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Abstract—We present an extended, publication-ready
mathematical framework for optimizing disaster
response using social network analysis. The framework
is purely analytical, relying on graph theory, spectral
methods, and probabilistic modeling to (i) identify
critical nodes and pathways, (ii) derive closed-form
approximations for expected reachability, and (iii)
provide provable approximation guarantees for
prioritization under budget and equity constraints. The
manuscript includes formal propositions, sensitivity
analyses, prescriptive guidelines for low-resource
deployment, and a comprehensive bibliography for
reviewers and practitioners.

“Disasters—arising from natural events or human
activities—require timely and well-coordinated response
mechanisms to reduce both human impact and material
damage. This study develops a mathematical framework
that integrates graph-theoretic principles with
probabilistic modeling techniques to analyze disaster
response dynamics.

Index Terms—Graph Theory, Social Networks, Disaster
Response, Mathematical Modeling, Human Welfare.

[. INTRODUCTION

During crisis situations, social networks play a critical
role in both the spread of information and the
coordination of resource distribution. Existing studies
indicate that network features—including centrality
measures, clustering tendencies, and spectral
properties—significantly affect diffusion processes
and system resilience. [1, 2, 3]. This manuscript
develops a simulation-free, mathematically rigorous
optimization framework to maximize expected
reachability and to guide resource prioritization in
disaster response, with special attention to
lowresource settings [9, 16].
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II. NOTATION AND PROBLEM STATEMENT

Let G = (V,E) be an undirected graph with |V| = n.
For node i € V, let k; denote its degree and A €
{0, 1} the adjacency matrix. For each edge e =
(i,j) € E, let P.(e) € [0,1] denote the critical-path
probability that the edge remains functional during the
disaster. Let B.(i) denote the probability that node i is
reachable within a target time horizon T. Define the
expected reachability

R= Z P.(i)k;

iev

Given a budget B, the optimization problem is to
selectS € V,|S| < B, to maximize R(S) subject to
equity and operational constraints [16, 17].

III. THEORITICAL FOUNDATIONS
A. Eigenvector Centrality and Reachability

Eigenvector centrality is defined as the vector x that
satisfies the eigenvalue equation Ax = A;x where 1,
represents the dominant eigenvalue of the adjacency
matrix [7, 43]. Assuming a linear approximation of the
diffusion process with a uniform transmission
probability p assigned to each edge, the leading-order
contribution to expected reachability is governed by
spectral properties of A. We formalize this intuition:

[First-order approximation] under small per-
edge transmission probability p and
homogeneous P.(e) = p, the marginal increase in
expected reachability from prioritizing node i is
proportional to its eigenvector centrality x;.

Sketch. Linearize the diffusion operator in powers
of p. The leading-order term involves A and hence the
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principal eigenvector; details follow from perturbation
expansions and spectral decomposition [11, 12].

B.  Robustness under Edge Failures

Model edge failures as independent Bernoulli trials
with success probabilities P.(e) . The expected
adjacency matrix is A with entries 4, ;= AiP(( ).
Using matrix perturbation theory, we obtain spectral
bounds:

[Spectral bound] If P.(e) = pyn, foralle €
E, then A, (4) = ppini (A).

Proofs rely on monotonicity of the Rayleigh
quotient and standard perturbation results [13, 11].

C. Submodularity and Approximation
Guarantees

Define f(S) = R(S) as the expected reachability
when nodes in S are prioritized. Under independent-
cascade-like diffusion assumptions, the function f
exhibits monotonicity and submodularity, which
allows the use of a greedy strategy that achieves an
approximation ratio of 1 — 1/e [16, 17, 18].

IV. ANALYTICAL METHODOLOGY
A. Canonical Network Models

We derive closed-form approximations for three
canonical models:

Erdos—Rényi G(n,p) . For G(n,A/n) with mean
degree A, degree distribution approximates Poisson
and generating-function techniques yield reachability
approximations and percolation thresholds [4, 27].
Scale-Free Networks. For degree exponent y €
(2,3) , In scale-free networks, nodes with
exceptionally high degrees (hubs) tend to exert a
disproportionate influence, as reflected in elevated
eigenvector centrality values; asymptotic formulas
quantify concentration of influence and the effect of
targeting top hubs [2, 5].

Small-World Networks. High clustering € and short
average path length £ improve reachability; analytical
expressions relate C,¢ to R and explain observed
gains in clustered networks [3, 50].

B. Analytical Expression for P.(i)
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For time-limited diffusion with per-edge transmission
probabilities p, and maximum path length T ,
approximate PB,.(i)by summing over simple paths up to

length T:
ro~1-[] (1-[]»)
(T) eem

TEP;
Where, plmis the set of simple paths from prioritized

seeds to i of length < T. Truncation at small T is
accurate in sparse graphs [34, 35, 36].

C. Prioritization Algorithm (Theoretical)

Algorithm 1 Analytical Prioritization (theoretical)

Require: adjacency A, edge probabilities P.(e) ,

budget B, weights a, 8,y

1. Compute is A with 4,, = A;;P.((i,))

2. Compute principal eigenvector x of A (power
iteration)

3. For each node compute score s; = ax; + fk; +
ybetweenness;

4. Return top-B nodes by si

This ranking approximates the greedy solution to the

submodular maximization problem under mild

assumptions [16, 18].

V. SENSITIVITY AND UNCERTAINTY
ANALYSIS

Using matrix calculus, we derive analytic sensitivities:
aR R
opc() " ok
Which identify edges and nodes with the highest
marginal returns per unit investment. Robust
optimization  techniques  provide  worst-case

guarantees under bounded uncertainty [46, 47].
VI. ANALYTICAL CASE STUDIES

A. Erdds—Rényi Benchmark

For G(n,A/n) with mean degree 1, leading-order
expected reachability scales as

T

E[R] ~ n ) (p)"

t=1

revealing percolation thresholds for large-scale
dissemination [4, 27].

B. Scale-Free Networks
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Fory € (2,3), targeting the top q% of nodes yields
superlinear gains in R; asymptotic analysis quantifies
diminishing returns as q increases [5, 7].

C. Small-World Networks

Analytical derivations confirm that networks with
clustering C =~ 0.6 and average path length £ =~ 3
can achieve substantially higher reachability than
random graphs of similar size [3, 9].

VII. PRACTICAL IMPLEMENTATION
GUIDELINES

e Data requirements: local contact lists, community
leader rosters and coarse proxies for P.(e) (trust,
proximity).

e Computation: power iteration and sparse linear
algebra on low-end hardware; closed-form
approximations reduce computational load [12,
41].

e Policy mapping: translate node rankings into lists
for prepositioning supplies, targeted messaging
and volunteer mobilization; incorporate fairness
constraints to ensure minimum coverage across
demographic groups [31, 33, 39].

VIII. LIMITATIONS AND EXTENSIONS

Key limitations include the static network assumption
and simplified behavioral dynamics. Extensions
include temporal adjacency A(t) , differential-
equation models for P.(i,t) and coupling with
misinformation/trust models [10, 30, 37, 38].

IX. CONCLUSIONS

This work presents a mathematically grounded
framework that eliminates the need for simulation
while enabling effective optimization of disaster
response strategies. The framework offers provable
approximation  guarantees, analytic sensitivity
measures, and practical guidance for deployment in
resource-constrained environments. Future work will
extend the model to temporal dynamics and field
validation with humanitarian partners [20, 51].
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