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Abstract—We construct the fractional powers hyp,v of
the generalized Hankel-Clifford transformation as a
genuine one-parameter unitary group generated by an
explicit self-adjoint Bessel-type operator Ap,v, whose
spectrum is {2n : n € No} and whose eigenfunctions are
the Laguerre functions x*((p+v)/2) e*(—x) L™(2x). The
Mehler kernel of the family is derived, by a self-
contained argument using only the Laguerre generating
function and Weber's integral, rather than postulated.
Three structural consequences follow. First, a normal
form theorem: the parameter p is removable by an
explicit unitary conjugation, so that the whole family is
unitarily equivalent to the one-parameter family
indexed by the order v alone; in particular the four-
parameter transformations of the Hankel-Clifford
literature carry no more information than the two-
parameter ones. Second, the associated Zemanian-type
space is characterized intrinsically as the intersection of
the domains of all powers of A, equivalently as the space
of rapidly decreasing Laguerre coefficients; on this
description the fractional transform acts diagonally by
unimodular scalars, so its invariance properties become
immediate, and the 0-dependence of the space
disappears. Third, we develop a symbolic calculus: for
symbols independent of the space variable we obtain an
exact *-algebra isomorphism onto the multiplier
algebra, together with composition, adjoints,
parametrices, ellipticity, hypoellipticity and mapping
properties on a Hankel-Clifford Sobolev scale, and we
compare the symbol classes with the Hoérmander
classes. For general symbols p(x,y) we give a short
structural proof of continuity on the test space and of
L*-boundedness on a projective tensor class, together
with Kkernel estimates and an integral representation.
Explicit reductions to the fractional cosine, sine and
Fourier transforms are given, together with a worked
resolvent computation. All proofs are given in full. An
appendix records the corrections that the present
normalization makes to some formulas in circulation,
and the high-precision numerical verification of every
operational identity used.

Index Terms—Bessel-type operator, ellipticity and
parametrix, fractional powers, Hankel-Clifford
transformation, Laguerre functions, pseudo-differential
operators, symbolic calculus, Zemanian spaces.
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[. INTRODUCTION

A. Background

The Hankel-Clifford transformation, introduced in
the distributional setting by Betancor [1] and Méndez
Pérez—Socas Robayna [10], and extended by
Malgonde—Bandewar [6] and Pansare—Waphare [8],
is the integral transformation with kernel ]V(Z\/x_y)
on the half line, weighted by a power of the variable.
Its fractionalization follows the pattern established by
Namias [7] and Kerr [4,5] for the Hankel
transformation, and was carried out for Hankel-
Clifford transformations by Prasad—Kumar [11,12]
and Prasad—Mahato [13]; Torre [17] surveys the
several  possible  fractionalizations.  Pseudo-
differential  operators  built on  Bessel-type
transformations go back to Pathak—Pandey [9], and
have been studied in the Hankel—Clifford setting in
[8,11,18].

The literature just cited defines the fractional
transformation by writing down a Mehler-type kernel
and then verifying operational formulas by direct
computation. The present paper takes the opposite
route. We first identify the self-adjoint operator
whose unitary group the fractional transformation is,
and then read off the kernel, the group law, the
invariance of the test spaces and the whole symbolic
calculus from the spectral decomposition. This is
what makes the phrase “fractional power” literally
correct here: h? is e =94 for an explicit A = A*, and
ho|ger /2 is the Hankel-Clifford transformation itself,
which is a self-adjoint involution; so h® is the

. 6
functional-calculus  power (h”/ 2)2 m of that
involution.

B. Notation

Throughout I = (0,), D =d/dx, N, ={0,1,2, ... }.
Two real parameters are fixed: the order v > —1 and
the weight u € R. In the notation of [6,8] these are
v=a—b and p=a—Lf, and we write the
generalized Bessel—Clifford function as

Cu,v(u) = u—ﬂ/zjv(z\/a)’ u>0,
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so that C,,, is the classical Bessel-Clifford function
of [1,10]. We record the two operational formulas,
valid for all r € N and immediate from the series for
Jv [10, §3]:
DZ Cu,v(u) = (_1)Tcu+r,v+r(u):
D; [u#+rcu+r,v+r (u)] = U#C#‘V (u)

The fractional parameter is 6. Integral formulas are
stated for 0 < 6 < m; the operator family itself is
defined for all 8 € R and is m-periodic (Theorem
5.2). Constants denoted € may change from line to
line; their dependence is displayed by subscripts
wherever it matters.

C. Summary of results and relation to earlier work
We state at the outset what is new and what is not,
since the point is easy to mistake.

What is not new. The transformation hg_v of

Definition 5.1 coincides, after the identification yu =

a—f, v=a—b, with the fractional Hankel-

Clifford transformation of Prasad—Kumar [11,12];

Theorem 2.2 below shows that any transformation of

this shape depending on four parameters (a, 3, a, b)

depends on them only through the two differences

a — B and a — b, and that the first of these is itself

removable by a unitary conjugation. A four-

parameter formulation therefore does not generalize
the two-parameter one, and we make no such claim.

Likewise the operational formulas of Proposition 7.3

are, in the present normalization, those of [12].

What is new.

1.  The spectral realization: the explicit generator
Ay, its self-adjointness with a complete
domain analysis, its simple discrete spectrum
{2n} with Laguerre eigenfunctions, and the
identity h® = e~94 (§4-§5).

2. A self-contained derivation of the Mehler

kernel (Theorem 3.5), from which the group

law and the sharp period 7 follow as theorems
rather than assertions.

The normal form theorem (Theorem 2.2).

4.  The intrinsic characterization of the Zemanian-
type space, and the fact that it does not depend
on 6 (Theorem 6.4, Proposition 6.2); this
replaces several pages of iterated differential
manipulation by a one-line argument.

5. The symbolic calculus of §8: composition,
adjoints, ellipticity, parametrices,
hypoellipticity, isomorphism theorems on a
Sobolev scale, comparison with Hoérmander
classes, and L?-boundedness.

6.  The reductions of §9, including the reduction to
the fractional Fourier transform.

7. The corrections of Appendix A.

Remarks 8.13 and 8.14 state precisely which results

we do not claim, namely a composition formula with

W
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asymptotic expansion for symbols depending on both
variables, and a Fredholm theory; both require two-
parameter (SG, or Shubin) symbol classes that we do
not develop here.

II. THE HANKEL—-CLIFFORD

TRANSFORMATION AND A NORMAL FORM
Definition 2.1. For f measurable on I with fooo(l +
)TV f ()] dx < oo put

N0 = [ K@@ y>o
For u € R put

(h#.Vq))(y) =y f Cu,v (xy) QD(X) dx.
0

For u=v the second definition is the first
generalized Hankel-Clifford transformation of [6,8].
Let
H, :=L*(I,x* dx), M,:H,
- 12(1, dx), (M,f)(x)
= x"*2f(x).
M, is unitary, since [ |x‘“/2f|2dx = [ |f|?x~*dx.
Theorem 2.2 (Normal form). For all u € R, v > —1
and all ¢ for which either side is defined,
hyy = M;*T,M,.
Consequently, once T, is known to be a unitary
involution of L*(I,dx) (Corollary 3.6), h,, is a
unitary involution of H,, and every spectral,
mapping or algebraic property of h,, on H, is the
corresponding property of T, on L2(I, dx).
Proof. By (1),
YECuy(xy) = y*(xy) 2], (24/xy)

= y#/Z x—#/Zlv(Z\/x_y)'

so that
(hu0)) =37 [, (239)x#/2) d
0
= y#/z (Tv [Muq’]) )
= (M;'T,M,0) ().

The final assertion is the statement that conjugation
by a unitary preserves all such properties. =

Remark 2.3. The second Hankel-Clifford
transformation of [6,8,11], (h(z)w) ) =
fooo x# €,y (xy)(x) dx, satisfies

b =N hyy N, (N () = xHap(x),

because fx”C’#_v Ccy)ydx =y#-
y*[ €., (xy)(x*) dx. Hence h® requires no
separate treatment: every statement proved below for
h,, transfers to hff,z verbatim by this conjugation,
w1th H, replaced by L*(I,x* dx). This removes at a
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stroke the customary duplication of the entire theory
for the “second variant”.

Remark 2.4. Suppose a transformation is written with
four parameters, its kernel built from Cqpqp(U) =
uCeth2] L (2vu) as in [6,8]. Then Cqpap = Cuy
with u =a—f, v=a—b>b, so the transformation
depends on (a,B,a,b) only through these two
differences; and by Theorem 2.2 the dependence on p

is a unitary conjugation. Under the substitution a =
1 1 1 1

—+E Bp=--E a=-+% b=-—"7 one recovers
4 2 4 2 4 2 4 2

exactly the family of [11]. No generalization is

obtained by adding the two redundant parameters.

III. THE LAGUERRE SYSTEM AND THE
FRACTIONAL KERNEL

Everything analytic in this paper rests on the
computation carried out in this section. For v > —1
and n € Ny set

e, (x) = el(x) = x"/?e™*LY (2x), x>0,
where Ly, is the Laguerre polynomial of degree n and
index v, and put ey'(x)=x*2el(x)=
xBEV/20=2 1V (2x).
A. Orthogonality and completeness
Lemma 3.1. {e}, },,», is a complete orthogonal system
in L2(I,dx), and
rm+v+1)
T
Consequently {e/"'} is a complete orthogonal system
in H, with the same norms, and we write & =

v 12 — 7-v-1
” en ”LZ(I,dX)_ 2

e’V /Il e |l for the normalized system.
Proof. Substituting t = 2x,
[ee)

f ey ey, dx

0

= f x¥ e ?*LY (2x)LY,(2x) dx
0

= 2‘V‘1f tV e tLY (£)LY,(t) dt,

0
and the last integral equals 8,,,['(n +v + 1)/n! by
the orthogonality relation for Laguerre polynomials
[16, Ch.V]. For completeness, note that f
2Y2£(t/2) is a unitary map L?(I,dx) — L*(I,dt)
carrying e), to a constant multiple of the Laguerre
function tY/2e~t/2LY (t); the latter system is
complete in L?(l,dt) for v > —1 [16, Ch. V]. The
statement for H,, follows since Muefl‘v =ey and M,
is unitary. =

B. Two classical identities

Lemma 3.2 (Generating function). For |w| < 1 and
1+w

x>0,with,8=,8(w):=m(so€ﬁ,8>0),
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(oo}

Z el ()wh = (1—w) vV 1x"/2e P~

n=0
the series converging absolutely and uniformly on
{lw| <r}x[eR] foreveryr<land 0 <e<R<
oo

Proof. The classical generating function [16, Ch. V]
is  Ypsoll Wwm=(1- w)“"lexp(—uw/(l -
w)) for |w| < 1. Multiplying by x*/2e ™™ and putting
u = 2x gives

Z e’ (x)w" = x"/?(1

n

2xw
—w)™exp (—x 11— w)
1+ W)

— ,V/2 1— -v-1 (_
xV“(1—-w) exp | —x T—w
since 1+ =2 That RB >0 for |w|<1
1-w  1-w .
follows from R = =vl
1-w |1-w|?

statement is the standard one for the Laguerre
generating series. °

Lemma 3.3 (Weber’s integral). Let v> -1, y >0
and p € C with Rp > 0. Then

f xv/2 e—pXJV(Z\/x_y) dx = p—v—l yv/z e—y/p'

0

the integral converging absolutely.

Proof- Weber’s classical formula [19, Ch. XIII] states
0 .2 av _.2

J, e P L (a)tvtde = e /GP) for Rp >

0, a >0, v > —1. Substituting x = t2, dx = 2t dt,

witha = 2,/yandp = p,

f xV2 e, (2/%7) dx

0

= ZJ vl ety (2,/y t) dt
0

v
ICY
(zp)v+1
— p—v—lyv/ze—y/p.
Absolute convergence near 0 uses | ]V(Z\/x_y)l <
C(xy)*/?, giving an integrand 0 (x") with v > —1;
near oo it uses |J,(w)| < Cu~*/? and Rp > 0. =

> 0. The convergence

C. The fractional kernel acts diagonally
Definition 3.4. For 0<O<m set Yy,p=
ei(v+1)(9—11:/2) and

KJ(x,y) = yy 9 csch e' &t (2 [xy csch),
and let T, be the integral operator with this kernel,
defined on the linear span &, of {e};} (on which the
integral converges absolutely, by the estimates in
Lemma 3.3).

Theorem 3.5 (Diagonalization). Let v > —1 and 0 <
6 < m. Then for every n € Ny,
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7-1'}9 ez = p—2in6 e;/l
Proof. Fix y > 0. Write ¢ = cotf, A1 = csc?8 and,
for |w| < 1,

Py i= [ K¢ @) (Z

ey (x)w”) dx.
nz0
Step 1:

interchange of sum and integral for small
|w|. For v > —1 every binomial coefficient (**) is
. n-—i
_ani
positive, so from LY%(u) = Y™ (""" (;)

LY (w)| < LY (—u) for u=0; hence, by the
generating function evaluated at the positive

argument —
Y@

nzo0

<) B 20wl

n=0

o 2x|w|
=(1—|W|)"1exp<1_ )

(w|

we get

v/ze—x

Multiplying by x gives

len Ol wl™
n=0
< (1 _ |W|)—v—1 xv/z e k¥
2|wl

1—|w|’
and k¥ > 0 as soon as |w| < 1/3. Since |Kf(x,y)| <
Cgymin{x"/?,x~*/*} by the bounds on J, used in
Lemma 3.3, the function (x,n) = KZ(x, y)el(x)w"
is absolutely summable-integrable for |w| < 1/3,
and Fubini—Tonelli justifies the interchange.

Step 2: evaluation. By Lemma 3.2 and Step 1, for
lwl <1/3,

=1-

FW) = yypcsct et (1
_W)_V_lf xV/2 e—(B—iC)x]v(z\/x-—/b/) dx,
0

where we used \/X_yCSCQ = x -Ay.Putp:=f —ic;
then Rp = RPB > 0, so Lemma 3.3 gives
F(W) =y, csc e (1
_ W)—v—lp—v—l(Ay)v/ze—/ly/p_

Step 3: simplification of p. Using 1—ic =
M —ietcsch and 1 + ic = ie ¥ csc,
(1—w)p— A+w)—icQ-w)=0—-ic)+w(@ +ic)
= icsc(we™0 — e'?)
= —icsch e (1 — we™2?),
Write w': =we™2¥ (so |w'| = |w|) and B’: ix:
Then
(1 —w)p = —icsche® (1 —w")
= e!0-7/2)csch (1 — W),
since —iel? = e!(6-7/2),
IJIRT 207466
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Step 4: the exponent. We claim A/p —ic =’
; —i0_,i6
Indeed, from (10), p = S22
Ao escfO(1-w)
p = iesco (we—i0 — ¢if)
) icscO (1 —w)
—ic=———-
819 _ We—LB
.. csc(1—w) —cotf (e —we™f)
—ic=1i

2l — ye-i0

; 1—cos26 . .
Now csch — cotf el® = e icosf = sinf —
icosf = — ele, and —csch + cotf e”¢ = —sinf —
icosd = —ie™%, so the numerator equals —i(e‘9 +
e™9) and
A eftwe® 14+we 20 g
——ic=— — = — = ',
P 6“9 _ We—u9 1-— We—219

Hence eiYe=/p = o=A/p=ic)y — o=B'y
Step 5: the prefactor. By (10),
(1 _ ) V- 1 -v—-1 _ [(1
_W)p]—v—l =e L(v+1)(9 71:/2)(CSC9)—V—1(1
w7Vt =y,5 (cseh) V(1
W’)_V_l,
where the branch is the principal one, legitimate
because (1 — w)p stays in the right half plane rotated
by e!®-7/2 and 1 —w’ lies in the right half plane.
Since (1)¥/? = (csch)V, the prefactor in (9) equals
Yv,0 €SCO - ¥,,9 (cscB) V71 - (csch)Y = 1,

because |yv_9| = 1. Combining Steps 4 and 5 with
),

F(w) = (1 —w)™viy¥/2e F"
=) e m "
nz0
— z e ~2in6 e}}l()’) wh,
nzo0
the middle equality being Lemma 3.2 applied at w'.
Step  6: conclusion. By Step 1, F(w) =),

(7;7e%) (W™ for |w| < 1/3. Two power series in
w agreeing on a disc have equal coefficients, which is
8). =

Corollary 3.6. T, ey, = (—1)"ey, for all n, and T,
extends from &£, to a unitary self-adjoint involution of
L*(I, dx). Consequently h,, ,, is a unitary self-adjoint
involution of H,,, with h,,, el = (=1)"eh”.

Proof. At 6 = 7'[/2 one has Yz =1, cscl =1,

cotd =0, so K;'*(x,y) =J,(2/xy) and T/ =
T,; and e 2"%/2 = (—1)". Thus T, maps the
complete orthogonal system {e}} (Lemma 3.1) to
itself with unimodular real eigenvalues +1; the linear
extension is therefore isometric on £, extends to a
unitary operator, and satisfies T2 =1Id and T, =
T, ! = T,. The statement for hy is Theorem 2.2. =
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Corollary 3.7. For each 0 < 6 < m, T;¢ extends from

&, to a unitary operator on L?(I,dx), and 7:,91.7:,92 =
%61+62 whenever all three angles lie in (0, ).

Proof. By Theorem 3.5, 7, acts on the complete
orthonormal system {&;} by multiplication by the
unimodular scalars e~2™%; hence it is isometric on
E,, and its continuous extension is unitary with
adjoint acting by e*?9  Composition multiplies the
eigenvalues, and e 2M0172in02 — o=2in(61+62). ty0
bounded operators agreeing on a complete
orthonormal system coincide. =

IV. THE GENERATOR

Proposition 4.1 (The generator). Define, on CZ°(I),

V2 — 2
Ay = —xD* 4+ (u—1D+x+
—(v+1).
Then
A#,V = MlzlerleU AO,V
V2
=—-DD)+x+——
(D) +x + == (v
+1),
and
Ay e’ =2ney”, n € N,,.

Proof. Step 1: the conjugation (12). Let f = x*/?g,
ie.g=M,f. Then g’ =x"H/? (f’ - ;—xf), hence

xg' = x~H/? (xf’ - gf) and
(xg")' = x*2[(xf" —u/2 )
— =G = /2 f)]

= u/2 " ! 'uz

= x/ [xf +a-wf +Ef]-
Therefore

M Ag M, f = xH/%
—xTF2[xf" + (1= W f" + u?/4x f]
+(x +v2/4x — (v + 1))x"H2f},

which is (11). It therefore suffices to prove Ay, e; =
2ney,.
Step 2: Laguerre’s equation in the variable x.
Laguerre’s  differential  equation is ul +
(v+1—w)l+nL=0 for L =LY(u). Put u=2x
and L(x):=L%(2x); then L =1/2L", L=1/4L",
SO

2x-1/4L"+(v+1-2x)1/2L

+nL =0, ie. xL"
+(v+1-2x)L' +2nL =0.

Equivalently BL = 2nL, where B:=-—xD?—
(v+1)D + 2xD.
Step 3: the ground-state conjugation. Let W (x) =
xV/2e™* so e = WL. We compute WBW ~1. Write
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wi=W/W==—-1sow = —Lz; note W1 acts
2x 2x
on f by g=W7lf and
g =wif -wf), g'=wi{F"
=2wf + w2 = w)f).
Hence
WBW™f = —x(f" — 2wf’ + (w?

-w)f) = v+ D" —wf) +2x(f — wf).
The coefficient of f' is 2xw — (v+ 1) +2x =
(v —2x) — (v+ 1) + 2x = —1. The coefficient of f
is

—x(wW? —w)+ W+ Dw—2xw = —x((v/2x
—1)2 +v/2x?)
+v+1DW/2x—-1)

—(v — 2x).
2 2
Expanding, —x(:7—£+1+$)=—:—x+v—
x——, and (v+1)(l—1)—v+2xzw—
2x 2x 2x

(v + 1) — v + 2x. Summing,

v:i v
( 4x  2x
+v2 +v N
R

v
—v—1- —X +2x) = —
v V) + (—x + 2x) yp

—-(v+1)+x
Therefore WBW™ = —xD* ~D +x + % ~
(v +1) = Ay, and by Step 2
Agv€y, = WBW Y (WL) = W(BL) = 2nWL
=2neyj.

