, | CFDI; — CFDI|
6s|li,s - lj,sl

- maxlr ) — Minglrepy)

The denominator is constant and positive. Hence the
absolute difference is strictly increasing in ;.

Thus more recent period (with large weights) exert
strictly greater influence on CFDI.
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