Lemma 4.2 (Reduced form of the generator). Let G =
G,,,» denote multiplication by x~*+¥)/2_ Then

GAuy G '=—=xD>—(w+1DD+x—(v+1).
In particular the reduced operator has polynomial

v2—p?
4x
identically against the first-order term produced by
the conjugation.
Proof. By (12), GA,,,G™* = x7V/?Ay,,x"/2, since the
two factors xT#/2 cancel. By Step 3 of the proof of
Proposition 4.1, Ay, = WBW ™! with W = x"/2e¢™*
and B = —xD? — (v+ 1)D + 2xD; hence
x7V/? Ay, x"/? = eT*Be*. Since e *De* =D + 1,
e™*Be* = —x(D+1)?— (v +1)(D
+1)+2x(D+1)=—xD?*—(v+ 1D +x— (v
+1),

the terms —2xD and +2xD cancelling and —x +
2x =x. =
Lemma 4.3 (Ground-state representation). For all f €
M),

coefficients: the singular term of (11) cancels
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f

QoS  Mizaan = f x eg(x)?| <e_‘6> "(0)|? dx
0

= 0.
In particular Ay, is a nonnegative symmetric
operator, and so is 4, in H,.

Proof. Write Ay, = —D(xD) +V with V(x) = x +
g —(+1),and pute:= e} = x"/?e™* > 0, which
satisfies Ay,e = 0 by Proposition 4.1, i.e. (xe) =
Ve. Symmetry is clear: for f,g € C°(I),

(Aonfr9) —{f, dopg) = [-x(f'g — FG)I5 = 0.
For (14), integrate by parts once: (Ag.,f,f) =
[ (xIf'|? + VIf|?)dx. Substitute f = eu with u =
f/e € CZ(I). Since e is real,

xlf'1? = x(e?ul® + ee'(Jul®)’ + e*[u'|?),
and integrating the middle term by parts,
[ xee'(Jul?) dx = —[ (xee")'|u|? dx
= —[ (xe")'elu|? dx — [ xe'?|u|? dx
= —[Ve?|lu|*dx — [ xe"?|ul? dx,
all boundary terms vanishing since u has compact
support in I. Hence [x|f'|? = [xe?lu|? -
fve?lu|?, and adding [V|f|? = [ Ve?|ul® gives
(14). The statement for A,, follows by unitary
conjugation, (12). =
Theorem 4.4 (Spectral theorem for the generator). Let
v > —1, u € R, and regard A,,,, as an operator in J{,
with initial domain CZ°(1).
1.  Under the unitary VM,, where (Vf)(t) =
V2tf(t?) is unitary from L?>(I,dx) onto
L2(1,dt),

L& + 4t
4[ dt?
v:i—1/4
t2 ]
—-(v+1),
a shifted and rescaled radial harmonic
oscillator.
2. A, is symmetric and nonnegative. It is

essentially self-adjoint on C:°(I) if and only if
v=>1; for =1 <v <1 its deficiency indices
are (1,1) and we take throughout its Friedrichs
extension. In either case the resulting self-
adjoint operator is again denoted A, .

3. {8 }uso is an orthonormal basis of H,
consisting  of  eigenvectors of A,
spec(/lw,) = {2n:n € Ny}, every eigenvalue
is simple, and 4, ,, has compact resolvent.

Proof. (a). V is unitary because fooolf(x)l2 dx =

JCFED?2tde = [TIVA@©de. By (12) it
suffices to conjugate Ay ,,. Let F(t) = f(¢?) and g =
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_ — ¢2 a_1a
Vf = \t/ﬂF. From x = t? we get —=—~—, hence
xf = EF and
f)’ _1d<tF>_F+F
R T VAN T
s0 that (A )t ==1/4(F+F/t) +

(t2+v2/4t2 — (v+ 1)F. Now F = (2t)71/2g,
and with ¢ = 27%/2,

F=c(tV2g—-1/2¢732g), F

— C(t—l/Zg' _ t—3/2g'
+3/4t75/2g),

whence F4F/t=c(t™2§+1/4t752g).
Multiplying (4o, f)(t?) by 2t and using
V2t ct~Y?% = 1 gives

(VA f) () = —1/45 - 1/16t72g

V2
2
+\|t +4—tz—(V+1) g,

which is (15), since 1/4(v?-—-1/4)t72=
v2/4t 2 —1/16t7% and 1/4 - 4t = 2.
(b). Symmetry and nonnegativity are Lemma 4.3. For
the self-adjointness dichotomy we use (a). The

Schrédinger operator —;—:2 +q(t) with q(t) =
v2-1/4
at? + =
because q(t) - +oo [14, §X.1, Thm. X.8]; at t =0
the classical criterion for the potential kt™2 states
limit point exactly when k =>3/4 [14, §X.1,
Example 4], i.e.v? —1/4 > 3/4, i.e.v =1 (recall
v > —1). In the limit circle case at one endpoint and
limit point at the other, the deficiency indices are
(1,1). Since the operator is nonnegative, the
Friedrichs extension exists and is the unique
nonnegative self-adjoint extension whose form
domain is the closure of C:°(I) in the form norm.

(c). Bach e}” lies in H,, (Lemma 3.1) and satisfies
Ayvey” =2ney”  pointwise (Proposition 4.1);
moreover the quadratic form (14) is finite on it and it
is approximated in form norm by C;° truncations (its
ground-state  quotient e} /ey =Ly, (2x) is a
polynomial, and the weight xe? is integrable against
polynomial derivatives), so e,” belongs to the form
domain and hence to the domain of the Friedrichs
extension. Thus {&"} is an orthonormal basis of
eigenvectors by Lemma 3.1. Given a complete
orthonormal system of eigenvectors, the spectrum is
the closure of the set of eigenvalues, i.e. {2n}; and if
AY = 2nyp then expanding ¥ in the basis forces 1 €
Cé&h", so eigenvalues are simple. Finally (4 + 1)7!
is diagonal with eigenvalues (2n + 1)™! - 0, hence
compact. ®=

Remark. The heat semigroup e 54xv, s > 0, is trace
class with tre ™4 =Y . e 2™ = (1 —e™25)71,

is in the limit point case at t = oo
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V. FRACTIONAL POWERS

Definition 5.1. For 8 € R define, by the functional
calculus of Theorem 4.4,

6 ._ ,-ifA : 6 kv
hyy:i=e 7wy, equivalently h; €,
— e—21n9 éﬁ.v.

We write hS : = h§,.
Theorem 5.2 (Group law, normalization, periodicity).
Forall 0,6,,0, € R:

o 01,6 01+6
1. hj, is unitary on , and h,% b2 = b2

(TRALITRY
2. RS, =Idand b7 = hy,;

u,vs
3. 6 Hhﬁ)v has sharp period m; in particular
(h®) " =h®=h™° and h is also 2m-
periodic;

4, 06w hﬁ,v is strongly continuous, and A,, =

;_ghz,vb:o on Dom(4,,);
5. for0<6<mhf,=M"'TM,, ie h% is the
integral operator of Theorem 5.3 below.
Proof. Let A = A,,,, and B, the orthogonal projection
onto C&4"”; by Theorem 4.4(c), A =Y, 2nP, and
e 04 =y e~2n9 p the series converging strongly.
(a) The multipliers e=2™% are unimodular, so Y,
e 20 p is unitary with adjoint ¥, e?™? P,; and
e—2in916—2in62 — e—2in(61+62) termwise.
(b) At 6 = 0 all multipliers equal 1; at 8 = i /2 they
equal e = (—=1)", which by Corollary 3.6 are the
eigenvalues of h,, on the same basis. Two bounded
operators agreeing on an orthonormal basis coincide.
(c) e—zin(9+n) = g~2inf—2inmw _ e—zme’ SO0 T is a
period. If T is a period then in particular e =2 = 1
(the multiplier at n = 1), forcing 7 € mZ. Hence 7 is
sharp. The identities for the inverse follow from (a)
and ™ = Id.
(d) For YeH, IhY—yII?=Y,|e 2" -

1|2 lc,)]?>0 as H—->0 by dominated
convergence. The generator statement is Stone’s
theorem, or directly: || 871(hO% — ) + idy |I2=
Y107 (e — 1) + 2in|?|c,(Y)|> - 0 for ¢ €
Dom(A), again by dominated convergence, using
671 (e~ — 1) +iA| < 2|Al.

(e) By Corollary 3.7 the operator Mpfl?},eM# is
unitary on #,, and, by Theorem 3.5, acts on &," by

i

e~2m9 the same multipliers as hg‘v. d

Theorem 5.3 (Mehler kernel). Let 0 < 8 <m and
Yvo = e/ VTVE-/2 Then for ¢ in the span of
{ey"}, and by continuity for all ¢ € H, in the mean,
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(hive) )
- [ K @re@dn Ky
0

= ¥y, (cscO)** 1yt ¢, , (xycsc?) el +y)eotd

and K2,(x,y) = (y/x)*?K(x,y) with K¢ as in
(7). For 6 € nZ, h® = Id.
Proof. By Theorem 5.2(e), h),, = M;*T,? M,,, whose
kernel is y*/2Kf (x, y)x~*/% = (y /x)*?K? (x,y). It
remains to rewrite this in the form (17). From (1),
Cuv(xycsc?8) = (xy) #/2(csch) ™, (2,/xycsch),
) ]V(Z\/x_ycsce) = (xy)*/%(cscO) C,, (xycsc?6),
and therefore

/02K (x,y)

— )/V_QCSCG el(x+y)cotd
X (y /%) (xy)H/*(cscO)*

X €,y (xycsc?6),
and (y/x)*/?(xy)*? = y*. The last assertion is
Theorem 5.2(b),(c). =
Corollary 5.4 (Chirp factorization). Let 0 < 8 <m
and yg(x) = e*°t% Then

(R@)(¥) = yyecsc0 xo(¥) (T, [xe@]) (yesc?6).
Proof. In (7) write e+ — . (3)y,(x) and
2./xycsch = 24/x - (ycsc?0); then
(RE@)»)
= Yv,6¢s¢0 xg(¥)

X f v (2 X ycscz@) Xo(X)p(x) dx,
0
which is the right-hand side of (18). =

VI. THE TEST SPACE, ITS INTRINSIC
DESCRIPTION, AND DUALITY

Definition 6.1. §,,,(I) is the space of ¢ € C*(I)
such that

u+v
ok(@) 1= sullolx"D" (x_TqJ(x)) | < oo
XE

for all g,k € Ny, with the topology generated by
{O-q,k}-

This is the Zemanian-type space of [21,11], with the
chirp factor suppressed. The suppression is

legitimate:
Proposition 6.2 (The space does not depend on 8).
For c€ER let og1(@) =

sup, |x9D¥ (x‘(“”)/ze_i”‘(p(x)) |. Then {0} and
{0q,} are finite on the same functions and generate
the same topology. In particular the spaces
Hﬁ ap,ap (D) Of the literature are, for every 6, one and
the same space S, ,, (I).
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Proof. Put g=x"W/2p By Leibniz,
D(e%g) = Kby o) (i) e DM s
K

k
o5 @ = Y ()1l oy m(),
m=0
Applying the same inequality with ¢ replaced by —c
and ¢ by e"“*¢ gives the reverse estimate. Hence
each system of seminorms is dominated by the other,
so they define the same space with the same
topology. =
Lemma 6.3 (Polynomial growth of the basis
seminorms). For all g,k € Ny there exist Cqy >0
and Ag x € N with
ok (8") < Cype (1 4 n)ak (n € Np).
Proof. We use only two classical facts about
Laguerre polynomials [16, Ch.V, Ch. VII]: the
bound
e 2|13, ()]
rm+1+1)
T mlrA+1)
<C(1+m? (t=>0,1>0),
the three-term recurrence
tLA () = Cm+ A+ DIA ()

—(m + DL (£) = (m + DL, (8),
and the derivative and index-shift relations
%Lfn(t) =-LL ), L =L - L
Step 1: reduction to A = 0. By the second relation in
(22), any L, with —1 < 1 < 0 is a difference of two
Laguerre polynomials of index A+1>0; so it
suffices to prove the required bounds for A > 0 and
to allow the final exponent A, to absorb a finite
number of such reductions.
Step 2: the weighted sup norm. We claim that for 1 >
0 and g € Ny,

sup t%e™t2|L%, (£)] < Cy (1 + m)THA,

t>0

Indeed, iterating (21) q times expresses t9L%, as a
linear ~ combination ;<4 a; (M) LA, i with
|aj (m)| < Cq2(1 +m)?; applying (20) to each term
gives (23).

Step 3: derivatives. By definition x~#+V)/2eh (x) =
e *LY(2x). Using the first relation in (22) and the
chain rule, D[LY(2x)] = —2L"*1(2x); hence by
Leibniz

D*[e™™L} (2x)]

k
= () o2y e,

=
Step 4: conclusion. Therefore, substituting ¢t = 2x
and applying (23) with A = v + j,
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supx?|D*[e~* Ly, (2x)]]

x>0

k . .
< Z (1> 2J 27 9supte 2| Ly ()]

t>0

Jj=0
< Cq‘k,v(l +n)atvrE,
Finally |l e% I"*=0(n™"/?) by Lemma 3.1 and
Stirling, so g, (&4") < C(1 + n)9**+¥/2 which is
the assertion. =
Theorem 6.4 (Intrinsic characterization). Let ¢, (@) =
(0, &, )3, and let
s:={(cp) € C: Il (cn) lly:
= sup(1 + n)"|c,| < 0 VN € Ny}
Then "
S = kDODom(Aﬁlv) ={pe€ H,: (ca(@)) € s},
with equival_ent topologies (the last carrying {ll-lly}).
Consequently §,,,(I) is a nuclear Fréchet space,

finite linear combinations of the &, are dense in it,
and its dual is

5.,/ (I) = [Z d, & : |d,|

< C(1 +n)" for some C, N},

the series converging in §'.
Proof. Step 1: Ay, maps S,,,, continuously into itself.
Write g =x"W""2p,  so that g,,(p) =

sup,|x9D¥g|. By Lemma 4.2,
utv

x" 2 Ay,@ =—-xD*g—(v+1)Dg +xg
-(v+1g,
an expression with polynomial coefficients: no
negative power of x occurs. Applying D¥ and
Leibniz, and using D¥(xDPg) = xD¥*Pg +
kD¥*P=1g we obtain
01 (M)
< Ck,v(o-q+1,k+2 (<P)
+Uq,k+1((p) + O-q+1,k ((P)
+O_q,k(§0)) < oo,
Hence A, ,¢ € &, and the map is continuous.
Step 2: S8, © H, and rapid decay of coefficients. It
@ €S, then [p(x)| < 0 0(@)x /274 for every
q, so ¢ decays faster than any power at infinity,
while near 0, |@(x)| < ggo(@)x#+/2; since v >
-1, folx_“ lp|?dx < Cfolx" dx < 0. Hence ¢ €
H,, and by Step 1 also Akg € H,, for every k,
ie. 8,, € NgDom(A*). By symmetry of 4,
@n)c,(9) = (@, A°E")
= (1", &"),  so (2 lc, (9l
< Ak¢ ll3,,-
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Thus (cn(qo)) € s, with each ||-|ly dominated by a
continuous seminorm of §,, (using Step 1 and |l
Y llsg, < Caz0(¥) + Copo(¥), which follows from

the decay estimates just given). The same
computation shows N Dom(A*) € {¢: (c,) € s}.
Step 3: the reverse inclusion. Let (c,) € s and put
On = Ynen Cr €07 By Lemma 6.3, for each (g, k),

Z |Cn| Jq,k (éﬁlv)
n
< Co ) lenl (14 m)as
n

< Cope () gz Y (1
n

+n)7% < 0.
Hence (¢y) is Cauchy in every seminorm g ; since
S,y is complete (a routine verification: a g-Cauchy
sequence converges locally uniformly together with
all derivatives, and the limit satisfies the bounds), ¢
:=limgy exists in §,,, and it has coefficients ¢,
because convergence in S, implies convergence in
H,. This proves both reverse inclusions and, together
with the estimate just displayed, continuity of the
inverse map s —§,,. Density of the finite
combinations is contained in the argument.
Step 4: consequences. The coefficient map is thus a
topological isomorphism §,,, = s. The space s is a
nuclear Fréchet space whose dual is the space of
sequences of polynomial growth, with the duality
((d), (cp)) = X.d,,cpp; transporting this isomorphism
gives the stated description of §’, ,,. (This is the exact
analogue, for the present basis, of the Hermite
description of S(R) in [15].) =
Corollary 6.5 (Invariance). For every 6 € R, h{f‘v is a
topological isomorphism of §,,,,(I) onto itself with
inverse h;ﬁ, and extends by transposition to a
topological isomorphism of & Iu,v (I). The same holds
for F (AW,) whenever F and 1/F are of polynomial
growth on {2n}.
Proof. By Theorem 6.4 it suffices to check the
statement on the sequence side. There h? acts by
cn P e 2M¢  which satisfies Il (e 2%¢,) lly=Il
(cp) Iy for every N: it is an isometry for every
defining seminorm of s, with inverse c,, ~ e?™c,.
For F(A) the action is ¢, = F(2n)c,, and ||
(F2n)cp) In< C N (en) e if [F2n)| <
C(1+n)%, similarly for the inverse. The dual
statements follow by transposition, which is
continuous because the transpose of a topological
isomorphism is one. =
Remark. Corollary 6.5 replaces the several pages of
iterated differential manipulation customarily used
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for such invariance statements. The reason it is short
is structural: on the Laguerre side the fractional
transformation is diagonal with unimodular entries,
so it cannot change any seminorm defined by
coefficient decay.

VII. THE BESSEL-CLIFFORD OPERATOR AND
A SOBOLEV SCALE

Definition 7.1. For ye R, v>—-1and 0<0 <1
set, with y, (x) = excotf,
V2 — #2
4x '
- * —_ —1
Au,v,e = Xo A[,L,V Xo L Au,v,@ = Xo A,u,v Xo -
Lemma 7.2 (Explicit form). With ¢ = cotf,
A,v9 =xD* +[(1
—p) — 2icx]D — [(1 — wic + c*x
V2 — 2
4x b

and 4;,, is obtained by replacing ¢ by —c

(equivalently, by conjugating all coefficients).
By =M [DGD) = 2| M, and
Ay /2 = Ay Finally, with G the multiplication by
x~WH/2 of Lemma 4.2,
GAuyG™'=xD*+ (v
+1)D, G4, ,eG"
=xD? 4+ [(v + 1) + 2icx]D + [ic(v
+1) — c?x],
so the reduced operators again have polynomial
coefficients and no singular term; consequently 4, ,
and 4, ,, o map S,,,(I) continuously into itself, by the
estimate of Step 1 in the proof of Theorem 6.4.
Proof. Since xgDyg' = D — ic, we get
Xoluwta? = x(D — i) + (1 — w)(D — ic)
V2 — 12

A :=xD?+ (1 —u)D —

8

Moreover

)

4x
and x(D — ic)? = xD? — 2icxD — c?x, which gives
(26). The conjugation identity for 4,, is the
computation of Step 1 in the proof of Proposition 4.1
with the sign of the second-order part reversed:
conjugating D(xD) by x*/? produces xD?+
2 2
1—-wD + Z—x, and subtracting Z—x gives (24). For the
first identity in (27), the same computation with u
replaced by —v gives x7V/2D(xD)x"/? = xD? +
2
(1+v)D + Z—x, whose singular term cancels against

2
- Z—x; the second identity follows by replacing D with
D + ic, as above. Finally cot(m/2) = 0. =
Proposition 7.3 (Intertwining and operational
formulas). Let ¢ € S,,(I), 0 <6 <m and r € N,.
Then
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hu,v(Au,v(p)(y) ==y (hu,v¢)(y):
hS o (4500)) = —(yesc?0)(h,9) (),
i (850,0)"0) ) = (=yesc?8) (@) ).
Proof. By Theorem 2.2 and Lemma 7.2 we may take

u = 0; the general case follows by conjugating with

M,.

Step 1: the kernel is an eigenfunction. Let F(x) =
]V(Z,/xy) and put u = 2,/xy, so u? = 4xy andg—z =
Jy/x = 273/ Then

xF'(x) =xy/x E, = /xyE,=u/2E,

and
n 2y d ou
(xF") —7£(§Fu)
2y 1 u
= (3t 35)

y
=z (uE, + u®E,).

Bessel’s equation u?E,, + uF, + (u> —v*)F =0

now gives
2

y vy
F'Y = 2 (v2 — u?)F = —2F — yF
(xF") uz(V u®) Ty y
—sz F
T 4x ye

2
that is, 4o, F = D(xF") — Z—XF = —yF.

Step 2: (28). Ay, = D(xD) — g is formally self-
adjoint on L%(1, dx). For ¢ € 8, two integrations by
parts give

(TvAo,v(p)(Y)

- f F () (4o ) (x) dx
0

= [ (o) 00 ax
0

= -y () ),
the boundary terms [x(F¢' —F'p)]e vanishing

because ¢ and all its derivatives decay faster than
any power at o and @(x) =0(x"/?), F(x) =
0(x"/?) as x » 0% withv > —1.

Step 3: (29). By Corollary 5.4, with A = csc?8,
(h9$) @) = vvecs5c xo (T, Lxa WD (AY).
Since |xg|l =1 we have x5 = x5*, so (25) reads

AB,V,Q = X{?l Aoy Xo> that is,
XoA0v00 = Ao, (Xe®).

Applying Step 2 to yg ¢,

(Tv [XQAB,‘V,Q (P] ) (W)

= (T‘VAO,‘V [Xe<P])(W)

= —w(T, xeD(w).
Evaluating at w=Ay and multiplying by
Yvacsco xg(y) yields

IJIRT 207466

(R 45,,09) ) = =2y (Ro9) )
= —(yesc?0) (R ) ).
Step 4: (30). By (27), 4, maps S, into itself, so
(29) may be iterated r times. =
Definition 7.4. For s € Rand 0 < 8 < m put
He:={fes,,(D: (1
+ycsc?0)/2h  f € 3,3, I f llse
=1l (1 + ycsc?6)/2hf , f N3¢, -
Proposition 7.5. Hj is a Hilbert space; Hy = H,;
Hy & Hy continuously for s > t; 8, (1) € NyHy;
and

H$ = Dom ((Id - A;Me)s/z) =xo' Mz

with equivalence of norms, where X, =

Dom ((Id—A#‘V)S/Z). Under the unitary VM, of
Theorem 4.4(a), the scale #;,, corresponds to the

domain scale of order 2s of the Bessel operator
_d* vi-1/4

dt? t2
Proof- Since hﬁ_v is unitary on 3, and multiplication
by (1+ycsc?0)/? is a positive self-adjoint
(unbounded for s > 0) operator, ||Illso is a Hilbert
norm and H; is complete, being the image under the

unitary (he)_1 of a weighted L? space. The
monotonicity of the scale is (1 + ycsc?6)t/? <
(1 + ycsc?6)s/? for t < s. That § € N H§ follows
from Corollary 6.5 and the fact that yN € H,, for all
N wheny € S.

By (29), h® conjugates 4,6 into multiplication by
—ycsc?6; hence it conjugates (Id —45)%/? into
multiplication by (1 + ycsc?6)5/2, which is the first
equality.

For the second, apply Corollary 5.4: h% =
yescd My, D;T,M,,, where Dyg(y) = g(dy) and
A = csc?@ (this is (18) rewritten). Since |yq| =1,
M,, is unitary on H,, and since 1> 0 is fixed,
(14 Ay)*/? and (1 + y)$/? are comparable after the
dilation. Hence f € Xy iff xof € H;,,, with
comparable norms.

The last statement follows by the change of variables
x = t? used in Theorem 4.4(a): that computation
applied to 4y, = D(xD) — g gives VA,, V7t =
1 ( d*  vi-1/4

4 \dt? t?
times the square of the Hankel covariable, so weights
(1 + y)%/? become weights of order 2s in the latter.

), and the covariable y becomes %

Remark 7.6 (Comparison with Hérmander classes).
The factor 2 just obtained is the exchange rate
between the two calculi. Under x = t? the Hankel-
Clifford covariable y becomes (a multiple of) the
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square 72 of the Hankel covariable, so a symbol with
|D p(y)| < C,(1+ y)'™s corresponds to p(1) =
p(72/4) with [D:p(r)| < C(l +1)%75, je.to a
symbol of Hormander class SZ} in the covariable [3,
Ch. XVIII]. The classes below are therefore the
Bessel-adapted radial version of SZh; they are not
exotic classes in the sense of [3], and no S;f‘(g
phenomena with p <1 occur. What they do not
inherit is control of the behaviour in the space
variable at infinity; that is why the weight (1 + x)~4
appears in Definition 8.1.

VIII. PSEUDO-DIFFERENTIAL OPERATORS

Throughout, 0 <8 <m, u€R and v > -1 are
fixed. We write h® =hf,, §=S5,,(), K% =K?,
and % = hf¢

A. Symbol classes and the operator

Definition 8.1. Let l € R, g € N,,.

1. M' is the set of p€ C®([0,0)) with
IDSp()| < Cs(p)(1 +y)'=5 for all s €N,
(multiplier symbols); compare the classes of
[20,9]. Set M* = UM and M~ = N, ML

2. Skisthesetof p € C®(I X [0,0)) with

(1 +x)4 Dy Dyp(x, y)|
<C @A+, rseN,
Write St = S¢.

3. O is the set of a € C*°(I) with |D"a(x)| <
C,(a)(1 +x)™" for all r € Ny; set my(a) =
max,yC-(a). Then A' is the set of p
admitting p(x,y) = X ;>0 a;j (x)b;(y) with b; €
M, a;€0, and ¥;my (a;)py(b;) < oo for
every N, where py(b) = max,.yC,(b) (tensor
class). The condition a; € O is the SG-type
requirement that each x-factor behave like a
symbol of order 0 in the space variable; it is
what makes Theorem 8.9 available on the
whole Sobolev scale.

Thus M'cA'cS!, and symbols p(x,y) =

YN o a; (X)(—ycsc?6)! lie in AN whenever a; € 0.

Definition 8.2. Forp € Sl and @ € S,

(hge)() := [(hg o) @)] ),

the inverse transform being applied in the second

variable and the result evaluated on the diagonal. To

write this as an integral, let

KO (x,y) : = (xy)*?K? (x, ) = x*K7J,(x,¥)
be the kernel of hﬁrv with respect to the measure
x"H dx of H,; it is symmetric, K% (x,y) = K% (y, x),

so that (hg)_1 has kernel K (x,y) with respect to
y~#*dy. Hence

(h80)(x) = j R9Ca,y) p(x,y) §°() y ™ dy.
0
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Proposition 8.3. If p(x,y) = XNV, a; (x)(—ycsc?6)

then
N

By =) @ (U
i=0
a linear differential operator of order 2N with the
coefficients (26). ‘ .
Proof. By (30), (—ycsc?8)'¢ ® = h°[(43) '], so

B (PP @ = ) a; (@) p(2);

L
setting z = x gives the claim. =
B. Continuity on the test space
Lemma 8.4. Let b € M''. Then multiplication by b
maps S continuously into itself; more precisely, with
l, =max(l,0) and d = [L,],

k

0k S 2PBIC Y D duim @) (@K
m=0 i=0
€ Ny).
Proof. Put g = y~ /2y 5o y=W/2(hy) = bg.
By Leibniz, D¥(bg) = ¥k _o(X) (D¥™b)(D™g),
and IDK"mb ()| < pre(D)(1 + )%™ <
pr(D)(1 + y)*+. Hence

yID¥(bg)I < pe(h) Z (£)y7c +pH1pmgl

Since (1+y)*<( + y)d LoDy, we get
yi(1+ ) <YL,y and taking suprema
gives the stated inequality with Y, (71:1) < 2*. For
l < 0 one may taked = 0. =
Theorem 8.5 (Continuity on §). Let p € Sé with g =
0. Then hg maps § continuously into itself, and
extends by transposition to a continuous linear map
of §" into itself.
Proof. By Theorem 22 we may take pu=20
(conjugating by M, transforms symbol classes into
themselves). Fix ¢ € S and put $ = h%¢, which lies
in § by Corollary 6.5. Define

0:1 -8, 0(x):= () plx,) @]
Step 1: O(x) € S with uniform bounds. For each
fixed x, (31) says p(x,) € M with py(p(x,)) <
(1 + x)"9maxs.yCos(p). By Lemma 8.4, p(x,-)p €
S with pp(PC6IP) < (L + )7 Cog Zmi (@),
where X, . is a finite sum of seminorms a,,, ;, with
m'<m+d, k'<k. Applying Corollary 6.5
(continuity of (h@)_1 on §) and again Corollary 6.5
to bound X, ,($) by a continuous seminorm of ¢,
we obtain a continuous seminorm 2, , on § with
O (0(0) < Cope L+ %)79 2 1 (@) for all x

> 0.

Step 2: O is smooth as an S-valued map. We claim
that for each r, @ is r times differentiable with
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0™ (x) = (W)~ [DIp(x,)P]. It suffices to prove
this for r = 1 and iterate, since D,,p € Sé as well. For
h#0,

px +h, y})l —p(ey) Do (x.y)

1 h
ZEJ- [Dxp(x‘i‘f;}’)
0

1 h rtT
DG de=5 [ [ Dipex
0 0

+¢,y) dg dt.
Differentiating s times in y under the integral signs
and using (31) for D? Dyp gives, for every x > 0 and
every h with |h| <x/2 (so that x+¢=>x/2
throughout, whence (1 4+ x +¢) 9 < (1+x/2)79 <
291 +x)7),
lD;(P(X + h.P)L p(x,)
|hl
~D.p(6 )W < 5 29 o) (1
+0)71(1+ )",
so the difference quotient converges to D,p(x,") in
the topology of M'! (i.e. in every py). By Lemma 8.4

and continuity of (hg)_1 on §, the corresponding
difference quotients of @ converge in S. The same
estimates as in Step 1 yield

O (07(0))
= Cm,k,r (1 + x)—q Zlm,k,r((p)
Step 3: restriction to the diagonal. By Definition 8.2,
(hf,(p)(x) =0(x)(x). Put Y(x,2z)
i=z7"20(x)(2), so that x7V?(hf¢)(x) =
Y(x,x). By Step 2, ¥ is smooth in (x,z) with
Y (x,z) = z7V20M (x)(2), and by definition of
O-m,ka

sup|z™ 9% 0K (x, 2)| = Opmi (@(r)(x)).
z>0
By the Leibniz rule for the diagonal restriction of a

smooth function of two variables,

DEW D] = ) (f) (0% a7W) (x, %).
rim=k

Hence, using (37) at z = x and then (36),
Omo,k (hg (,0)
= sup|x™ DFY (x, x)|
x>0

= 2 sonn(070)

r+m=k
=< Cmo,k ZHmO,k (p) < oo,
with 2" a continuous seminorm on §. Thus hip € S
and hf,:S — § is continuous. The extension to §’ is
by transposition, which is continuous for the strong
topologies because S is a Fréchet—Montel space
(being isomorphic to s, Theorem 6.4). =
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forallx > 0, r € N,.

Remark. The proof occupies half a page and uses no
iterated differential identities, because the two
genuinely nontrivial facts were isolated beforehand:
invariance of & under h® (Corollary 6.5, itself a
consequence of diagonality on the Laguerre side) and
stability of & under multiplication by symbols
(Lemma 8.4).

C. Kernel and integral representation

Theorem 8.7 (Integral representation and kernel
bound). Let p € S; with I < —1/2. Then for ¢ € S,

(hg(p)(x) = f Ky (x,2) p(2) z7# dz,

where
Ky(x,z) =2 (xz)H/? gi(z=x)cotd

X f oojv (2wvx)J, (2wVz)

x p(x, w?sin?0) w dw,

the integral converging absolutely, and

|Kp(x,2)| < C(1 + x) " (xz)H/?[(xz)~1/*

+min{1, (xz)"/?}],

with C depending only on v,[,0 and finitely many
Co,s(P)-
Proof. By (34), 9°(y) = [["K® (z,y)p(2)z ™" dz
and Fubini (justified below),

()0 = [ %, oe@ards %,
0

=f Ke(x,y) p(x,y) Kb (z,y) y * dy.
0

By (33), KOG, »K® (2, )y~ =
)2 (zy)H 2y K (x, MK (2,9) =
(x2)*?K8 (x,y)KZ (z,y), the powers of y cancelling
exactly. By (7), |yv_9| =1 and the y-dependent
chirps cancel, so
K¢ (x, YK (2,9)

= csc?g el@=0eot0) (2 [xycscd)], (2,/zycsch).
Substituting y = w?sin?6, so that \/ycsc = w and
dy = 2wsin?0 dw, the factor csc?8 - 2sin?8 = 2
remains and (38) follows.
For the estimate, use the elementary bounds
Jyw|<Cu for 0<u<1l and |[J,(w)|<
c,u™*?  for wu>1 [19, Ch VI], and
Ip(x, w?sin?6)| < Coo(P)(1 +x)79(1 +
w?sin?6)! < C(1 + x)~9(1 + w)?!. Splitting the w-
integral at wy = max{l/(Z\/E), 1/(2\/2), 1}: on
(WOi OO),

f mIJv(ZWx/E)]V(ZWx/E)I(l

+w)Hwdw < C(xz)‘l/“f (1
1

+w)2dw < oo
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because 2l < —1; on (0,w,) the integrand is
bounded by Cmin{1, (WZ\/E)V} w, whose integral is
bounded by Cmin{1, (xz)"/?} after the substitution
w = wi/xz when v > 0, and directly when —1 <
v < 0. Adding the two contributions and restoring
the factor (xz)*/? gives (39). Absolute convergence
of the double integral, hence the use of Fubini,
follows from the same bounds together with the rapid
decay of . =

Remark. Sharper off-diagonal decay — of the form
|7, (x, 2)| < Cy|[Vx — \/E|_N, the natural distance
being measured in the variable t = +/x of Theorem
4.4(a) — can be extracted from (38) by inserting the
asymptotic expansion of J,, and integrating by parts in
w, each step gaining a factor (\/E - \/E)_l and
costing one w-derivative on the symbol. We do not
carry this out, since no result below uses it, and the
uniform  treatment of the region w S
max{x~1/2,z71/2} requires more care than the gain
justifies here.

L?D. boundedness

Theorem 8.9. Let p = Y;a; ® b; € A° with a;, b;
bounded and ¥; llaj lloll bj lo< 0. Then hY
extends from § to a bounded operator on 3, with

1A gy, = D 17 ol By o
J

More generally, for p € A' (so that each a; € 0) the
operator h9: Hg — 33" is bounded for every s € R.
Proof. For a single product symbol a @ b, Definition
8.2 gives, for p € §,
(hZ(X)b(p)(x)
=a@) (1) (%)), e higy

= M, (%) M, 19,

because a(x) does not participate in the inverse
transform. This is a composition of the unitary h?,
the multiplication M, of norm |l b ||, the unitary
(he)_1 and the multiplication M, of norm |l a ll;
hence || h2®b I<ll a loll b lo. Summing over j and
using the triangle inequality together with the
assumed absolute convergence gives the first
statement, the sum converging in operator norm.

For the second statement, fix s and write hfl@b =
Mao[(he)_lehe]. By Definition 7.4, h® is an
isometry of H} onto L?(I, (1 + ycsc?0)ty~H dy) for
every t, and multiplication by b € M'! carries the
weight-s space into the weight-(s — 1) space with
norm at most sup, (1 + yesc?0)7Hb(y)| < oo; hence
the bracketed operator is bounded Hg — 5.
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It remains to show that M, with a € O is bounded on
H§ foreveryt E R. Put P:=1d — 4,95 by (29), h®
conjugates P into multiplication by 1 + ycsc?8 > 1,
so P is self-adjoint, positive and boundedly
invertible, and 3 = Dom(P%?) with || f ll,¢=I
pt/zf lls, (Proposition 7.5). For t = 0 boundedness
of M, is clear, with norm || a l|,< 7y(a). For t = 2
we compute the commutator from (26):
(45,16, Mq] = 2xa’ D
+ (xa" + [(1 — ) + 2ixcotf]a’),

a first-order operator whose coefficients satisfy
lxa'| < m(a)x(1+ %)™t < my(a), |xa"| <
m,(a)x(1 + x)™? < my(a) and |xa'| < m;(a) again
for the chirp term. Moreover, integrating by parts in
(401 u)}[ﬂ and using (28) gives, for u =0, |l
Vx Du II§[HS (=Ap,u,u) <l ullfg, and the general
case follows by conjugation with M,; hence ||
2xa'Du llze,< 21l Vxa' lloll VxDu I Crry(a) |

ullg, using |[Vxa/|<m(a). Therefore |
[P,M,]u 3, < Cmz(@) Nl llyp< Crrz(a) M llzp,
and

I PMau Il MgPu |l +1I [P, Mg]u < Cmy(a)

I wllze,

so M, is bounded on HZ. Iterating gives
boundedness on H2* for every k € N, duality gives
it on H 5%, and complex interpolation of the domain
scale of the positive self-adjoint operator P [14,
§IX.4] gives it for all real t. Composing the two maps
gives the claim. =

E. The symbolic calculus

Theorem 8.10 (Exact calculus for multipliers). Let

p EM!, p' € MY and s € R. Then:

1. (Composition) h§hS, = hb,, with pp’ € M+,
in particular these operators commute and p ~
hg is an injective algebra homomorphism
M:* - L(S).

2. (Adjoint) (h§)" =hg in H, (for 1 <0, as
bounded operators; in general as an identity of
operators on § and §").

3. (Mapping) hS:H5 — ;™" is bounded with
norm at most supyso(1+ ycsc?6)~p()l;
and h§: S > S, 8" - §' continuously.

4. (Smoothing) p € M~* if and only if h§ maps
3§ boundedly into H} for all s,t € R.

5. (Ellipticity and parametrix) Suppose p 1is
elliptic: there are c¢,R >0 with |p(y)| =
c(1+y)! for y > R. Then there is ¢ € M~}
with
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hohy = hphg
=1Id-hf, r € CZ([0,))
c M.

6.  (Hypoellipticity) With p as in (e): if u € 7-[;"
for some s, and hfu € Hj, then u € Hg*; if
hfu€eS and u €S has coefficients of
polynomial growth, then u € S.

7. (Isomorphism) If in addition p(y) =0 for
every y > 0, then hS: H5*" — 35 is a Hilbert
space isomorphism with inverse hf -

Proof. Throughout, Definition 8.2 gives for x-

independent symbols the clean formula

g — (he)—1Mp hG'

since p(x,y) =p(y) does not involve x and the

diagonal evaluation is trivial.

(a) That pp’ € M"Y follows from Leibniz:

ID* (P < Xi () G Comi (N (A + )7 (1 +

WY = C(1+y)*V 5. Then by (40), h9 =

(1) M2 (1) My 0 = (1) My h? = S,

Injectivity: if hg =0 then M, =0, so p = 0 a.c.,

hence everywhere by continuity.

(b) Mjy=Mz in H,, and h® is unitary, so

(h®) "M, h9 = ()" Mzh°.

(c) h? is by definition an isometry from #; onto

L?((1 + ycsc?6)Sy Hdy); multiplication by p maps

this space into L2((1 + ycsc?0)S~ty~#dy) with the

stated norm, because |p(¥)|(1 + ycsc?29)S~0/2 <

[sup(1 + ycsc260) 7Y p|]1(1 + ycsc?8)s/?; and

(he)_1 is an isometry back onto H§'. The

statements about § and §' follow from Lemma 8.4

and Corollary 6.5 (or from Theorem 8.5).

(d) If p € M~ then p € M5~ for every s, t and (c)

applies. Conversely, suppose p € M'* for some [ and

that hg maps H, boundedly into H} for every t. By

(40) this says that M,, maps L*(y~* dy) boundedly

into  LZ((1 + ycsc?0)ty#dy), which forces

sup, (1 + V2| p(y)| < oo; as t is arbitrary, p itself
decays faster than any power. The derivatives then
decay too: on any interval ] = [y,y + 1] the Landau—

Kolmogorov  inequality gives | p’ Ilfoo(])S 4
p oy (Np oy +1 D" leopy), and  with ||
P o< CA + )2 and D llpen<

Cy(1+ )™ we obtain [p'(y)| < C(1 + y)E-M/2
for every N; iterating on D"p € M''™" gives rapid
decay of every derivative, i.e. p € M™%,

(e) Choose n € C*([0,0)) with 0<n<1,n=0
on[0,Rlandn=1on[R+1,2),andset o:=1n/p
(defined as 0 where n = 0). On suppn we have
Ip| = c(1+y)!; by the Faa di Bruno formula,
DS(1/p) is a finite sum of terms p~*~/ [[; DS p with
Y's; =s and j factors, each such term bounded by
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CA+y) LA+ ) S i=Cc@+y)7
Hence 1/p, and therefore o0 = 1 - (1/p), lies in M~
(the cut-off 1 has bounded derivatives of all orders).
Nowop=n=1—rwithr:=1-n € C ([0, o))
supported in [0, R + 1], and (a) gives hg hg = hgp =
Id — hY; commutativity gives the other identity.
Finally r € C° c M ™.
H By (e),u= hg (hgu) + hlu. The first term lies in
H5 by (c) applied to ¢ € M ~%; the second lies in
every H} by (d). Hence u € }[S“. For the §
statement, apply the same identity: ha maps S into §
by (c), and hlu has coefficients that decay rapidly
(its transform is r - h®u, compactly supported in y
and of polynomial growth, hence in § after applying
Lemma 8.4); so u € § by Theorem 6.4.
(g) Ellipticity plus non-vanishing gives |[p(y)| =
c'(1+y)! for all y >0 (on the compact set [0, R],
|p| attains a positive minimum). The Faa di Bruno
computation of (e) then shows 1/p € M~ globally,
and (a) yields hl/phe hehl/p =h? =1d. By (c)
both operators are bounded between the asserted
spaces. ®
Corollary 8.11 (The multiplier algebra). B
1= {hg: p € M°} is a commutative x-subalgebra of
L(?—[ﬂ), andp » hg is an isometric *-isomorphism of
M?, with the supremum norm, onto B. Its closure B
in the operator norm is a commutative unital C*-
algebra, and for p € M°

specL(}[u)(hf,) = p([0, )).
Proof. Theorem 8.10(a),(b) give the =*-algebra
structure and multiplicativity. Isometry: by (40) and
unitarity of h%, || h,‘? =l My Nl 2¢y-rayy =Nl D llo (the
last equality is the standard computation of the norm
of a multiplication operator on an L? space with
respect to a measure of full support). Hence B is a
normed *-algebra isometrically isomorphic to M?,
and its operator-norm closure is a commutative unital
C*-algebra. The spectrum of a multiplication operator
M,, on such an L? space is the essential range of p,
which for continuous p and a measure of full support
is p(J0,©)); spectra are preserved by the unitary
conjugation (40). =
Remark 8.12. The closure B is a proper subalgebra of
C,([0,)). Indeed every p € MO satisfies |p(y) —

POl < ) Iy —yI(1+min(,y)) ", so its
oscillation over [n,n + 1] is 0(1/n); this property
passes to uniform limits, whereas y = sin(y?) has
oscillation 2 over every such interval. Thus B is
C(M) for a compactification M of [0,00) strictly
smaller than the Stone—Cech one.

Remark 8.13 (What is and is not an algebra).
Corollary 8.11 settles, for multiplier symbols,
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whether the operator class is an algebra. For
genuinely x-dependent symbols nothing proved here
implies it: the composition hg hg, is continuous on §
by Theorem 8.5, but we do not claim that its symbol
lies in S;*, nor an asymptotic expansion for it. The
obstruction is that the Hankel-Clifford setting has no
translation structure, so the usual oscillatory-integral
proof of the composition formula does not transcribe;
the Hankel convolution of [13] is the natural
substitute, and we leave that development aside.
Remark 8.14 (Fredholm properties). Ellipticity does
not give Fredholmness in this scale. The remainder
h® of Theorem 8.10(e) is smoothing but not compact,
because the embedding Hj © Hj, t>s, is not
compact: the scale controls decay in the covariable
only, while I is non-compact in the space variable as
well. Indeed M, is multiplication by a function that
does not vanish at y = 0, and the unit ball of 3}
contains sequences supported near y = 0 with no
convergent subsequence. Compactness, and with it a
Fredholm theory, requires two-parameter (SG, or
Shubin) classes in which decay in x and in y are both
quantified; the weight (1 4+ x)~9 in Definition 8.1(ii)
is a first step in that direction, and we do not pursue it
here.

IX. EXAMPLES AND REDUCTIONS

Example 9.1 (Reduction to the fractional cosine and
sine transforms). Let V be as in Theorem 4.4(a),

V() = V2tf(t?). We claim

VI,V 1=v2D,%,,  ($,9)(0)

_ f Vot J,(et)g(t) dt, (D,9)(s)
0

= g(2s).
Indeed, for g = Vf, i.e. f(t2) = (2t)"Y24(b),

VNG =VE | o (24557) £ o) i
0
= \/Zf J, 2ts) f(t?) 2t dt
0

=245 " VE 1, (2ts)g (O dt,
0

using x = t2 and 2tf(t?) = V2t g(t); putting 0 =
2s and 2vs = V2vo gives (41). Now J_;/,(2) =
V2/(mz)cosz and Ji)5(z) =+/2/(mz)sinz, so
H_12=C and $,,, =8, the cosine and sine
transforms Cg(o) = \/Z/—Hfooo cos (at)g(t) dt and
similarly for §. Conjugating the whole group hf—rl /2
by V therefore produces the fractional cosine,
respectively sine, transform of angle 8; and by (15)

d?
the generator becomes - (— —+ 4t2) —2forv=
4 dt 2
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—2 and l(—d—zz + 4t2) —2 for v =2, the harmonic
2 4\ at 2 2

oscillator restricted to even, respectively odd,
functions.

Example 9.2 (Reduction to the fractional Fourier
transform). Let F? be the fractional Fourier
transform in the Namias normalization [7], i.e. the
unitary group on L?*(R) determined by F%h,, =
e~™mOh where h,, are the L?-normalized Hermite
functions (so F™? is the Fourier transform, since
Fhy = (=)™hy). Let 85f(s) = 2Y4f(V2s), a
unitary of L?(R), and let U: L2(R) - L2(I) @ L*(I)
be the  unitary sending f to the pair

(\/E (6‘/7f)ev |I'\/§(6‘/§f)odd|1)' Then
VIOV HUF UV V)
= hf—)1/2 ® e h16/2-
Proof. By (4) and Theorem 4.4(a), Vey(t) =
V2tV 127t [V (2¢2). Putting s =V2t: for v =
—1/2 this is a constant multiple of e_SZ/ZL;ll/2 (s?),
and for v=1/2 a constant multiple of
se S"/2[Y?(s?). The classical identities Hy,(s) =
(-1D)"22mnl L% (s2) and Hypar(s) =
(—1)"22m+1n1 s 1M2(s2) [16, Ch. V] identify these,
up to normalizing constants, with the Hermite
functions h,, and h,,,; respectively. Hence the
unitary on the left-hand side of (42) carries h,, to
é;l/ % in the first summand and honer tO é:l/ % in the
second. On these vectors F? acts by e 2" and
e~i@n+10 respectively, while h%l/z acts by e~2n
(Definition 5.1). The two agree on the even part and
differ by the constant factor e~ on the odd part,
which is (42). =
The phase e~ on the odd summand is not an
artefact: it reflects the fact that the Hankel-Clifford
fractionalization is normalized so that h° =1Id
separately in each order v, whereas F9 has a single
vacuum phase for the whole line.
Example 9.3 (Action on point masses). Let a > 0 and
let §, € §’;,, be evaluation at a, the duality being the
one of Theorem 6.4, induced by the inner product of
H, (so that a function f is identified with the
functional ¢ = [ fip x™* dx). Then
(hg,vsa)(y)
=K% y) = ('K (a,y)
= Yv0 (@y)*/?csch e'@r)cet) (2 [aycsch).
Indeed (h98,, ) = (84, oY) = (hoY)(a) =
fooo K9 (x,a)y(x)x*dx, and K® is symmetric by
(33). For u = 0 this is simply K¢ (a,y). Equivalently,
in the coefficient description of Theorem 6.4, §, has
coefficients &4'(a) and h%5, has coefficients
e 2ndghV (q).
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Example 9.4 (A resolvent, computed explicitly). Let
p(y) = (1 +ycsc?6)™. Then p € M~!: indeed
DSp is a constant multiple of csc?0 (1 +
ycsc?20)715, which is O((1 + y)~175). It is elliptic
of order —1 and nowhere zero, so by Theorem
8.10(g)
hy = (1d—4;,, )" H; - HH
is an isomorphism for every s, by (29). Its Green
function is elementary. Take p = 0 and solve ¢ —
45,09 = 64. Applying h® and using (29) and
Example 9.3,
(1 +yesc?6) (R ) ()
= y,,6csCO ei(a“’)wte]v(z\/a_ycsce).

Applying (he)_l, whose kernel is Kf(y,x), the
chirps combine to e!(@)<0t0 the factors y¥ cancel,
and

p(x) = csc?0 gila—x)cotd
foo]v(Z\/_csce)]v(Z\/—csce)
0 1+ ycsc?0
Substituting t = ycsc?0 turns this -

eila—x)cotd f°° Jv(2Vxt) )y (2/at) dt. The Weber—
1+t

Schatheitlin integral [19, Ch. XIII], [2, Ch. VIII]
Jv(bs)], (cs)

f - SZ +V1 dS = IV(C<)KV(C>)I
applied after the substitution t = s? with b = 2v/x,
c = 2+/a, gives

I“JV(ZM)JV(ZM) st
0 1+t
=21,(2/x)K,(2/x>), X

= min(x, a), x> = max(x, a),

whence

@(x) = 2eila=0cotd (2\/x_<) KV(Z\/x_>).

For general u multiply by (x/a)*/?, in accordance
with Theorem 2.2.

Example 9.5 (Smoothing operators from the heat
semigroup). For s > 0 let p,(y) = e~ csc?f Every

L . ' o
derivative D¥p; is a constant multiple of e™7¢s¢™9,

which decays faster than any power, so pg € M ~%;
by Theorem 8.10(d), hgs maps §' into §. By (29),
hg, = eSuvo_ Tts kernel, for u =0, follows from
(38) and the Weber—Sonine integral
o _ .2
Jy7 e Iy, (ewyw dw =
e~ (0?4 ( )[19 Ch. XI1I], and equals
xX+z <2\/E>
) (22)
s
(In (38) one has py(w?sin?0) = ™", so the
Weber—Sonine formula applies with o = s, b = 2v/x,

20

1 .
?Cps(x, z) = ; el(z—x)coteexp (_
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c = 2v/z, and the prefactor 2 of (38) cancels the
1/20.)

Example 9.6 (Elliptic but not invertible). Let p(y) =
y —1. Thenp € M*! and |p(y)| 2%(1+y) fory >
3, so p is elliptic of order 1; but p(1) = 0. Theorem
8.10(e),(f) apply, so the operator hf =
—csc™%0 4,6 — 1d is hypoelliptic in the scale. It is
not invertible. Indeed by (40) it is unitarily equivalent
to multiplication by y—1 from L*((1+
ycsc20)Stly~Hdy) to L?((1 + ycsc?0)Sy~H dy).
That operator is injective, since y — 1 vanishes only
on a null set; but its range is not closed: if F is
continuous with F(1) # 0 then F/(y — 1) behaves
like (y—1)"! near y=1 and is not square
integrable there, so F is not in the range, while the
range contains all F vanishing near y =1 and is
therefore dense. Hence ellipticity and invertibility
genuinely differ here, and the extra hypothesis in
Theorem 8.10(g) is not vacuous.

APPENDIX A. CORRECTIONS TO FORMULAS
IN CIRCULATION

For the convenience of readers comparing with
earlier accounts we record four points at which the
normalization used above differs from formulas that
appear in the literature and in preprints on this
subject. In each case the version above is forced by
the requirement that @ — h? be a one-parameter
group with h° = Id, and agrees with [12].
1. The chirp is linear, not quadratic, in the
Clifford variable. The Hankel—Clifford variable
x is the square of the Hankel variable t
(Theorem 4.4(a)); the fractional Hankel chirp

e%(t2+sz)cot9 (x+y)cot9

therefore becomes ez

and not e%(x +y%)cotd

2. The factor cscB sits outside the Bessel
argument, and a normalizing power of cscl is
required. The correct kernel is (17): the Bessel
argument is 2\/x_ycsct9 = 2,/xycsc?6, and the
prefactor (csc8)#**! must be present. Without
it, the family is not a group in 6 (Step 5 of the
proof of Theorem 3.5 is exactly where this
factor is consumed), the stated inversion by the
conjugate kernel is false, and the Plancherel
identity fails by a factor |sing|2#*2,

3. The chirped Bessel-Clifford operator. The
correct expression is (26). In the four-parameter
notation, with g = a — fandv = a — b,
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Ao =xD*+[(1—«a
+B) — 2ixcotf]D — [(1
—a + B)icotd + xcot?0

2 2
N (a—-b)*—(a—p) 1
4x
and the intertwining relation carries csc?6, not csc@:
he (459)(y) = —(ycsc?8)hl p(y). Expressions
containing x2cotf, x3cot?#, or the coefficient
(2 — a + B) in place of (1 — a + B), are inconsistent

with (29).
4.  Periodicity. The sharp period in 8 is m, not 2m
(Theorem 5.2(c)).

APPENDIX B. NUMERICAL VERIFICATION
Every operational identity in §§2-9 was verified
numerically in  arbitrary-precision  arithmetic
(mpmath, working precision 18-25 significant
digits) before being asserted, over a grid of parameter
values ve{-1/2,-1/4,1/2,13/10,2}, pe
{—-6/5,0,3/10}, 6 €{0.7,1.1,1.9,7/2} and né€
{0,1,2,3,4}. Specifically: the eigenrelation of
Corollary 3.6 and the norm formula of Lemma 3.1;
the eigenrelation of Proposition 4.1 and its weighted
form; the intertwining relations (28)—(29); the kernel
of Theorem 5.3 through hPe, = e ?"f,; the
identity h™? =T,; the Plancherel identity; the
reduction (41) of Example 9.1; and the Weber—
Schaftheitlin integral (43). A second pass verified the
reduced forms (13) and (27), the symmetry and
normalization of the kernel K of (33) with respect to
the measure x* dx, the kernel representation (38),
and the closed form of the heat kernel in Example
9.5. The reproducing property of K¢ was tested
discriminatingly: the kernel (33) recovers ¢ from
h%¢ with relative error 7 x 107!, whereas the
variant obtained by omitting the factor x# fails by
exactly x#. All relative errors were below 1078, the
great majority below 10715, The verification script is
available from the authors.
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    J  𝜈  ( 2  x y )


   h  𝜃


    e  − i 𝜃 𝛬


  𝛬 =   𝛬 ∗


   h  𝜃  |  𝜃 = 𝜋 / 2


   h  𝜃


     (  h  𝜋 / 2 )  2 𝜃 / 𝜋


  I =  ( 0 , ∞ )


  D = d / d x


   ℕ 0 = { 0 , 1 , 2 , … }


  𝜈 > − 1


  𝜇 ∈ ℝ


  𝜈 = a − b


  𝜇 = 𝛼 − 𝛽


    𝒞  𝜇 , 𝜈  ( u )   =     u  − 𝜇 / 2   J  𝜈 ​  ( 2  u ) ,     u > 0 ,


    𝒞  𝜈 , 𝜈


  r ∈  ℕ 0


    J  𝜈


       D  u  r     𝒞  𝜇 , 𝜈  ( u ) =    ( − 1 )  r   𝒞  𝜇 + r , 𝜈 + r  ( u ) ,     D  u  r  [   u  𝜇 + r   𝒞  𝜇 + r , 𝜈 + r  ( u ) ] =   u  𝜇   𝒞  𝜇 , 𝜈  ( u ) .


  𝜃


  0 < 𝜃 < 𝜋


  𝜃 ∈ ℝ


  𝜋


  C


   h  𝜇 , 𝜈  𝜃


  𝜇 = 𝛼 − 𝛽


  𝜈 = a − b


   ( 𝛼 , 𝛽 , a , b )


  𝛼 − 𝛽


  a − b


    𝛬  𝜇 , 𝜈


  { 2 n }


   h  𝜃 =   e  − i 𝜃 𝛬


  𝜋


  𝜃


    L 2


  S G


  f


  I


    ∫ 0 ∞     ( 1 + x )  − 1 / 4  | f  ( x ) |   d x < ∞


   (   T  𝜈 f )  ( y ) =   ∫ 0 ∞    J  𝜈 ​  ( 2  x y ) f  ( x )   d x ,     y > 0 .


  𝜇 ∈ ℝ


   (  h  𝜇 , 𝜈 𝜑 )  ( y ) =   y  𝜇   ∫ 0 ∞    𝒞  𝜇 , 𝜈  ( x y )   𝜑  ( x )   d x .


  𝜇 = 𝜈


      ℋ  𝜇   : =   L 2  ( I ,   x  − 𝜇   d x ) ,       M  𝜇 :  ℋ  𝜇   →   L 2  ( I ,   d x ) ,    (   M  𝜇 f )  ( x )   =   x  − 𝜇 / 2 f  ( x ) .


    M  𝜇


  ∫    |   x  − 𝜇 / 2 f | 2 d x = ∫    | f | 2   x  − 𝜇 d x


  𝜇 ∈ ℝ


  𝜈 > − 1


  𝜑


   h  𝜇 , 𝜈   =     M  𝜇  − 1     T  𝜈     M  𝜇 .


    T  𝜈


    L 2  ( I , d x )


   h  𝜇 , 𝜈


   ℋ  𝜇


   h  𝜇 , 𝜈


   ℋ  𝜇


    T  𝜈


    L 2  ( I ,   d x )


       y  𝜇   𝒞  𝜇 , 𝜈  ( x y ) =   y  𝜇    ( x y )  − 𝜇 / 2   J  𝜈  ( 2  x y )   =   y  𝜇 / 2     x  − 𝜇 / 2     J  𝜈  ( 2  x y ) ,


      (  h  𝜇 , 𝜈 𝜑 )  ( y ) =   y  𝜇 / 2   ∫ 0 ∞    J  𝜈  ( 2  x y )     x  − 𝜇 / 2 𝜑  ( x )   d x   =   y  𝜇 / 2  (   T  𝜈  [   M  𝜇 𝜑 ] )  ( y )   =  (   M  𝜇  − 1   T  𝜈   M  𝜇 𝜑 )  ( y ) .


  ▫


   (  h  𝜇 , 𝜈   ( 2 ) 𝜓 )  ( y ) =   ∫ 0 ∞    x  𝜇   𝒞  𝜇 , 𝜈  ( x y ) 𝜓  ( x )   d x


   h  𝜇 , 𝜈   ( 2 ) =   N  − 1    h  𝜇 , 𝜈   N ,      ( N 𝜓 )  ( x ) =   x  𝜇 𝜓  ( x ) ,


  ∫   x  𝜇   𝒞  𝜇 , 𝜈  ( x y ) 𝜓   d x =   y  − 𝜇 ⋅   y  𝜇 ∫   𝒞  𝜇 , 𝜈  ( x y )  (   x  𝜇 𝜓 )   d x


   h   ( 2 )


   h  𝜇 , 𝜈


   h  𝜇 , 𝜈   ( 2 )


   ℋ  𝜇


    L 2  ( I ,   x  𝜇   d x )


    𝒞  𝛼 , 𝛽 , a , b  ( u ) =   u   ( − 𝛼 + 𝛽 ) / 2   J  a − b  ( 2  u )


    𝒞  𝛼 , 𝛽 , a , b =   𝒞  𝜇 , 𝜈


  𝜇 = 𝛼 − 𝛽


  𝜈 = a − b


   ( 𝛼 , 𝛽 , a , b )


  𝜇


  𝛼 =  1 4 +   𝜇 2


  𝛽 =  1 4 −   𝜇 2


  a =  1 4 +   𝜈 2


  b =  1 4 −   𝜈 2


  𝜈 > − 1


  n ∈  ℕ 0


    𝐞  n  ( x ) =   𝐞  n  𝜈  ( x ) =   x  𝜈 / 2   e  − x   L  n  𝜈  ( 2 x ) ,     x > 0 ,


    L  n  𝜈


  n


  𝜈


    𝐞  n  𝜇 , 𝜈  ( x ) =   x  𝜇 / 2   𝐞  n  𝜈  ( x ) =   x   ( 𝜇 + 𝜈 ) / 2   e  − x   L  n  𝜈  ( 2 x )


  {   𝐞  n  𝜈  }  n ≥ 0


    L 2  ( I , d x )


  ∥   𝐞  n  𝜈  ∥    L 2  ( I , d x ) 2 =  2  − 𝜈 − 1     𝛤  ( n + 𝜈 + 1 )  n ! .


  {   𝐞  n  𝜇 , 𝜈 }


   ℋ  𝜇


      𝐞 ~  n  𝜇 , 𝜈 =   𝐞  n  𝜇 , 𝜈 / ∥   𝐞  n  𝜈 ∥


  t = 2 x


       ∫ 0 ∞    𝐞  n  𝜈   𝐞  m  𝜈   d x   =   ∫ 0 ∞    x  𝜈   e  − 2 x   L  n  𝜈  ( 2 x )   L  m  𝜈  ( 2 x )   d x   =  2  − 𝜈 − 1   ∫ 0 ∞    t  𝜈   e  − t   L  n  𝜈  ( t )   L  m  𝜈  ( t )   d t ,


    𝛿  n m 𝛤  ( n + 𝜈 + 1 ) / n !


  f ↦  2  1 / 2 f  ( t / 2 )


    L 2  ( I , d x ) →   L 2  ( I , d t )


    𝐞  n  𝜈


    t  𝜈 / 2   e  − t / 2   L  n  𝜈  ( t )


    L 2  ( I , d t )


  𝜈 > − 1


   ℋ  𝜇


    M  𝜇   𝐞  n  𝜇 , 𝜈 =   𝐞  n  𝜈


    M  𝜇


  ▫


   | w | < 1


  x > 0


  𝛽 = 𝛽  ( w )   : =   1 + w  1 − w


  ℜ 𝛽 > 0


    ∑  n = 0 ∞    𝐞  n  𝜈  ( x )     w  n =    ( 1 − w )  − 𝜈 − 1     x  𝜈 / 2     e  − 𝛽 x ,


  {  | w | ≤ r } ×  [ 𝜀 , R ]


  r < 1


  0 < 𝜀 < R < ∞


    ∑  n ≥ 0 ​    L  n  𝜈  ( u )   w  n =    ( 1 − w )  − 𝜈 − 1 exp  ( − u w /  ( 1 − w ) )


   | w | < 1


    x  𝜈 / 2   e  − x


  u = 2 x


       ∑  n ​    𝐞  n  𝜈  ( x )   w  n =   x  𝜈 / 2 ( 1   − w  )  − 𝜈 − 1 exp  ( − x −   2 x w  1 − w )   =   x  𝜈 / 2    ( 1 − w )  − 𝜈 − 1 exp  ( − x     1 + w  1 − w ) ,


  1 +   2 w  1 − w =   1 + w  1 − w


  ℜ 𝛽 > 0


   | w | < 1


  ℜ   1 + w  1 − w =   1 −    | w | 2     | 1 − w | 2 > 0


  ▫


  𝜈 > − 1


  y > 0


  𝜌 ∈ ℂ


  ℜ 𝜌 > 0


    ∫ 0 ∞    x  𝜈 / 2     e  − 𝜌 x     J  𝜈  ( 2  x y )   d x =   𝜌  − 𝜈 − 1     y  𝜈 / 2     e  − y / 𝜌 ,


    ∫ 0 ∞    e  − p   t 2   J  𝜈  ( a t )   t  𝜈 + 1   d t =     a  𝜈     ( 2 p )  𝜈 + 1   e  −   a 2 /  ( 4 p )


  ℜ p > 0


  a > 0


  𝜈 > − 1


  x =   t 2


    d x = 2 t   d t


  a = 2  y


  p = 𝜌


       ∫ 0 ∞    x  𝜈 / 2   e  − 𝜌 x   J  𝜈  ( 2  x y )   d x   = 2   ∫ 0 ∞    t  𝜈 + 1   e  − 𝜌   t 2   J  𝜈  ( 2  y   t )   d t   = 2        ( 2  y )  𝜈     ( 2 𝜌 )  𝜈 + 1   e  − 4 y /  ( 4 𝜌 )   =   𝜌  − 𝜈 − 1   y  𝜈 / 2   e  − y / 𝜌 .


  0


   |   J  𝜈  ( 2  x y ) | ≤ C    ( x y )  𝜈 / 2


  O  (   x  𝜈 )


  𝜈 > − 1


  ∞


   |   J  𝜈  ( u ) | ≤ C   u  − 1 / 2


  ℜ 𝜌 > 0


  ▫


  0 < 𝜃 < 𝜋


    𝛾  𝜈 , 𝜃 =   e  i  ( 𝜈 + 1 )  ( 𝜃 − 𝜋 / 2 )


    K  𝜈  𝜃  ( x , y ) =   𝛾  𝜈 , 𝜃   csc 𝜃     e  i  ( x + y ) cot 𝜃     J  𝜈 ​  ( 2  x y   csc 𝜃 ) ,


    𝒯  𝜈  𝜃


   ℰ  𝜈


  {   𝐞  n  𝜈 }


  𝜈 > − 1


  0 < 𝜃 < 𝜋


  n ∈  ℕ 0


    𝒯  𝜈  𝜃     𝐞  n  𝜈 =   e  − 2 i n 𝜃     𝐞  n  𝜈 .


  y > 0


  c = cot 𝜃


  𝜆 =  csc 2 𝜃


   | w | < 1


  F  ( w )   : =   ∫ 0 ∞    K  𝜈  𝜃  ( x , y )  (   ∑  n ≥ 0 ​    𝐞  n  𝜈  ( x )   w  n )   d x .


   | w |


  𝜈 > − 1


   (   n + 𝜈  n − i )


    L  n  𝜈  ( u ) =   ∑  i = 0  n   (   n + 𝜈  n − i )      ( − u )  i  i !


   |   L  n  𝜈  ( u ) | ≤   L  n  𝜈  ( − u )


  u ≥ 0


  − 2 x


       ∑  n ≥ 0 ​ |   L  n  𝜈  ( 2 x ) |      | w |  n   ≤   ∑  n ≥ 0 ​    L  n  𝜈  ( − 2 x )    | w |  n   =    ( 1 −  | w | )  − 𝜈 − 1 exp  (   2 x  | w |  1 −  | w | ) .


    x  𝜈 / 2   e  − x


       ∑  n ≥ 0 ​ |   𝐞  n  𝜈  ( x ) |      | w |  n   ≤    ( 1 −  | w | )  − 𝜈 − 1     x  𝜈 / 2     e  − 𝜅 x ,     𝜅 :   = 1 −   2  | w |  1 −  | w | ,


  𝜅 > 0


   | w | <  1 3


   |   K  𝜈  𝜃  ( x , y ) | ≤   C  𝜃 , y min {   x  𝜈 / 2 ,   x  − 1 / 4 }


    J  𝜈


   ( x , n ) ↦   K  𝜈  𝜃  ( x , y )   𝐞  n  𝜈  ( x )   w  n


   | w | <  1 3


   | w | < 1 / 3


     F  ( w ) =   𝛾  𝜈 , 𝜃 csc 𝜃     e  i c y   ( 1   − w  )  − 𝜈 − 1   ∫ 0 ∞    x  𝜈 / 2   e  −  ( 𝛽 − i c ) x   J  𝜈  ( 2  x ⋅ 𝜆 y )   d x ,


   x y csc 𝜃 =  x ⋅ 𝜆 y


  𝜌   : = 𝛽 − i c


  ℜ 𝜌 = ℜ 𝛽 > 0


  F  ( w ) =   𝛾  𝜈 , 𝜃   csc 𝜃     e  i c y      ( 1 − w )  − 𝜈 − 1   𝜌  − 𝜈 − 1    ( 𝜆 y )  𝜈 / 2   e  − 𝜆 y / 𝜌 .


  𝜌


  1 − i c =   sin 𝜃 − i cos 𝜃  sin 𝜃 = − i   e  i 𝜃 csc 𝜃


  1 + i c = i   e  − i 𝜃 csc 𝜃


      ( 1 − w ) 𝜌 =  ( 1 + w ) − i c  ( 1 − w ) =  ( 1 − i c ) + w  ( 1 + i c )   = i csc 𝜃  ( w   e  − i 𝜃 −   e  i 𝜃 )   = − i csc 𝜃     e  i 𝜃  ( 1 − w   e  − 2 i 𝜃 ) .


  w ′   : = w   e  − 2 i 𝜃


   | w ′ | =  | w |


  𝛽 ′   : =   1 + w ′  1 − w ′


   ( 1 − w ) 𝜌 = − i csc 𝜃     e  i 𝜃  ( 1 − w ′ ) =   e  i  ( 𝜃 − 𝜋 / 2 ) csc 𝜃    ( 1 − w ′ ) ,


  − i   e  i 𝜃 =   e  i  ( 𝜃 − 𝜋 / 2 )


  𝜆 / 𝜌 − i c = 𝛽 ′


  𝜌 =   i csc 𝜃  ( w   e  − i 𝜃 −   e  i 𝜃 )  1 − w


       𝜆  𝜌 − i c =    csc 2 𝜃    ( 1 − w )  i csc 𝜃    ( w   e  − i 𝜃 −   e  i 𝜃 )   − i c =   i csc 𝜃    ( 1 − w )    e  i 𝜃 − w   e  − i 𝜃   − i c = i     csc 𝜃  ( 1 − w ) − cot 𝜃    (   e  i 𝜃 − w   e  − i 𝜃 )    e  i 𝜃 − w   e  − i 𝜃 .


  csc 𝜃 − cot 𝜃     e  i 𝜃 =   1 −  cos 2 𝜃  sin 𝜃 − i cos 𝜃 = sin 𝜃 − i cos 𝜃 = − i   e  i 𝜃


  − csc 𝜃 + cot 𝜃     e  − i 𝜃 = − sin 𝜃 − i cos 𝜃 = − i   e  − i 𝜃


  − i  (   e  i 𝜃 + w   e  − i 𝜃 )


    𝜆  𝜌 − i c =     e  i 𝜃 + w   e  − i 𝜃    e  i 𝜃 − w   e  − i 𝜃 =   1 + w   e  − 2 i 𝜃  1 − w   e  − 2 i 𝜃 = 𝛽 ′ .


    e  i c y   e  − 𝜆 y / 𝜌 =   e  −  ( 𝜆 / 𝜌 − i c ) y =   e  − 𝛽 ′ y


        ( 1 − w )  − 𝜈 − 1   𝜌  − 𝜈 − 1 = [ ( 1   − w ) 𝜌  ]  − 𝜈 − 1 =   e  − i  ( 𝜈 + 1 )  ( 𝜃 − 𝜋 / 2 )    ( csc 𝜃 )  − 𝜈 − 1 ( 1   − w ′  )  − 𝜈 − 1 =     𝛾  𝜈 , 𝜃 ¯      ( csc 𝜃 )  − 𝜈 − 1 ( 1   − w ′  )  − 𝜈 − 1 ,


   ( 1 − w ) 𝜌


    e  i  ( 𝜃 − 𝜋 / 2 )


  1 − w ′


     ( 𝜆 )  𝜈 / 2 =    ( csc 𝜃 )  𝜈


    𝛾  𝜈 , 𝜃   csc 𝜃 ⋅     𝛾  𝜈 , 𝜃 ¯      ( csc 𝜃 )  − 𝜈 − 1 ⋅    ( csc 𝜃 )  𝜈 = 1 ,


   |   𝛾  𝜈 , 𝜃 | = 1


     F  ( w ) =    ( 1 − w ′ )  − 𝜈 − 1   y  𝜈 / 2   e  − 𝛽 ′ y   =   ∑  n ≥ 0 ​    𝐞  n  𝜈  ( y )      ( w ′ )  n   =   ∑  n ≥ 0 ​    e  − 2 i n 𝜃   𝐞  n  𝜈  ( y )     w  n ,


  w ′


  F  ( w ) =   ∑  n ​   (   𝒯  𝜈  𝜃   𝐞  n  𝜈 )  ( y )   w  n


   | w | < 1 / 3


  w


  ▫


    T  𝜈   𝐞  n  𝜈 =    ( − 1 )  n   𝐞  n  𝜈


  n


    T  𝜈


   ℰ  𝜈


    L 2  ( I ,   d x )


   h  𝜇 , 𝜈


   ℋ  𝜇


   h  𝜇 , 𝜈   𝐞  n  𝜇 , 𝜈 =    ( − 1 )  n   𝐞  n  𝜇 , 𝜈


  𝜃 = 𝜋 / 2


    𝛾  𝜈 , 𝜋 / 2 = 1


  csc 𝜃 = 1


  cot 𝜃 = 0


    K  𝜈  𝜋 / 2  ( x , y ) =   J  𝜈  ( 2  x y )


    𝒯  𝜈  𝜋 / 2 =   T  𝜈


    e  − 2 i n 𝜋 / 2 =    ( − 1 )  n


    T  𝜈


  {   𝐞  n  𝜈 }


  ± 1


   ℰ  𝜈


    T  𝜈 2 = Id


    T  𝜈 ∗ =   T  𝜈  − 1 =   T  𝜈


   h  𝜇 , 𝜈


  ▫


  0 < 𝜃 < 𝜋


    𝒯  𝜈  𝜃


   ℰ  𝜈


    L 2  ( I , d x )


    𝒯  𝜈    𝜃 1   𝒯  𝜈    𝜃 2 =   𝒯  𝜈    𝜃 1 +   𝜃 2


   ( 0 , 𝜋 )


    𝒯  𝜈  𝜃


  {     𝐞 ~  n  𝜈 }


    e  − 2 i n 𝜃


   ℰ  𝜈


    e  + 2 i n 𝜃


    e  − 2 i n   𝜃 1   e  − 2 i n   𝜃 2 =   e  − 2 i n  (   𝜃 1 +   𝜃 2 )


  ▫


    C  c ∞  ( I )


    𝛬  𝜇 , 𝜈   =   − x   D 2 +  ( 𝜇 − 1 ) D + x +     𝜈 2 −   𝜇 2  4 x −  ( 𝜈 + 1 ) .


       𝛬  𝜇 , 𝜈 =   M  𝜇  − 1   𝛬  0 , 𝜈   M  𝜇 ,       𝛬  0 , 𝜈   = − D  ( x D ) + x +     𝜈 2  4 x − ( 𝜈   + 1 ) ,


    𝛬  𝜇 , 𝜈     𝐞  n  𝜇 , 𝜈 = 2 n     𝐞  n  𝜇 , 𝜈 ,     n ∈  ℕ 0 .


  f =   x  𝜇 / 2 g


  g =   M  𝜇 f


  g ′ =   x  − 𝜇 / 2  ( f ′ −   𝜇  2 x f )


  x g ′ =   x  − 𝜇 / 2  ( x f ′ −   𝜇 2 f )


      ( x g ′ ) ′ =   x  − 𝜇 / 2 [  ( x f ′ −   𝜇 2 f ) ′   −   𝜇  2 x  ( x f ′ −   𝜇 2 f ) ]   =   x  − 𝜇 / 2  [ x f ″ +  ( 1 − 𝜇 ) f ′ +     𝜇 2  4 x f ] .


       M  𝜇  − 1   𝛬  0 , 𝜈   M  𝜇 f =   x  𝜇 / 2 {   −   x  − 𝜇 / 2  [ x f ″ +  ( 1 − 𝜇 ) f ′ +     𝜇 2  4 x f ]   +  ( x +     𝜈 2  4 x −  ( 𝜈 + 1 ) )   x  − 𝜇 / 2 f } ,


    𝛬  0 , 𝜈   𝐞  n  𝜈 = 2 n   𝐞  n  𝜈


  x


  u     L ¨ +  ( 𝜈 + 1 − u )   L . + n L = 0


  L =   L  n  𝜈  ( u )


  u = 2 x


  L  ( x )   : =   L  n  𝜈  ( 2 x )


    L . =  1 2 L ′


    L ¨ =  1 4 L ″


     2 x ⋅  1 4 L ″ +  ( 𝜈 + 1 − 2 x )  1 2 L ′   + n L = 0 ,     i.e.     x L ″   +  ( 𝜈 + 1 − 2 x ) L ′ + 2 n L = 0 .


  B L = 2 n L


  B   : = − x   D 2 −  ( 𝜈 + 1 ) D + 2 x D


  W  ( x ) =   x  𝜈 / 2   e  − x


    𝐞  n  𝜈 = W L


  W B   W  − 1


  w   : = W ′ / W =   𝜈  2 x − 1


  w ′ = −   𝜈  2   x 2


    W  − 1


  f


  g =   W  − 1 f


     g ′ =   W  − 1  ( f ′ − w f ) ,     g ″ =   W  − 1 ( f ″   − 2 w f ′ +  (   w 2 − w ′ ) f ) .


     W   B     W  − 1 f = − x ( f ″ − 2 w f ′ + (   w 2   − w ′ ) f ) −  ( 𝜈 + 1 )  ( f ′ − w f ) + 2 x  ( f ′ − w f ) .


  f ′


  2 x w −  ( 𝜈 + 1 ) + 2 x =  ( 𝜈 − 2 x ) −  ( 𝜈 + 1 ) + 2 x = − 1


  f


     − x  (   w 2 − w ′ ) +  ( 𝜈 + 1 ) w − 2 x w = − x ( (   𝜈  2 x   − 1  ) 2 +   𝜈  2   x 2 )   +  ( 𝜈 + 1 )  (   𝜈  2 x − 1 )   −  ( 𝜈 − 2 x ) .


  − x  (     𝜈 2  4   x 2 −   𝜈  x + 1 +   𝜈  2   x 2 ) = −     𝜈 2  4 x + 𝜈 − x −   𝜈  2 x


   ( 𝜈 + 1 )  (   𝜈  2 x − 1 ) − 𝜈 + 2 x =   𝜈  ( 𝜈 + 1 )  2 x −  ( 𝜈 + 1 ) − 𝜈 + 2 x


     ( −     𝜈 2  4 x −   𝜈  2 x   +     𝜈 2 + 𝜈  2 x ) + ( 𝜈   − 𝜈 − 1 − 𝜈 ) +  ( − x + 2 x ) =     𝜈 2  4 x   −  ( 𝜈 + 1 ) + x .


  W B   W  − 1 = − x   D 2 − D + x +     𝜈 2  4 x −  ( 𝜈 + 1 ) =   𝛬  0 , 𝜈


    𝛬  0 , 𝜈   𝐞  n  𝜈 = W B   W  − 1  ( W L ) = W  ( B L ) = 2 n   W L = 2 n     𝐞  n  𝜈 .


  ▫


  ▫


  G =   G  𝜇 , 𝜈


    x  −  ( 𝜇 + 𝜈 ) / 2


  G     𝛬  𝜇 , 𝜈     G  − 1 = − x   D 2 −  ( 𝜈 + 1 ) D + x −  ( 𝜈 + 1 ) .


      𝜈 2 −   𝜇 2  4 x


  G   𝛬  𝜇 , 𝜈   G  − 1 =   x  − 𝜈 / 2   𝛬  0 , 𝜈   x  𝜈 / 2


    x  ∓ 𝜇 / 2


    𝛬  0 , 𝜈 = W B   W  − 1


  W =   x  𝜈 / 2   e  − x


  B = − x   D 2 −  ( 𝜈 + 1 ) D + 2 x D


    x  − 𝜈 / 2   𝛬  0 , 𝜈   x  𝜈 / 2 =   e  − x B   e  x


    e  − x D   e  x = D + 1


       e  − x B   e  x = − x    ( D + 1 ) 2 −  ( 𝜈 + 1 ) ( D   + 1 ) + 2 x  ( D + 1 ) = − x   D 2 −  ( 𝜈 + 1 ) D + x − ( 𝜈   + 1 ) ,


  − 2 x D


  + 2 x D


  − x + 2 x = x


  ▫


  f ∈   C  c ∞  ( I )


  ⟨   𝛬  0 , 𝜈 f , f  ⟩    L 2  ( I , d x ) =   ∫ 0 ∞  x     𝐞 0  𝜈    ( x ) 2   |  (   f    𝐞 0  𝜈 ) ′  ( x )  | 2   d x   ≥   0 .


    𝛬  0 , 𝜈


    𝛬  𝜇 , 𝜈


   ℋ  𝜇


    𝛬  0 , 𝜈 = − D  ( x D ) + V


  V  ( x ) = x +     𝜈 2  4 x −  ( 𝜈 + 1 )


  e   : =   𝐞 0  𝜈 =   x  𝜈 / 2   e  − x > 0


    𝛬  0 , 𝜈 e = 0


   ( x e ′ ) ′ = V e


  f , g ∈   C  c ∞  ( I )


  ⟨   𝛬  0 , 𝜈 f , g ⟩ − ⟨ f ,   𝛬  0 , 𝜈 g ⟩ = [ − x  ( f ′   g ‾ − f   g ‾ ′ )  ] 0 ∞ = 0 .


  ⟨   𝛬  0 , 𝜈 f , f ⟩ = ∫  ( x    | f ′ | 2 + V    | f | 2 ) d x


  f = e u


  u = f / e ∈   C  c ∞  ( I )


  e


  x    | f ′ | 2 = x  ( e  ′ 2    | u | 2 + e e ′  (    | u | 2 ) ′ +   e 2    | u ′ | 2 ) ,


     ∫ x e e ′  (    | u | 2 ) ′   d x = − ∫  ( x e e ′ ) ′    | u | 2   d x   = − ∫  ( x e ′ ) ′ e    | u | 2   d x − ∫ x e  ′ 2    | u | 2   d x   = − ∫ V   e 2    | u | 2   d x − ∫ x e  ′ 2    | u | 2   d x ,


  u


  I


  ∫ x    | f ′ | 2 = ∫ x   e 2    | u ′ | 2 − ∫ V   e 2    | u | 2


  ∫ V    | f | 2 = ∫ V   e 2    | u | 2


    𝛬  𝜇 , 𝜈


  ▫


  𝜈 > − 1


  𝜇 ∈ ℝ


    𝛬  𝜇 , 𝜈


   ℋ  𝜇


    C  c ∞  ( I )


  V   M  𝜇


   ( V f )  ( t ) =  2 t f  (   t 2 )


    L 2  ( I , d x )


    L 2  ( I , d t )


     V   M  𝜇     𝛬  𝜇 , 𝜈      ( V   M  𝜇 )  − 1   =  1 4 [ −     d 2  d   t 2 + 4   t 2   +     𝜈 2 −  1 4    t 2 ]   −  ( 𝜈 + 1 ) ,


    𝛬  𝜇 , 𝜈


    C  c ∞  ( I )


  𝜈 ≥ 1


  − 1 < 𝜈 < 1


   ( 1 , 1 )


    𝛬  𝜇 , 𝜈


  {     𝐞 ~  n  𝜇 , 𝜈  }  n ≥ 0


   ℋ  𝜇


    𝛬  𝜇 , 𝜈


  spec  (   𝛬  𝜇 , 𝜈 ) = { 2 n : n ∈  ℕ 0 }


    𝛬  𝜇 , 𝜈


  V


    ∫ 0 ∞     | f  ( x ) | 2 d x =   ∫ 0 ∞     | f  (   t 2 ) | 2 2 t   d t =   ∫ 0 ∞     |  ( V f )  ( t ) | 2 d t


    𝛬  0 , 𝜈


  F  ( t ) = f  (   t 2 )


  g = V f =  2 t F


  g = V f =  2 t F


  x =   t 2


    d  d x =  1  2 t   d  d t


  x f ′ =   t 2   F .


   ( x f ′ ) ′  |  x =   t 2 =  1  2 t   d  d t  (   t 2   F . ) =     F .  4 t +     F ¨ 4 ,


   (   𝛬  0 , 𝜈 f )  (   t 2 ) = −  1 4  (   F ¨ +     F .  t ) +  (   t 2 +     𝜈 2  4   t 2 −  ( 𝜈 + 1 ) ) F


  F =    ( 2 t )  − 1 / 2 g


  c =  2  − 1 / 2


       F . = c  (   t  − 1 / 2   g . −  1 2   t  − 3 / 2 g ) ,       F ¨   = c (   t  − 1 / 2   g ¨ −   t  − 3 / 2   g .   +  3 4   t  − 5 / 2 g ) ,


    F ¨ +     F .  t = c  (   t  − 1 / 2   g ¨ +  1 4   t  − 5 / 2 g )


   (   𝛬  0 , 𝜈 f )  (   t 2 )


   2 t


   2 t   c   t  − 1 / 2 = 1


   ( V   𝛬  0 , 𝜈 f )  ( t ) = −  1 4   g ¨ −  1 16   t  − 2 g +  (   t 2 +     𝜈 2  4   t 2 −  ( 𝜈 + 1 ) ) g ,


   1 4  (   𝜈 2 −  1 4 )   t  − 2 =     𝜈 2 4   t  − 2 −  1 16   t  − 2


   1 4 ⋅ 4   t 2 =   t 2


  −     d 2  d   t 2 + q  ( t )


  q  ( t ) = 4   t 2 +     𝜈 2 − 1 / 4    t 2


  t = ∞


  q  ( t ) → + ∞


  t = 0


  𝜅   t  − 2


  𝜅 ≥  3 4


    𝜈 2 −  1 4 ≥  3 4


  𝜈 ≥ 1


  𝜈 > − 1


   ( 1 , 1 )


    C  c ∞  ( I )


    𝐞  n  𝜇 , 𝜈


   ℋ  𝜇


    𝛬  𝜇 , 𝜈   𝐞  n  𝜇 , 𝜈 = 2 n   𝐞  n  𝜇 , 𝜈


    C  c ∞


    𝐞  n  𝜈 /   𝐞 0  𝜈 =   L  n  𝜈  ( 2 x )


  x   𝐞 0 2


    𝐞  n  𝜇 , 𝜈


  {     𝐞 ~  n  𝜇 , 𝜈 }


  { 2 n }


  𝛬 𝜓 = 2 n 𝜓


  𝜓


  𝜓 ∈ ℂ     𝐞 ~  n  𝜇 , 𝜈


     ( 𝛬 + 1 )  − 1


     ( 2 n + 1 )  − 1 → 0


  ▫


    e  − s   𝛬  𝜇 , 𝜈


  s > 0


  tr   e  − s 𝛬 =   ∑  n ≥ 0 ​    e  − 2 n s =    ( 1 −   e  − 2 s )  − 1


  𝜃 ∈ ℝ


      h  𝜇 , 𝜈  𝜃   : =   e  − i 𝜃   𝛬  𝜇 , 𝜈 ,     equivalently      h  𝜇 , 𝜈  𝜃     𝐞 ~  n  𝜇 , 𝜈   =   e  − 2 i n 𝜃       𝐞 ~  n  𝜇 , 𝜈 .


   h  𝜈  𝜃   : =  h  0 , 𝜈  𝜃


  𝜃 ,   𝜃 1 ,   𝜃 2 ∈ ℝ


   h  𝜇 , 𝜈  𝜃


   ℋ  𝜇


   h  𝜇 , 𝜈    𝜃 1  h  𝜇 , 𝜈    𝜃 2 =  h  𝜇 , 𝜈    𝜃 1 +   𝜃 2


   h  𝜇 , 𝜈 0 = Id


   h  𝜇 , 𝜈  𝜋 / 2 =  h  𝜇 , 𝜈


  𝜃 ↦  h  𝜇 , 𝜈  𝜃


  𝜋


     (  h  𝜃 )  − 1 =  h  − 𝜃 =  h  𝜋 − 𝜃


   h  𝜃


  2 𝜋


  𝜃 ↦  h  𝜇 , 𝜈  𝜃


    𝛬  𝜇 , 𝜈 = i   d  d 𝜃  h  𝜇 , 𝜈  𝜃  |  𝜃 = 0


  Dom  (   𝛬  𝜇 , 𝜈 )


  0 < 𝜃 < 𝜋


   h  𝜇 , 𝜈  𝜃 =   M  𝜇  − 1   𝒯  𝜈  𝜃   M  𝜇


   h  𝜃


  𝛬 =   𝛬  𝜇 , 𝜈


    P  n


  ℂ     𝐞 ~  n  𝜇 , 𝜈


  𝛬 =   ∑  n ​ 2 n   P  n


    e  − i 𝜃 𝛬 =   ∑  n ​    e  − 2 i n 𝜃   P  n


    e  − 2 i n 𝜃


    ∑  n ​    e  − 2 i n 𝜃   P  n


    ∑  n ​    e  2 i n 𝜃   P  n


    e  − 2 i n   𝜃 1   e  − 2 i n   𝜃 2 =   e  − 2 i n  (   𝜃 1 +   𝜃 2 )


  𝜃 = 0


  1


  𝜃 = 𝜋 / 2


    e  − i n 𝜋 =    ( − 1 )  n


   h  𝜇 , 𝜈


    e  − 2 i n  ( 𝜃 + 𝜋 ) =   e  − 2 i n 𝜃   e  − 2 i n 𝜋 =   e  − 2 i n 𝜃


  𝜋


  𝜏


    e  − 2 i 𝜏 = 1


  n = 1


  𝜏 ∈ 𝜋 ℤ


  𝜋


   h  𝜋 = Id


  𝜓 ∈  ℋ  𝜇


  ∥  h  𝜃 𝜓 − 𝜓  ∥ 2 =   ∑  n ​     |   e  − 2 i n 𝜃 − 1 | 2    |   c  n  ( 𝜓 ) | 2 → 0


  𝜃 → 0


  ∥   𝜃  − 1  (  h  𝜃 𝜓 − 𝜓 ) + i 𝛬 𝜓  ∥ 2 =   ∑  n ​ |   𝜃  − 1  (   e  − 2 i n 𝜃 − 1 ) + 2 i n  | 2    |   c  n  ( 𝜓 ) | 2 → 0


  𝜓 ∈ Dom  ( 𝛬 )


   |   𝜃  − 1  (   e  − i 𝜆 𝜃 − 1 ) + i 𝜆 | ≤ 2  | 𝜆 |


    M  𝜇  − 1   𝒯  𝜈  𝜃   M  𝜇


   ℋ  𝜇


      𝐞 ~  n  𝜇 , 𝜈


    e  − 2 i n 𝜃


   h  𝜇 , 𝜈  𝜃


  ▫


  0 < 𝜃 < 𝜋


    𝛾  𝜈 , 𝜃 =   e  i  ( 𝜈 + 1 )  ( 𝜃 − 𝜋 / 2 )


  𝜑


  {   𝐞  n  𝜇 , 𝜈 }


  𝜑 ∈  ℋ  𝜇


      (  h  𝜇 , 𝜈  𝜃 𝜑 )  ( y )   =   ∫ 0 ∞    K  𝜇 , 𝜈  𝜃  ( x , y ) 𝜑  ( x )   d x ,       K  𝜇 , 𝜈  𝜃  ( x , y )   =   𝛾  𝜈 , 𝜃      ( csc 𝜃 )  𝜇 + 1     y  𝜇     𝒞  𝜇 , 𝜈 ​  ( x y  csc 2 𝜃 )     e  i  ( x + y ) cot 𝜃 ,


    K  𝜇 , 𝜈  𝜃  ( x , y ) =    ( y / x )  𝜇 / 2   K  𝜈  𝜃  ( x , y )


    K  𝜈  𝜃


  𝜃 ∈ 𝜋 ℤ


   h  𝜃 = Id


   h  𝜇 , 𝜈  𝜃 =   M  𝜇  − 1   𝒯  𝜈  𝜃   M  𝜇


    y  𝜇 / 2   K  𝜈  𝜃  ( x , y )   x  − 𝜇 / 2 =    ( y / x )  𝜇 / 2   K  𝜈  𝜃  ( x , y )


    𝒞  𝜇 , 𝜈  ( x y  csc 2 𝜃 ) =    ( x y )  − 𝜇 / 2    ( csc 𝜃 )  − 𝜇   J  𝜈  ( 2  x y csc 𝜃 ) ,


    J  𝜈  ( 2  x y csc 𝜃 ) =    ( x y )  𝜇 / 2    ( csc 𝜃 )  𝜇   𝒞  𝜇 , 𝜈  ( x y  csc 2 𝜃 )


        ( y / x )  𝜇 / 2   K  𝜈  𝜃  ( x , y )   =   𝛾  𝜈 , 𝜃 csc 𝜃     e  i  ( x + y ) cot 𝜃   ×    ( y / x )  𝜇 / 2    ( x y )  𝜇 / 2    ( csc 𝜃 )  𝜇   ×   𝒞  𝜇 , 𝜈  ( x y  csc 2 𝜃 ) ,


     ( y / x )  𝜇 / 2    ( x y )  𝜇 / 2 =   y  𝜇


  ▫


  0 < 𝜃 < 𝜋


    𝜒  𝜃  ( x ) =   e  i x cot 𝜃


   (  h  𝜈  𝜃 𝜑 )  ( y ) =   𝛾  𝜈 , 𝜃 csc 𝜃     𝜒  𝜃  ( y )    (   T  𝜈  [   𝜒  𝜃 𝜑 ] ) ​  ( y  csc 2 𝜃 ) .


    e  i  ( x + y ) cot 𝜃 =   𝜒  𝜃  ( y )   𝜒  𝜃  ( x )


  2  x y csc 𝜃 = 2  x ⋅  ( y  csc 2 𝜃 )


      (  h  𝜈  𝜃 𝜑 )  ( y )   =   𝛾  𝜈 , 𝜃 csc 𝜃     𝜒  𝜃  ( y )   ×   ∫ 0 ∞    J  𝜈  ( 2  x ⋅ y  csc 2 𝜃 )   𝜒  𝜃  ( x ) 𝜑  ( x )   d x ,


  ▫


    𝒮  𝜇 , 𝜈  ( I )


  𝜑 ∈   C ∞  ( I )


    𝜎  q , k  ( 𝜑 )   : =  sup  x ∈ I |   x  q   D  k  (   x  −   𝜇 + 𝜈 2 𝜑  ( x ) ) | < ∞


  q , k ∈  ℕ 0


  {   𝜎  q , k }


  𝜃


  c ∈ ℝ


    𝜎  q , k  c  ( 𝜑 ) =  sup  x |   x  q   D  k  (   x  −  ( 𝜇 + 𝜈 ) / 2   e  − i c x 𝜑  ( x ) ) |


  {   𝜎  q , k  c }


  {   𝜎  q , k }


    H  1 , 𝛼 , 𝛽 , a , b  𝜃  ( I )


  𝜃


    𝒮  𝜇 , 𝜈  ( I )


  g =   x  −  ( 𝜇 + 𝜈 ) / 2 𝜑


    D  k  (   e  − i c x g ) =   ∑  m = 0  k   (   k  m )    ( − i c )  k − m   e  − i c x   D  m g


    𝜎  q , k  c  ( 𝜑 ) ≤   ∑  m = 0  k   (   k  m )    | c |  k − m   𝜎  q , m  ( 𝜑 ) .


  c


  − c


  𝜑


    e  − i c x 𝜑


  ▫


  q , k ∈  ℕ 0


    C  q , k > 0


    A  q , k ∈ ℕ


    𝜎  q , k  (     𝐞 ~  n  𝜇 , 𝜈 ) ≤   C  q , k      ( 1 + n )    A  q , k      ( n ∈  ℕ 0 ) .


       e  − t / 2 |   L  m  𝜆  ( t ) |   ≤   𝛤  ( m + 𝜆 + 1 )  m !   𝛤  ( 𝜆 + 1 )   ≤   C  𝜆    ( 1 + m )  𝜆      ( t ≥ 0 ,   𝜆 ≥ 0 ) ,


     t     L  m  𝜆  ( t ) =  ( 2 m + 𝜆 + 1 )   L  m  𝜆  ( t )   −  ( m + 1 )   L  m + 1  𝜆  ( t ) −  ( m + 𝜆 )   L  m − 1  𝜆  ( t ) ,


    d  d t   L  m  𝜆  ( t ) = −   L  m − 1  𝜆 + 1  ( t ) ,       L  m  𝜆 =   L  m  𝜆 + 1 −   L  m − 1  𝜆 + 1 .


  𝜆 ≥ 0


    L  m  𝜆


  − 1 < 𝜆 < 0


  𝜆 + 1 ≥ 0


  𝜆 ≥ 0


    A  q , k


  𝜆 ≥ 0


  q ∈  ℕ 0


   sup  t > 0     t  q   e  − t / 2 |   L  m  𝜆  ( t ) | ≤   C  q , 𝜆    ( 1 + m )  q + 𝜆 .


  q


    t  q   L  m  𝜆


    ∑   | j | ≤ q ​    a  j  ( m )   L  m + j  𝜆


   |   a  j  ( m ) | ≤   C  q , 𝜆    ( 1 + m )  q


    x  −  ( 𝜇 + 𝜈 ) / 2   𝐞  n  𝜇 , 𝜈  ( x ) =   e  − x   L  n  𝜈  ( 2 x )


  D  [   L  n  𝜈  ( 2 x ) ] = − 2   L  n − 1  𝜈 + 1  ( 2 x )


    D  k  [   e  − x   L  n  𝜈  ( 2 x ) ] =   ∑  j = 0  k   (   k  j )    ( − 1 )  k − j    ( − 2 )  j     e  − x   L  n − j  𝜈 + j  ( 2 x ) .


  t = 2 x


  𝜆 = 𝜈 + j


      sup  x > 0   x  q |   D  k  [   e  − x   L  n  𝜈  ( 2 x ) ] |   ≤   ∑  j = 0  k   (   k  j )  2  j    2  − q  sup  t > 0   t  q   e  − t / 2 |   L  n − j  𝜈 + j  ( t ) |   ≤   C  q , k , 𝜈    ( 1 + n )  q + 𝜈 + k .


  ∥   𝐞  n  𝜈  ∥  − 1 = O  (   n  − 𝜈 / 2 )


    𝜎  q , k  (     𝐞 ~  n  𝜇 , 𝜈 ) ≤ C    ( 1 + n )  q + k + 𝜈 / 2


  ▫


    c  n  ( 𝜑 ) = ⟨ 𝜑 ,     𝐞 ~  n  𝜇 , 𝜈  ⟩   ℋ  𝜇


     s   : = {  (   c  n ) ⊂ ℂ   :   ∥  (   c  n )  ∥  N :   =  sup  n    ( 1 + n )  N  |   c  n | < ∞     ∀ N ∈  ℕ 0 } .


    𝒮  𝜇 , 𝜈  ( I ) =  ⋂  k ≥ 0 Dom  (   𝛬  𝜇 , 𝜈  k ) =  { 𝜑 ∈  ℋ  𝜇 :  (   c  n  ( 𝜑 ) ) ∈ s } ,


  { ∥ ⋅  ∥  N }


    𝒮  𝜇 , 𝜈  ( I )


      𝐞 ~  n  𝜇 , 𝜈


    𝒮  𝜇 , 𝜈 ′  ( I ) =  {   ∑  n ​    d  n     𝐞 ~  n  𝜇 , 𝜈   :    |   d  n | ≤ C    ( 1 + n )  N   for some  C , N } ,


  𝒮 ′


    𝛬  𝜇 , 𝜈


    𝒮  𝜇 , 𝜈


  g =   x  −  ( 𝜇 + 𝜈 ) / 2 𝜑


    𝜎  q , k  ( 𝜑 ) =  sup  x  |   x  q   D  k g |


    x  −   𝜇 + 𝜈 2     𝛬  𝜇 , 𝜈 𝜑 = − x   D 2 g −  ( 𝜈 + 1 ) D g + x g −  ( 𝜈 + 1 ) g ,


  x


    D  k


    D  k  ( x   D  b g ) = x   D  k + b g + k   D  k + b − 1 g


       𝜎  q , k  (   𝛬  𝜇 , 𝜈 𝜑 )   ≤   C  k , 𝜈 (   𝜎  q + 1 , k + 2  ( 𝜑 )   +   𝜎  q , k + 1  ( 𝜑 ) +   𝜎  q + 1 , k  ( 𝜑 )   +   𝜎  q , k  ( 𝜑 ) ) < ∞ .


    𝛬  𝜇 , 𝜈 𝜑 ∈   𝒮  𝜇 , 𝜈


    𝒮  𝜇 , 𝜈 ⊂  ℋ  𝜇


  𝜑 ∈   𝒮  𝜇 , 𝜈


   | 𝜑  ( x ) | ≤   𝜎  q , 0  ( 𝜑 )   x   ( 𝜇 + 𝜈 ) / 2 − q


  q


  𝜑


  0


   | 𝜑  ( x ) | ≤   𝜎  0 , 0  ( 𝜑 )   x   ( 𝜇 + 𝜈 ) / 2


  𝜈 > − 1


    ∫ 0 1    x  − 𝜇    | 𝜑 | 2 d x ≤ C   ∫ 0 1    x  𝜈 d x < ∞


  𝜑 ∈  ℋ  𝜇


    𝛬  k 𝜑 ∈  ℋ  𝜇


  k


    𝒮  𝜇 , 𝜈 ⊆  ⋂  k Dom  (   𝛬  k )


  𝛬


        ( 2 n )  k   c  n  ( 𝜑 ) =  ⟨ 𝜑 ,   𝛬  k     𝐞 ~  n  𝜇 , 𝜈 ⟩   =  ⟨   𝛬  k 𝜑 ,     𝐞 ~  n  𝜇 , 𝜈 ⟩ ,     so        ( 2 n )  k  |   c  n  ( 𝜑 ) |   ≤ ∥   𝛬  k 𝜑  ∥   ℋ  𝜇 .


   (   c  n  ( 𝜑 ) ) ∈ s


  ∥ ⋅  ∥  N


    𝒮  𝜇 , 𝜈


  ∥ 𝜓  ∥   ℋ  𝜇 ≤ C     𝜎  2 , 0  ( 𝜓 ) + C   𝜎  0 , 0  ( 𝜓 )


   ⋂  k Dom  (   𝛬  k ) ⊆ { 𝜑 :  (   c  n ) ∈ s }


   (   c  n ) ∈ s


    𝜑  N =   ∑  n ≤ N ​    c  n     𝐞 ~  n  𝜇 , 𝜈


   ( q , k )


       ∑  n ​   |   c  n |     𝜎  q , k  (     𝐞 ~  n  𝜇 , 𝜈 )   ≤   C  q , k   ∑  n ​   |   c  n |    ( 1 + n )    A  q , k   ≤   C  q , k   ∥  (   c  n )  ∥    A  q , k + 2   ∑  n ​ ( 1   + n  )  − 2 < ∞ .


   (   𝜑  N )


    𝜎  q , k


    𝒮  𝜇 , 𝜈


  𝜎


  𝜑   : = lim   𝜑  N


    𝒮  𝜇 , 𝜈


    c  n


    𝒮  𝜇 , 𝜈


   ℋ  𝜇


  s →   𝒮  𝜇 , 𝜈


    𝒮  𝜇 , 𝜈 ≅ s


  s


  ⟨  (   d  n ) ,  (   c  n ) ⟩ = ∑   d  n   c  n


  𝒮  ′  𝜇 , 𝜈


  𝒮  ( ℝ )


  ▫


  𝜃 ∈ ℝ


   h  𝜇 , 𝜈  𝜃


    𝒮  𝜇 , 𝜈  ( I )


   h  𝜇 , 𝜈  − 𝜃


  𝒮  ′  𝜇 , 𝜈  ( I )


  F  (   𝛬  𝜇 , 𝜈 )


  F


  1 / F


  { 2 n }


   h  𝜃


    c  n ↦   e  − 2 i n 𝜃   c  n


  ∥  (   e  − 2 i n 𝜃   c  n )  ∥  N = ∥  (   c  n )  ∥  N


  N


  s


    c  n ↦   e  2 i n 𝜃   c  n


  F  ( 𝛬 )


    c  n ↦ F  ( 2 n )   c  n


  ∥  ( F  ( 2 n )   c  n )  ∥  N ≤ C ∥  (   c  n )  ∥  N + d


   | F  ( 2 n ) | ≤ C    ( 1 + n )  d


  ▫


  𝜇 ∈ ℝ


  𝜈 > − 1


  0 < 𝜃 < 𝜋


    𝜒  𝜃  ( x ) =   e  i x cot 𝜃


       𝛥  𝜇 , 𝜈    : = x   D 2 +  ( 1 − 𝜇 ) D −     𝜈 2 −   𝜇 2  4 x ,     𝛥  𝜇 , 𝜈 , 𝜃    : =   𝜒  𝜃     𝛥  𝜇 , 𝜈     𝜒  𝜃  − 1 ,       𝛥  𝜇 , 𝜈 , 𝜃 ∗   : =     𝜒  𝜃 ¯     𝛥  𝜇 , 𝜈         𝜒  𝜃 ¯  − 1 .


  c = cot 𝜃


       𝛥  𝜇 , 𝜈 , 𝜃 = x   D 2 + [ ( 1   − 𝜇 ) − 2 i c x ] D − [  ( 1 − 𝜇 ) i c +   c 2 x   +     𝜈 2 −   𝜇 2  4 x ] ,


    𝛥  𝜇 , 𝜈 , 𝜃 ∗


  c


  − c


    𝛥  𝜇 , 𝜈 =   M  𝜇  − 1  [ D  ( x D ) −     𝜈 2  4 x ]   M  𝜇


    𝛥  𝜇 , 𝜈 , 𝜋 / 2 =   𝛥  𝜇 , 𝜈


  G


    x  −  ( 𝜇 + 𝜈 ) / 2


     G     𝛥  𝜇 , 𝜈     G  − 1 = x   D 2 + ( 𝜈   + 1 ) D ,     G     𝛥  𝜇 , 𝜈 , 𝜃 ∗     G  − 1   = x   D 2 +  [  ( 𝜈 + 1 ) + 2 i c x ] D + [ i c ( 𝜈   + 1 ) −   c 2 x ] ,


    𝛥  𝜇 , 𝜈


    𝛥  𝜇 , 𝜈 , 𝜃 ∗


    𝒮  𝜇 , 𝜈  ( I )


    𝜒  𝜃 D   𝜒  𝜃  − 1 = D − i c


    𝜒  𝜃   𝛥  𝜇 , 𝜈   𝜒  𝜃  − 1 = x    ( D − i c ) 2 +  ( 1 − 𝜇 )  ( D − i c ) −     𝜈 2 −   𝜇 2  4 x ,


  x    ( D − i c ) 2 = x   D 2 − 2 i c x D −   c 2 x


    𝛥  𝜇 , 𝜈


  D  ( x D )


    x  𝜇 / 2


  x   D 2 +  ( 1 − 𝜇 ) D +     𝜇 2  4 x


      𝜈 2  4 x


  𝜇


  − 𝜈


    x  − 𝜈 / 2 D  ( x D )   x  𝜈 / 2 = x   D 2 +  ( 1 + 𝜈 ) D +     𝜈 2  4 x


  −     𝜈 2  4 x


  D


  D + i c


  cot  ( 𝜋 / 2 ) = 0


  ▫


  𝜑 ∈   𝒮  𝜇 , 𝜈  ( I )


  0 < 𝜃 < 𝜋


  r ∈  ℕ 0


      h  𝜇 , 𝜈  (   𝛥  𝜇 , 𝜈 𝜑 )  ( y )  = − y    (  h  𝜇 , 𝜈 𝜑 )  ( y ) ,    h  𝜇 , 𝜈  𝜃  (   𝛥  𝜇 , 𝜈 , 𝜃 ∗ 𝜑 )  ( y )  = −  ( y  csc 2 𝜃 )  (  h  𝜇 , 𝜈  𝜃 𝜑 )  ( y ) ,    h  𝜇 , 𝜈  𝜃  ( (   𝛥  𝜇 , 𝜈 , 𝜃 ∗  )  r 𝜑 )  ( y )  = ( − y  csc 2 𝜃  )  r  (  h  𝜇 , 𝜈  𝜃 𝜑 )  ( y ) .


  𝜇 = 0


    M  𝜇


  F  ( x ) =   J  𝜈  ( 2  x y )


  u = 2  x y


    u 2 = 4 x y


    ∂ u  ∂ x =  y / x =   2 y  u


  x F ′  ( x ) = x    y  x     F  u =  x y     F  u =   u 2   F  u ,


      ( x F ′ ) ′ =   2 y  u   d  d u  (   u 2   F  u )   =   2 y  u  (  1 2   F  u +   u 2   F  u u )   =   y    u 2  ( u   F  u +   u 2   F  u u ) .


    u 2   F  u u + u   F  u +  (   u 2 −   𝜈 2 ) F = 0


   ( x F ′ ) ′ =   y    u 2  (   𝜈 2 −   u 2 ) F =     𝜈 2 y  4 x y F − y F =     𝜈 2  4 x F − y F ,


    𝛥  0 , 𝜈 F = D  ( x F ′ ) −     𝜈 2  4 x F = − y F


    𝛥  0 , 𝜈 = D  ( x D ) −     𝜈 2  4 x


    L 2  ( I , d x )


  𝜑 ∈   𝒮  0 , 𝜈


      (   T  𝜈   𝛥  0 , 𝜈 𝜑 )  ( y )   =   ∫ 0 ∞  F  ( x )  (   𝛥  0 , 𝜈 𝜑 )  ( x )   d x   =   ∫ 0 ∞   (   𝛥  0 , 𝜈 F )  ( x ) 𝜑  ( x )   d x   = − y  (   T  𝜈 𝜑 )  ( y ) ,


  [ x  ( F 𝜑 ′ − F ′ 𝜑 )  ] 0 ∞


  𝜑


  ∞


  𝜑  ( x ) = O  (   x  𝜈 / 2 )


  F  ( x ) = O  (   x  𝜈 / 2 )


  x →  0 +


  𝜈 > − 1


  𝜆 =  csc 2 𝜃


   (  h  𝜈  𝜃 𝜓 )  ( y ) =   𝛾  𝜈 , 𝜃 csc 𝜃     𝜒  𝜃  ( y )  (   T  𝜈  [   𝜒  𝜃 𝜓 ] )  ( 𝜆 y ) .


   |   𝜒  𝜃 | = 1


      𝜒  𝜃 ¯ =   𝜒  𝜃  − 1


    𝛥  0 , 𝜈 , 𝜃 ∗ =   𝜒  𝜃  − 1     𝛥  0 , 𝜈     𝜒  𝜃


    𝜒  𝜃     𝛥  0 , 𝜈 , 𝜃 ∗ 𝜑 =   𝛥  0 , 𝜈  (   𝜒  𝜃 𝜑 ) .


    𝜒  𝜃 𝜑


      (   T  𝜈  [   𝜒  𝜃   𝛥  0 , 𝜈 , 𝜃 ∗ 𝜑 ] )  ( w )   =  (   T  𝜈   𝛥  0 , 𝜈  [   𝜒  𝜃 𝜑 ] )  ( w )   = − w  (   T  𝜈  [   𝜒  𝜃 𝜑 ] )  ( w ) .


  w = 𝜆 y


    𝛾  𝜈 , 𝜃 csc 𝜃     𝜒  𝜃  ( y )


   (  h  𝜈  𝜃   𝛥  0 , 𝜈 , 𝜃 ∗ 𝜑 )  ( y ) = − 𝜆 y    (  h  𝜈  𝜃 𝜑 )  ( y ) = −  ( y  csc 2 𝜃 )  (  h  𝜈  𝜃 𝜑 )  ( y ) .


    𝛥  𝜇 , 𝜈 , 𝜃 ∗


    𝒮  𝜇 , 𝜈


  r


  ▫


  s ∈ ℝ


  0 < 𝜃 < 𝜋


      ℋ  𝜃  s   : = { f ∈ 𝒮  ′  𝜇 , 𝜈  ( I ) :   ( 1   + y  csc 2 𝜃  )  s / 2  h  𝜇 , 𝜈  𝜃 f ∈  ℋ  𝜇 } ,     ∥ f  ∥  s , 𝜃   = ∥    ( 1 + y  csc 2 𝜃 )  s / 2  h  𝜇 , 𝜈  𝜃 f  ∥   ℋ  𝜇 .


   ℋ  𝜃  s


   ℋ  𝜃 0 =  ℋ  𝜇


   ℋ  𝜃  s ↪  ℋ  𝜃  t


  s ≥ t


    𝒮  𝜇 , 𝜈  ( I ) ⊆  ⋂  s  ℋ  𝜃  s


   ℋ  𝜃  s = Dom  (    ( Id −   𝛥  𝜇 , 𝜈 , 𝜃 ∗ )  s / 2 ) =   𝜒  𝜃  − 1 ⋅  ℋ  𝜋 / 2  s


   ℋ  𝜋 / 2  s = Dom  (    ( Id −   𝛥  𝜇 , 𝜈 )  s / 2 )


  V   M  𝜇


   ℋ  𝜋 / 2  s


  2 s


  −     d 2  d   t 2 +     𝜈 2 − 1 / 4    t 2


   h  𝜇 , 𝜈  𝜃


   ℋ  𝜇


     ( 1 + y  csc 2 𝜃 )  s / 2


  s > 0


  ∥ ⋅  ∥  s , 𝜃


   ℋ  𝜃  s


     (  h  𝜃 )  − 1


    L 2


     ( 1 + y  csc 2 𝜃 )  t / 2 ≤    ( 1 + y  csc 2 𝜃 )  s / 2


  t ≤ s


  𝒮 ⊆  ⋂  s  ℋ  𝜃  s


    y  N 𝜓 ∈  ℋ  𝜇


  N


  𝜓 ∈ 𝒮


   h  𝜃


    𝛥  𝜇 , 𝜈 , 𝜃 ∗


  − y  csc 2 𝜃


     ( Id −   𝛥  𝜃 ∗ )  s / 2


     ( 1 + y  csc 2 𝜃 )  s / 2


   h  𝜃 = 𝛾 csc 𝜃     M    𝜒  𝜃   𝒟  𝜆   T  𝜈   M    𝜒  𝜃


    𝒟  𝜆 g  ( y ) = g  ( 𝜆 y )


  𝜆 =  csc 2 𝜃


   |   𝜒  𝜃 | = 1


    M    𝜒  𝜃


   ℋ  𝜇


  𝜆 > 0


     ( 1 + 𝜆 y )  s / 2


     ( 1 + y )  s / 2


  f ∈  ℋ  𝜃  s


    𝜒  𝜃 f ∈  ℋ  𝜋 / 2  s


  x =   t 2


    𝛥  0 , 𝜈 = D  ( x D ) −     𝜈 2  4 x


  V   𝛥  0 , 𝜈   V  − 1 =  1 4  (     d 2  d   t 2 −     𝜈 2 − 1 / 4    t 2 )


  y


   1 4


     ( 1 + y )  s / 2


  2 s


  ▫


  2


  x =   t 2


  y


    𝜏 2


   |   D  y  s p  ( y ) | ≤   C  s    ( 1 + y )  l − s


    p ~  ( 𝜏 ) = p  (   𝜏 2 / 4 )


   |   D  𝜏  s   p ~  ( 𝜏 ) | ≤ C    ( 1 + 𝜏 )  2 l − s


    S  1 , 0  2 l


    S  1 , 0  2 l


    S  𝜌 , 𝛿  m


  𝜌 < 1


     ( 1 + x )  − q


  0 < 𝜃 < 𝜋


  𝜇 ∈ ℝ


  𝜈 > − 1


   h  𝜃 =  h  𝜇 , 𝜈  𝜃


  𝒮 =   𝒮  𝜇 , 𝜈  ( I )


    K  𝜃 =   K  𝜇 , 𝜈  𝜃


      𝜑 ^    𝜃 =  h  𝜃 𝜑


  l ∈ ℝ


  q ∈  ℕ 0


   ℳ  l


  p ∈   C ∞  ( [ 0 , ∞ ) )


   |   D  s p  ( y ) | ≤   C  s  ( p )    ( 1 + y )  l − s


  s ∈  ℕ 0


   ℳ • =  ⋃  l  ℳ  l


   ℳ  − ∞ =  ⋂  l  ℳ  l


    S  q  l


  p ∈   C ∞  ( I × [ 0 , ∞ ) )


        ( 1 + x )  q |   D  x  r   D  y  s p  ( x , y ) |   ≤   C  r , s  ( p )      ( 1 + y )  l − s ,     r , s ∈  ℕ 0 .


    S  l =   S 0  l


  𝒪


  a ∈   C ∞  ( I )


   |   D  r a  ( x ) | ≤   C  r  ( a )    ( 1 + x )  − r


  r ∈  ℕ 0


    𝜋  N  ( a ) =  max  r ≤ N   C  r  ( a )


    𝒜  l


  p


  p  ( x , y ) =   ∑  j ≥ 0 ​    a  j  ( x )   b  j  ( y )


    b  j ∈  ℳ  l


    a  j ∈ 𝒪


    ∑  j ​    𝜋  N  (   a  j )   𝜌  N  (   b  j ) < ∞


  N


    𝜌  N  ( b ) =  max  s ≤ N   C  s  ( b )


    a  j ∈ 𝒪


  S G


  x


  0


   ℳ  l ⊂   𝒜  l ⊂   S  l


  p  ( x , y ) =   ∑  i = 0  N    a  i  ( x )    ( − y  csc 2 𝜃 )  i


    𝒜  N


    a  i ∈ 𝒪


  p ∈   S  q  l


  𝜑 ∈ 𝒮


   (  h  p  𝜃 𝜑 )  ( x )   : =  [ (  h  𝜃  )  − 1  ( p  ( x , ⋅ )       𝜑 ^    𝜃 ) ]  ( x ) ,


      K ~  𝜃  ( x , y )   : =    ( x y )  𝜇 / 2   K  𝜈  𝜃  ( x , y ) =   x  𝜇   K  𝜇 , 𝜈  𝜃  ( x , y )


   h  𝜇 , 𝜈  𝜃


    x  − 𝜇   d x


   ℋ  𝜇


      K ~  𝜃  ( x , y ) =     K ~  𝜃  ( y , x )


     (  h  𝜃 )  − 1


        K ~  𝜃  ( x , y ) ¯


    y  − 𝜇   d y


   (  h  p  𝜃 𝜑 )  ( x ) =   ∫ 0 ∞        K ~  𝜃  ( x , y ) ¯   p  ( x , y )       𝜑 ^    𝜃  ( y )     y  − 𝜇   d y .


  p  ( x , y ) =   ∑  i = 0  N    a  i  ( x ) ( − y  csc 2 𝜃  )  i


   h  p  𝜃 =   ∑  i = 0  N    a  i  ( x ) (   𝛥  𝜇 , 𝜈 , 𝜃 ∗  )  i ,


  2 N


  ( − y  csc 2 𝜃  )  i     𝜑 ^    𝜃 =  h  𝜃  [    (   𝛥  𝜃 ∗ )  i 𝜑 ]


  (  h  𝜃  )  − 1  ( p  ( x , ⋅ )     𝜑 ^    𝜃 )  ( z ) =   ∑  i ​    a  i  ( x ) (   𝛥  𝜃 ∗  )  i 𝜑  ( z ) ;


  z = x


  ▫


  b ∈  ℳ  l


  b


  𝒮


    l + = max  ( l , 0 )


  d = ⌈   l + ⌉


    𝜎  q , k  ( b 𝜓 ) ≤  2  k   𝜌  k  ( b )     C  l   ∑  m = 0  k     ∑  i = 0  d    𝜎  q + i , m  ( 𝜓 )      ( q , k ∈  ℕ 0 ) .


  g =   y  −  ( 𝜇 + 𝜈 ) / 2 𝜓


    y  −  ( 𝜇 + 𝜈 ) / 2  ( b 𝜓 ) = b g


    D  k  ( b g ) =   ∑  m = 0  k   (   k  m )  (   D  k − m b )  (   D  m g )


   |   D  k − m b  ( y ) | ≤   𝜌  k  ( b )    ( 1 + y )  l −  ( k − m ) ≤   𝜌  k  ( b )    ( 1 + y )    l +


    y  q |   D  k  ( b g ) | ≤   𝜌  k  ( b )   ∑  m = 0  k   (   k  m )   y  q    ( 1 + y )    l + |   D  m g | .


     ( 1 + y )    l + ≤    ( 1 + y )  d =   ∑  i = 0  d   (   d  i )   y  i


    y  q    ( 1 + y )    l + ≤   C  l   ∑  i = 0  d    y  q + i


    ∑  m ​   (   k  m ) ≤  2  k


  l < 0


  d = 0


  ▫


  𝒮


  p ∈   S  q  l


  q ≥ 0


   h  p  𝜃


  𝒮


  𝒮 ′


  𝜇 = 0


    M  𝜇


  𝜑 ∈ 𝒮


    𝜑 ^ =  h  𝜃 𝜑


  𝒮


  𝛩 : I → 𝒮 ,     𝛩  ( x )   : = (  h  𝜃  )  − 1  [ p  ( x , ⋅ )     𝜑 ^   ] .


  𝛩  ( x ) ∈ 𝒮


  x


  p  ( x , ⋅ ) ∈  ℳ  l


    𝜌  N  ( p  ( x , ⋅ ) ) ≤    ( 1 + x )  − q  max  s ≤ N   C  0 , s  ( p )


  p  ( x , ⋅ )   𝜑 ^ ∈ 𝒮


    𝜎  m , k  ( p  ( x , ⋅ )   𝜑 ^ ) ≤    ( 1 + x )  − q     C  m , k     𝛴  m , k  (   𝜑 ^ )


    𝛴  m , k


    𝜎  m ′ , k ′


  m ′ ≤ m + d


  k ′ ≤ k


     (  h  𝜃 )  − 1


  𝒮


    𝛴  m , k  (   𝜑 ^ )


  𝜑


  𝛴  ′  m , k


  𝒮


    𝜎  m , k  ( 𝛩  ( x ) ) ≤   C  m , k      ( 1 + x )  − q   𝛴  ′  m , k  ( 𝜑 )     for all  x > 0 .


  𝛩


  𝒮


  r


  𝛩


  r


    𝛩   ( r )  ( x ) = (  h  𝜃  )  − 1  [   D  x  r p  ( x , ⋅ )   𝜑 ^ ]


  r = 1


    D  x p ∈   S  q  l


  h ≠ 0


       p  ( x + h , y ) − p  ( x , y ) h −   D  x p  ( x , y )   =  1 h   ∫ 0 h [   D  x p  ( x + 𝜏 , y )   −   D  x p  ( x , y ) ]   d 𝜏 =  1 h   ∫ 0 h ​ ​   ∫ 0  𝜏    D  x 2 p ( x   + 𝜍 , y )   d 𝜍   d 𝜏 .


  s


  y


    D  x 2   D  y  s p


  x > 0


  h


   | h | ≤ x / 2


  x + 𝜍 ≥ x / 2


     ( 1 + x + 𝜍 )  − q ≤    ( 1 + x / 2 )  − q ≤  2  q    ( 1 + x )  − q


     |   D  y  s (   p  ( x + h , ⋅ ) − p  ( x , ⋅ ) h   −   D  x p  ( x , ⋅ ) )  ( y ) | ≤    | h | 2    2  q     C  2 , s  ( p )   ( 1   + x  )  − q    ( 1 + y )  l − s ,


    D  x p  ( x , ⋅ )


   ℳ  l


    𝜌  N


     (  h  𝜃 )  − 1


  𝒮


  𝛩


  𝒮


       𝜎  m , k  (   𝛩   ( r )  ( x ) )   ≤   C  m , k , r      ( 1 + x )  − q   𝛴  ′  m , k , r  ( 𝜑 )     for all  x > 0 ,   r ∈  ℕ 0 .


   (  h  p  𝜃 𝜑 )  ( x ) = 𝛩  ( x )  ( x )


  𝛹  ( x , z )   : =   z  − 𝜈 / 2   𝛩  ( x )  ( z )


    x  − 𝜈 / 2  (  h  p  𝜃 𝜑 )  ( x ) = 𝛹  ( x , x )


  𝛹


   ( x , z )


   ∂  x  r 𝛹  ( x , z ) =   z  − 𝜈 / 2   𝛩   ( r )  ( x )  ( z )


    𝜎  m , k


   sup  z > 0 |   z  m    ∂  x  r  ∂  z  k 𝛹  ( x , z ) | =   𝜎  m , k  (   𝛩   ( r )  ( x ) ) .


    D  x  k  [ 𝛹  ( x , x ) ] =   ∑  r + m = k ​   (   k  r )  (  ∂  x  r  ∂  z  m 𝛹 )  ( x , x ) .


  z = x


       𝜎    m 0 , k  (  h  p  𝜃 𝜑 )   =  sup  x > 0 |   x    m 0   D  x  k 𝛹  ( x , x ) |   ≤   ∑  r + m = k ​   (   k  r )    sup  x > 0     𝜎    m 0 , m  (   𝛩   ( r )  ( x ) )   ≤   C    m 0 , k   𝛴  ″    m 0 , k  ( 𝜑 ) < ∞ ,


  𝛴 ″


  𝒮


   h  p  𝜃 𝜑 ∈ 𝒮


   h  p  𝜃 : 𝒮 → 𝒮


  𝒮 ′


  𝒮


  s


  ▫


  𝒮


   h  𝜃


  𝒮


  p ∈   S  q  l


  l < −  1 2


  𝜑 ∈ 𝒮


   (  h  p  𝜃 𝜑 )  ( x ) =   ∫ 0 ∞    𝒦  p  ( x , z )   𝜑  ( z )     z  − 𝜇   d z ,


       𝒦  p  ( x , z )  = 2      ( x z )  𝜇 / 2     e  i  ( z − x ) cot 𝜃      ×   ∫ 0 ∞    J  𝜈  ( 2 w  x )   J  𝜈  ( 2 w  z )            × p  ( x ,   w 2  sin 2 𝜃 )   w   d w ,


     |   𝒦  p  ( x , z ) | ≤ C      ( 1 + x )  − q    ( x z )  𝜇 / 2 [    ( x z )  − 1 / 4   + min  { 1 ,    ( x z )  𝜈 / 2 } ] ,


  C


  𝜈 , l , 𝜃


    C  0 , s  ( p )


      𝜑 ^    𝜃  ( y ) =   ∫ 0 ∞      K ~  𝜃  ( z , y ) 𝜑  ( z )   z  − 𝜇   d z


      (  h  p  𝜃 𝜑 )  ( x ) =   ∫ 0 ∞    𝒦  p  ( x , z ) 𝜑  ( z )   z  − 𝜇   d z ,       𝒦  p  ( x , z )   =   ∫ 0 ∞        K ~  𝜃  ( x , y ) ¯   p  ( x , y )       K ~  𝜃  ( z , y )     y  − 𝜇   d y .


        K ~  𝜃  ( x , y ) ¯     K ~  𝜃  ( z , y )   y  − 𝜇 =    ( x y )  𝜇 / 2    ( z y )  𝜇 / 2   y  − 𝜇     K  𝜈  𝜃  ( x , y ) ¯   K  𝜈  𝜃  ( z , y ) =    ( x z )  𝜇 / 2     K  𝜈  𝜃  ( x , y ) ¯   K  𝜈  𝜃  ( z , y )


  y


   |   𝛾  𝜈 , 𝜃 | = 1


  y


         K  𝜈  𝜃  ( x , y ) ¯   K  𝜈  𝜃  ( z , y )   =  csc 2 𝜃     e  i  ( z − x ) cot 𝜃   J  𝜈  ( 2  x y csc 𝜃 )   J  𝜈  ( 2  z y csc 𝜃 ) .


  y =   w 2  sin 2 𝜃


   y csc 𝜃 = w


    d y = 2 w  sin 2 𝜃   d w


   csc 2 𝜃 ⋅ 2  sin 2 𝜃 = 2


   |   J  𝜈  ( u ) | ≤   C  𝜈   u  𝜈


  0 < u ≤ 1


   |   J  𝜈  ( u ) | ≤   C  𝜈   u  − 1 / 2


  u ≥ 1


   | p  ( x ,   w 2  sin 2 𝜃 ) | ≤   C  0 , 0  ( p )    ( 1 + x )  − q    ( 1 +   w 2  sin 2 𝜃 )  l ≤ C    ( 1 + x )  − q    ( 1 + w )  2 l


  w


    w 0 = max { 1 /  ( 2  x ) , 1 /  ( 2  z ) , 1 }


   (   w 0 , ∞ )


       ∫    w 0 ∞ |   J  𝜈  ( 2 w  x )   J  𝜈  ( 2 w  z ) | ( 1   + w  )  2 l w   d w ≤ C    ( x z )  − 1 / 4   ∫ 1 ∞ ( 1   + w  )  2 l   d w < ∞


  2 l < − 1


   ( 0 ,   w 0 )


  C min { 1 ,    (   w 2  x z )  𝜈 }   w


  C min { 1 ,    ( x z )  𝜈 / 2 }


  w ↦ w   x z 4


  𝜈 ≥ 0


  − 1 < 𝜈 < 0


     ( x z )  𝜇 / 2


  𝜑


  ▫


   |   𝒦  p  ( x , z ) | ≤   C  N    |  x −  z |  − N


  t =  x


    J  𝜈


  w


     (  x −  z )  − 1


  w


  w ≲ max {   x  − 1 / 2 ,   z  − 1 / 2 }


    L 2


  p =   ∑  j ​    a  j ⊗   b  j ∈   𝒜 0


    a  j ,   b  j


    ∑  j ​ ∥   a  j  ∥ ∞ ∥   b  j  ∥ ∞ < ∞


   h  p  𝜃


  𝒮


   ℋ  𝜇


  ∥  h  p  𝜃  ∥   ℋ  𝜇 →  ℋ  𝜇 ≤   ∑  j ​ ∥   a  j  ∥ ∞ ∥   b  j  ∥ ∞ .


  p ∈   𝒜  l


    a  j ∈ 𝒪


   h  p  𝜃 :  ℋ  𝜃  s →  ℋ  𝜃  s − l


  s ∈ ℝ


  a ⊗ b


  𝜑 ∈ 𝒮


      (  h  a ⊗ b  𝜃 𝜑 )  ( x )   = a  ( x )  [    (  h  𝜃 )  − 1  ( b    h  𝜃 𝜑 ) ]  ( x ) ,     i.e.      h  a ⊗ b  𝜃   =   M  a      (  h  𝜃 )  − 1   M  b    h  𝜃 ,


  a  ( x )


   h  𝜃


    M  b


  ∥ b  ∥ ∞


     (  h  𝜃 )  − 1


    M  a


  ∥ a  ∥ ∞


  ∥  h  a ⊗ b  𝜃 ∥ ≤ ∥ a  ∥ ∞ ∥ b  ∥ ∞


  j


  s


   h  a ⊗ b  𝜃 =   M  a ∘  [    (  h  𝜃 )  − 1   M  b  h  𝜃 ]


   h  𝜃


   ℋ  𝜃  t


    L 2  ( I ,    ( 1 + y  csc 2 𝜃 )  t   y  − 𝜇   d y )


  t


  b ∈  ℳ  l


  s


   ( s − l )


   sup  y    ( 1 + y  csc 2 𝜃 )  − l  | b  ( y ) | < ∞


   ℋ  𝜃  s →  ℋ  𝜃  s − l


    M  a


  a ∈ 𝒪


   ℋ  𝜃  t


  t ∈ ℝ


  P   : = Id −   𝛥  𝜇 , 𝜈 , 𝜃 ∗


   h  𝜃


  P


  1 + y  csc 2 𝜃 ≥ 1


  P


   ℋ  𝜃  t = Dom  (   P  t / 2 )


  ∥ f  ∥  t , 𝜃 = ∥   P  t / 2 f  ∥   ℋ  𝜇


  t = 0


    M  a


  ∥ a  ∥ ∞ ≤   𝜋 0  ( a )


  t = 2


   [   𝛥  𝜇 , 𝜈 , 𝜃 ∗ ,   M  a ] = 2 x a ′   D +  ( x a ″ +  [  ( 1 − 𝜇 ) + 2 i x cot 𝜃 ] a ′ ) ,


   | x a ′ | ≤   𝜋 1  ( a ) x    ( 1 + x )  − 1 ≤   𝜋 1  ( a )


   | x a ″ | ≤   𝜋 2  ( a ) x    ( 1 + x )  − 2 ≤   𝜋 2  ( a )


   | x a ′ | ≤   𝜋 1  ( a )


  ⟨ −   𝛥  𝜇 , 𝜈 u , u  ⟩   ℋ  𝜇


  𝜇 = 0


  ∥  x   D u  ∥   ℋ  𝜇 2 ≤ ⟨ −   𝛥  0 , 𝜈 u , u ⟩ ≤ ∥ u  ∥  1 , 𝜃 2


    M  𝜇


  ∥ 2 x a ′ D u  ∥   ℋ  𝜇 ≤ 2 ∥  x a ′  ∥ ∞ ∥  x D u ∥ ≤ C   𝜋 1  ( a ) ∥ u  ∥  1 , 𝜃


   |  x a ′ | ≤   𝜋 1  ( a )


  ∥  [   P ,   M  a ] u  ∥   ℋ  𝜇 ≤ C   𝜋 2  ( a ) ∥ u  ∥  1 , 𝜃 ≤ C   𝜋 2  ( a ) ∥ u  ∥  2 , 𝜃


  ∥ P   M  a u ∥ ≤ ∥   M  a P u ∥ + ∥  [ P ,   M  a ] u ∥ ≤ C   𝜋 2  ( a ) ∥ u  ∥  2 , 𝜃 ,


    M  a


   ℋ  𝜃 2


   ℋ  𝜃  2 k


  k ∈ ℕ


   ℋ  𝜃  − 2 k


  P


  t


  ▫


  p ∈  ℳ  l


  p ′ ∈  ℳ  l ′


  s ∈ ℝ


   h  p  𝜃  h  p ′  𝜃 =  h  p p ′  𝜃


  p p ′ ∈  ℳ  l + l ′


  p ↦  h  p  𝜃


   ℳ • → ℒ  ( 𝒮 )


  (  h  p  𝜃  ) ∗ =  h    p ¯  𝜃


   ℋ  𝜇


  l ≤ 0


  𝒮


  𝒮 ′


   h  p  𝜃 :  ℋ  𝜃  s →  ℋ  𝜃  s − l


   sup  y ≥ 0    ( 1 + y  csc 2 𝜃 )  − l  | p  ( y ) |


   h  p  𝜃 : 𝒮 → 𝒮


  𝒮 ′ → 𝒮 ′


  p ∈  ℳ  − ∞


   h  p  𝜃


   ℋ  𝜃  s


   ℋ  𝜃  t


  s , t ∈ ℝ


  p


  c , R > 0


   | p  ( y ) | ≥ c    ( 1 + y )  l


  y ≥ R


  𝜚 ∈  ℳ  − l


      h  𝜚  𝜃  h  p  𝜃 =  h  p  𝜃  h  𝜚  𝜃   = Id −  h  r  𝜃 ,     r ∈   C  c ∞  ( [ 0 , ∞ ) )   ⊂  ℳ  − ∞ .


  p


  u ∈  ℋ  𝜃    s 0


    s 0


   h  p  𝜃 u ∈  ℋ  𝜃  s


  u ∈  ℋ  𝜃  s + l


   h  p  𝜃 u ∈ 𝒮


  u ∈ 𝒮 ′


  u ∈ 𝒮


  p  ( y ) ≠ 0


  y ≥ 0


   h  p  𝜃 :  ℋ  𝜃  s + l →  ℋ  𝜃  s


   h  1 / p  𝜃


  x


   h  p  𝜃 = (  h  𝜃  )  − 1   M  p    h  𝜃 ,


  p  ( x , y ) = p  ( y )


  x


  p p ′ ∈  ℳ  l + l ′


   |   D  s  ( p p ′ ) | ≤   ∑  i ​   (   s  i )   C  i  ( p )   C  s − i  ( p ′ )    ( 1 + y )  l − i    ( 1 + y )  l ′ − s + i = C    ( 1 + y )  l + l ′ − s


   h  p  𝜃  h  p ′  𝜃 =    (  h  𝜃 )  − 1   M  p  h  𝜃    (  h  𝜃 )  − 1   M  p ′  h  𝜃 =    (  h  𝜃 )  − 1   M  p p ′  h  𝜃 =  h  p p ′  𝜃


   h  p  𝜃 = 0


    M  p = 0


  p = 0


    M  p ∗ =   M    p ¯


   ℋ  𝜇


   h  𝜃


  (    (  h  𝜃 )  − 1   M  p  h  𝜃  ) ∗ =    (  h  𝜃 )  − 1   M    p ¯  h  𝜃


   h  𝜃


   ℋ  𝜃  s


    L 2  (    ( 1 + y  csc 2 𝜃 )  s   y  − 𝜇 d y )


  p


    L 2  (    ( 1 + y  csc 2 𝜃 )  s − l   y  − 𝜇 d y )


   | p  ( y ) |    ( 1 + y  csc 2 𝜃 )   ( s − l ) / 2 ≤  [ sup    ( 1 + y  csc 2 𝜃 )  − l  | p | ]    ( 1 + y  csc 2 𝜃 )  s / 2


     (  h  𝜃 )  − 1


   ℋ  𝜃  s − l


  𝒮


  𝒮 ′


  p ∈  ℳ  − ∞


  p ∈  ℳ  s − t


  s , t


  p ∈  ℳ  l


  l


   h  p  𝜃


   ℋ  𝜃 0


   ℋ  𝜃  t


  t


    M  p


    L 2  (   y  − 𝜇   d y )


    L 2  (    ( 1 + y  csc 2 𝜃 )  t   y  − 𝜇   d y )


   sup  y    ( 1 + y )  t / 2  | p  ( y ) | < ∞


  t


  p


  J =  [ y , y + 1 ]


  ∥ p ′  ∥    L ∞  ( J ) 2 ≤ 4 ∥ p  ∥    L ∞  ( J )  ( ∥ p  ∥    L ∞  ( J ) + ∥ p ″  ∥    L ∞  ( J ) )


  ∥ p ″  ∥    L ∞  ( J ) ≤ C    ( 1 + y )  l − 2


  ∥ p  ∥    L ∞  ( J ) ≤   C  N    ( 1 + y )  − N


   | p ′  ( y ) | ≤ C    ( 1 + y )   ( l − N ) / 2


  N


    D  r p ∈  ℳ  l − r


  p ∈  ℳ  − ∞


  𝜂 ∈   C ∞  ( [ 0 , ∞ ) )


  0 ≤ 𝜂 ≤ 1


  𝜂 ≡ 0


   [ 0 , R ]


  𝜂 ≡ 1


  [ R + 1 , ∞ )


  𝜚   : = 𝜂 / p


  0


  𝜂 = 0


  supp   𝜂


   | p | ≥ c    ( 1 + y )  l


    D  s  ( 1 / p )


    p  − 1 − j   ∏  i ​    D    s  i p


  ∑   s  i = s


  j


  C    ( 1 + y )  −  ( 1 + j ) l   ∏  i ​     ( 1 + y )  l −   s  i = C    ( 1 + y )  − l − s


  1 / p


  𝜚 = 𝜂 ⋅  ( 1 / p )


   ℳ  − l


  𝜂


  𝜚 p = 𝜂 = 1 − r


  r   : = 1 − 𝜂 ∈   C  c ∞  ( [ 0 , ∞ ) )


   [ 0 , R + 1 ]


   h  𝜚  𝜃  h  p  𝜃 =  h  𝜚 p  𝜃 = Id −  h  r  𝜃


  r ∈   C  c ∞ ⊂  ℳ  − ∞


  u =  h  𝜚  𝜃  (  h  p  𝜃 u ) +  h  r  𝜃 u


   ℋ  𝜃  s + l


  𝜚 ∈  ℳ  − l


   ℋ  𝜃  t


  u ∈  ℋ  𝜃  s + l


  𝒮


   h  𝜚  𝜃


  𝒮


  𝒮


   h  r  𝜃 u


  r ⋅  h  𝜃 u


  y


  𝒮


  u ∈ 𝒮


   | p  ( y ) | ≥ c ′    ( 1 + y )  l


  y ≥ 0


   [ 0 , R ]


   | p |


  1 / p ∈  ℳ  − l


   h  1 / p  𝜃  h  p  𝜃 =  h  p  𝜃  h  1 / p  𝜃 =  h 1  𝜃 = Id


  ▫


  ℬ   : = {  h  p  𝜃 : p ∈  ℳ 0 }


  ∗


  ℒ  (  ℋ  𝜇 )


  p ↦  h  p  𝜃


  ∗


   ℳ 0


  ℬ


   ℬ ¯


    C ∗


  p ∈  ℳ 0


   spec  ℒ  (  ℋ  𝜇 )  (  h  p  𝜃 ) =   p  ( [ 0 , ∞ ) ) ¯ .


  ∗


   h  𝜃
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